CONWAY MUTATION AND THE JONES POLYNOMIAL

IZ TECUM

ABSTRACT. We study the behavior of the Kauffman bracket and the Jones polynomial under
Conway mutation. Using the bracket vector formalism for 2—tangles, we give a self-contained
proof that the Jones polynomial is invariant under mutation. We further discuss consequences
for the Jones—unknot problem and explain why mutation cannot produce counterexamples.
Classical examples such as the Conway and Kinoshita—Terasaka knots are used to illustrate the
theory.

1. INTRODUCTION

Since its introduction by Jones in the mid—1980s [1], the Jones polynomial has played a central
role in knot theory, providing one of the first powerful and computable invariants capable of
distinguishing large classes of knots. Its discovery led rapidly to new connections between low—
dimensional topology, statistical mechanics, and operator algebras, and inspired a wide range
of subsequent knot invariants.

One of the earliest and most striking phenomena observed for the Jones polynomial is its
invariance under Conway mutation [2, 4]. Conway mutation is a geometric operation that
alters a knot in a highly controlled way: one cuts the knot along a Conway sphere—a 2—-sphere
intersecting the knot in four points—and reglues after a m—rotation of the enclosed 2—tangle.
The resulting knot K’ is called a mutant of K. Although K and K’ may be topologically
distinct, many classical invariants fail to distinguish them.

A particularly striking example is the Jones polynomial Vi (t), obtained from the Kauffman
bracket by the normalization

Vic(t) = (=A%) 7"PND) |y -

Since both the Kauffman bracket and the writhe are preserved, the normalized bracket is

unchanged, giving
Vi (t) = Vi (t).

Thus the Jones polynomial cannot detect mutation, as exemplified by the Conway and Kinoshita—
Terasaka knots.

This paper develops these ideas using explicit bracket-vector calculations and diagrammatic
arguments showing how states change under rotation.

2. DEFINITIONS AND PRELIMINARIES

Notation 2.1. We fix two standard 2-tangles, denoted Ty and T,.,. They are defined by
We fix the two trivial 2-tangles

or

This choice follows the standard picture of trivial 2-tangles in the literature (see, for example,
Kauffman [5, 2] and Lickorish [3]).
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Here, we write (Tp) and (Tw) for their Kauffman brackets.
2.1. The Kauffman bracket and Jones polynomial.

Definition 2.1. Let D be an unoriented link diagram in the plane. The Kauffman bracket
(D) € Z|A, A7Y] is defined by [2, 5, 3]

(1) (@) =1.

(2) For a disjoint union with an unknotted circle,

(DUQ) = (=A% = A7) (D),

(x)=4(Z) =47 ()
) =A4{) a7 (2),

(3) We will write Dy for the diagram obtained from D by replacing that crossing with the
horizontal (A—) smoothing —, and D4, for the diagram obtained by replacing it with
the vertical (A~!-) smoothing ( ). Thus

and at a crossing

(D) = A(Dg) + A7 (Dy).

Remark 2.1. Later, the notation Dg, Do, above will correspond to the notation for Ty, 7w,
implying that whole link diagrams are obtained from D by smoothing a single crossing into a
Ty or Tw. This viewpoint is standard in the state—sum approach to the Jones polynomial [5, 3].

Definition 2.2. Let D be an oriented diagram of a knot K. The writhe w(D) € Z is defined
by

w(D) = sen(e),

where the sum runs over all crossings ¢ of D, and sgn(c) = +1 at a positive crossing and —1 at
a negative crossing (cf. [3, 6]).

Definition 2.3. Let D be an oriented diagram of a knot K. Define
fp(A) = (=A%)~ PN(D).

Then fp(A) is invariant under the three Reidemeister moves; hence it depends only on K and
not on the chosen diagram. The Jones polynomial of K is

VK(t) = fD (t_1/4) = (_A3)—'w(D) <D> c Z[til/Q],

A:tfl/él

This normalization is the original one introduced by Jones in [1] and is treated in detail in
standard texts such as [3, 7].

Theorem 2.1. Let K be a knot and D, D’ any two oriented diagrams (differing only by Rei-
demeister moves) of K. Then

(—A%) 7 PUD) = (-A%) P UD).
In particular, Vi (t) is well-defined as an invariant of K (see, for example, [1, 3, 7]).
2.2. Conway spheres and Conway mutation.

