HOW THE CONFORMAL MODULUS OF AN ANNULUS QUANTITATIVELY CONTROLS
HOLOMORPHIC MAPS

IZ TECUM

ABSTRACT. Every nondegenerate doubly connected planar domain is conformally equivalent to A(r, R)

[3L09], where
— moddr— L 1o R
m:=mod(A) = 77108
We identify m with radial extremal length and reciprocal capacity [2, 15} 20]. We prove sharp centered
Fourier-Laurent damping [7, [T9]], establish Schwarz—Pick estimates [6l 5, [12]], and classify proper maps
[9L[7]. We also describe boundary transfer and degeneration and quantify quasiconformal modulus distortion
[17,[13][22]]. In round coordinates, a proper map of signed degree n € Z \ {0} has

f@)=c-7", ceC\ {0}, mod(A’) = |n| -mod(A).
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Part 1. Modulus Control on Annuli
1. INTRODUCTION

Throughout, A is a nondegenerate doubly connected planar domain, mod(A) is its conformal modulus,
and every hyperbolic metric has curvature —1; the classical background is contained in [3.[7, 9]]. Every
such domain has a round model determined by one positive parameter.

1 R
A=A(nR) :={zeC:r<|z] <R}, m::mod(A)zznlog<>,

,
q:= % = 2 A(r,R) =2 A(q,1), W= log<I:> =27m.
The logarithmic cover turns m into the Euclidean width W.
Sw —2C s A(g, 1)
w~w+2ml - Swi={weC:-W <Rw < 0}.
Sw/(2miZ)

Variational geometry, periodic analysis, and covering equivariance consequently depend on the same
parameter. Proper maps exhibit exact rigidity, whereas arbitrary holomorphic maps satisfy intrinsic
contraction and mode-damping estimates rather than a monomial classification.

1.1. Result. The principal identities separate these geometric, analytic, and topological forms of control.

Theorem A. Let A = A(r,R), m=mod(A), and W = 2mm. Then

(1) For the connecting and separating families I'ryq and IUsep,
Extg (Traq) = m, Extg (Fgep) = m, cap(A) = m L.
(2) For C, :={|z| = VIR},

palz) = V{%cse(&log(’?)), l4(Cy) = %
(3) If £ € Hol(A, D) and po(£) == 2(1 — |£[2) ", then

Po(F@)IF@ < pa@)  dp(f().£(8)) < dalzL).
() IfA=A(g,1), f() = Eperant’, and supy,.) £ < M, then

2M . /q
@l <M (120),  laal<Md =1, sup /(@) —anl< VL
kl=ya —V4

(5) Let A =A(r',R'). If g € Hol(A,A’) is proper of degree n € 7.\ {0}, then, in round coordinates,
g(z)=c-2", ceC\ {0}, mod(A’) = |n|-mod(A).
(6) Ifh: A — A’ is