Definition 2.4. Let K C S be a knot. An embedded 2-sphere S C S2 is a Conway sphere for
K if it meets K transversely in exactly four points. The intersections of K with the two 3—balls
bounded by S are 2-tangles such that they partition K into two 2-tangles. Conway spheres
and their role in mutation are treated, for example, in Kawauchi [8] and Morton [4].
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FIGURE 1. The Conway sphere .S meeting a knot in four points.

Definition 2.5 (Conway mutation). Let K be a knot and let S be a Conway sphere for K, so
that S meets K in four points and cuts K into two 2-tangles,

K=FUQG,

where F' lies in one 3-ball bounded by S and G lies in the other.
There are three standard w—rotations of the ball containing F', each preserving the four
boundary points of F’; we denote them by p1, p2, p3 (see Figure 2). For i = 1,2, 3 let

F; = pi(F)

be the rotated 2-tangle with the same boundary as F. This is the usual definition of Conway
mutation as found, for example, in Morton [4] and Cromwell [7].

S ) R
p1(F) p2(F) p3(F)

FIGURE 2. The three m—rotations p1(F'), p2(F), p3(F') of a Conway sphere.
The knot
K'=F,UG
obtained by replacing F' with Fj is called a mutant of K. The operation K — K’ is called

Conway mutation; see, for instance, Morton [4] and Cromwell [7] for further discussion and
examples.

A A
K = F G K’ pi(F') G
7/ 7/

FI1GURE 3. Forming the mutant K’ = p;(F) U G by replacing F with p;(F)
(cf. [4, 7]).
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Example 2.1. The Conway knot C' and the Kinoshita—Terasaka knot KT form a mutant pair.
Each knot admits a Conway sphere whose m—rotation replaces one 2-tangle by its rotated copy
such that

C+— KT.
Interestingly, they have the same Jones polynomials,
Vo) = Vir(t) =t (=1 + 2t — 267 + 263 +45 — 2¢7 + 265 — 27 +¢19) |

a computation that can be found, for instance, in Morton [4] and is also discussed in expository
texts such as Adams [6].

=) (Y
(‘ij @j

FIGURE 4. The Conway and Kinoshita—Terasaka knots, as shown in Morton [4],
are a classic example of inequivalent mutant knots, sharing the same Jones poly-
nomial.

This example demonstrates that the Jones polynomial does not detect mutation [4, 7].

3. BRACKET VECTORS FOR 2—TANGLES
3.1. States and Weights.

Definition 3.1. Let T be a 2-tangle diagram. A state s of T is obtained by choosing at each
crossing either the A-smoothing or the A~!-smoothing, in the sense of Kauffman’s state model

for the bracket [2, 5].
For any state s we write

a(s) = #{A-smoothings in s}, b(s) = #{A"! smoothings in s}, {(s) = #{loops in s}.
The contribution of s to the Kauffman bracket is
weight(s) = A9)700) (42 = 4=2)1C),
We denote by
50(T) = {s | s has boundary connectivity Tp}, S0o(T) = {s | s has boundary connectivity To,}.
Define Laurent polynomials
fr(A) = weight(s),  gr(4)= > weight(s).
s€so(T) 5€500(T)
Then the Kauffman bracket of T is
(T) = fr(A)(To) + gr(4) (Tw),
and the pair

br(T) = (fr(A),gr(A))
is called the bracket vector of the 2-tangle T' (cf. Lickorish [3, §5] and Cromwell [7, Ch. 8]).
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Example 3.1. Consider the 2-tangle T' consisting of a single positive crossing:

(1) = (X).

By the Kauffman bracket skein relation we also have

(x) = 4(2) a7 ()

There are exactly two states of T. In the first state, we choose the A—smoothing at the
crossing. The resulting diagram has boundary arcs of type Ty (two horizontal strands, as in
To = ), so this state lies in so(7"). Here

and therefore
weight(s) = A%*)700) (4% — 4-2)) — 4.
In the second state, we choose the A~!-smoothing at the crossing. The resulting diagram
has boundary arcs of type T (two vertical strands, as in Too = | |), so this state lies in so0(T).

In this case

and hence
weight(s) = A% 0) (— 42 = 4=2)") = 41,
Since each of the sets so(T') and s (T") contains exactly one state, we obtain
fr(A) = Z weight(s) = A, gr(A) = Z weight(s) = A1,
se€so(T) 5€500(T)
so the bracket vector is
br(T) = (fr(A). gr(4)) = (4,471,
and the bracket decomposes as
(X) = A(Tp) + A (Twe).
This matches the skein relation and illustrates how the bracket vector records the contributions
of the two boundary connectivity types.

3.2. Decomposition of the Bracket.

Lemma 3.1 (Bracket vector decomposition). Let T" be a 2-tangle diagram, and let fr(A), gr(A)
be the Laurent polynomials defined by

)= Y weight(s),  gr(A)= Y weight(s),
s€so(T) $E€S00(T)

where so(T) and so (1) are the sets of states whose boundary arcs have connectivity type Tj
and T, respectively. Then

(T) = fr(A) (To) + gr(A) (T).
The pair br(7T) := (fr(A), gr(A)) is called the bracket vector of T

Proof. By the state-sum definition of the Kauffman bracket [2],
(T) = Zweight(s) = Z weight(s) + Z weight(s).
s s€so(T) 5€800(T)

For a state s € so(T"), the boundary arcs have connectivity type Ty. If we close T up along
its boundary in the pattern of Ty, the resulting diagram is Ty together with some number of
disjoint circles; each circle contributes a factor (—A2? — A=2) to the bracket. Thus all states in
s0(T") contribute a common factor (Tp), and we can write

> weight(s) = fr(A) (To).

s€so(T)
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The same reasoning applied to so(7") yields
> weight(s) = gr(A) (Two).
$E€S00(T)

Adding these two expressions gives the desired decomposition. U
3.3. Rotation Invariance.

Lemma 3.2 (Rotation invariance). Let p be a rotation of the 3—ball containing a 2-tangle T
through angle m about any axis that preserves the four boundary points. Then

br(p(T)) = br(T).

Proof. Each state s of T' corresponds to a state p(s) of p(T), obtained by making the same
smoothing choice at corresponding crossings. A w-rotation preserves

a(p(s)) = als), bp(s)) = bls), L(p(s)) = £(s),
so weight(p(s)) = weight(s) (cf. Kauffman’s state model [2] and the tangle symmetry discussion
in Lickorish [3, §8]).
The connectivity type of the boundary arcs is preserved as well, so
p:50(T) = s0(p(T)),  p:S0c(T) = s00(p(T)),

and

Pi

|‘
|‘

T pi(T)
n loops n loops
—— ——
_____ Pi o

Pi

Soo(pi(T))

are bijections.
Thus

foary(A) = ) weight(s)) = ) weight(s) = fr(A),

s'€so(p(T)) s€so(T)
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and the same for gr(A), giving br(p(T)) = br(T). O

4. KAUFFMAN BRACKET POLYNOMIAL UNDER MUTATION

Lemma 4.1. Let K = FFUG be a decomposition of a knot into two 2-tangles F' and G along
a Conway sphere. There exist polynomials a(A), 3(A) € Z[A, A~], depending only on G, such
that

(K) = fr(A) a(A) + gr(A) B(A),
where br(F') = (fr,gr) is the bracket vector of F.
Proof. Let S be the skein module of 2-tangles. Gluing the fixed outside tangle G to a 2-tangle
T and closing up along the Conway sphere gives a link diagram G UT. The map
dg: S - Z[A,ATY, T (GUT)

is Z[A, A~!]-linear, since the Kauffman bracket respects the skein relations [2, 3].
Set
a(A) == @¢(Ty) = (G U Ty), B(A) == Pq(Tx) = (GUTL).

By Lemma 3.1, any 2-tangle F’ satisfies
(F) = fr(To) + gr (1),
so by linearity of @4 we obtain
(K)=(GUF) = fp{GUTy) + gr(GUTx) = fra+grfB.
O

Lemma 4.2. Let K = FUG and K' = F/ UG be mutant knots, where F/ = p(F) for a
m-rotation p as in the definition of mutation. Then

(K) = (K').
Proof. By Lemma 4.1,

<K>:fFOé+gFB, <K/>:fF’OZ+gF/B,

for some «, § depending only on G. By Lemma 3.2, br(F’) = br(F), so fp = fr and gp = gp.
Hence the two linear combinations are equal and (K) = (K'), a standard fact in mutation
theory [3]. O

5. JONES POLYNOMIAL INVARIANCE UNDER MUTATION
5.1. Writhe and mutation.

Lemma 5.1. Let D be an oriented diagram of a knot, written as D = F'U G where F is the
2-tangle inside a Conway sphere and G is the outside tangle. Let D’ = F’ U G be the diagram
obtained by replacing F with its m—rotation F’ = p;(F') for one of the three rotations p1, ps, p3.
Then

w(D) = w(D").

Proof. Since the outside tangle G is unchanged, all crossings outside the Conway sphere con-
tribute equally to w(D) and w(D'); this follows directly from the definition of writhe [2, 3].

Inside the sphere, the tangle F' contains a single oriented crossing, formed by two oriented
arcs which we denote by a and 5. Under any m-rotation p;, these two arcs are carried to
their corresponding arcs in F’ with their orientations preserved. The over—strand remains the
over—strand, the under—strand remains the under—strand, and the directed tangent vectors at
the crossing point are rotated consistently. Thus the oriented local picture of the crossing is
unchanged up to rigid motion, as discussed in the mutation framework of [3, 7].

In particular, the sign of the crossing is preserved,

sgn(crossing in F) = sgn(corresponding crossing in F' = p;(F)).
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Therefore the total contribution to the writhe from crossings inside the sphere is the same in D
and D', and combining this with the outside contribution gives

w(D) = w(D").

5.2. Invariance of the Jones polynomial.
Theorem 5.1. If K and K’ are related by Conway mutation, then
Vi (t) = Vi (1).

Proof. Choose oriented diagrams D and D’ for K and K’ as in Lemma 5.1. By Lemma 4.2 (see
also [4, 7]),

(D) =(D'),
and by Lemma 5.1 (cf. the orientation conventions in [2, 3]),
w(D) = w(D").

Thus, using the normalized bracket definition of the Jones polynomial [1, 2, 3],
fo(A) = (=A%) 7"PUD) = (=A%) 7 PUD') = fii(A).
Evaluating at A = t~'/4 (as in [1, 8, 6]) gives
Vic(t) = fo(t™11) = for (1) = Vie (8).
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6. MUTATION OF THE UNKNOT AND THE JONES—UNKNOT PROBLEM
6.1. Mutation of the unknot.

Definition 6.1. A knot K has trivial Jones polynomial if
Vi(t) =1
The unknot O satisfies V() =1 [1, 2, 3].

Theorem 6.1 (Mutation preserves the unknot). If K is the unknot, then any mutant of K is
again the unknot (see [4, 7] for background on mutation and Jones polynomials).

6.2. The Jones—Unknot Problem. The Jones polynomial assigns to each knot K a Laurent
polynomial Vi (t) € Z[t*'/?] obtained from the Kauffman bracket by the standard normalization
[1, 2, 3]. For the unknot O) one has the familiar value

Vo(t) =
A natural question, still open after forty years, is whether the Jones polynomial detects the
unknot. That is

If Vi (t) = Vo (t), must K be the unknot?
This is known as the Jones—unknot problem. No nontrivial knot is known to share the Jones

polynomial of the unknot, and no proof is known that such a knot cannot exist (see discussions
in [6, 8]).

7. CONCLUSION

We have seen that Conway mutation preserves the Jones polynomial through two indepen-
dent mechanisms. The Kauffman bracket of the inside tangle remains unchanged under any
m—rotation of the Conway sphere, and the writhe is likewise preserved after adjusting orienta-
tions. As a result,

(=A%) UK = (=A%) TR, V() = Vie(8),

so mutant knots are always Jones—equivalent.

In particular, classical examples such as the Conway and Kinoshita—Terasaka knots illustrate
the limitations of the Jones polynomial as a complete knot invariant: they are topologically
distinct but algebraically identical from the viewpoint of Vi (t). Nevertheless, the Jones poly-
nomial still detects many subtle features of knot structure, and understanding its behavior
under mutation continues to provide important insight into the algebraic and geometric aspects
of knots and tangles.
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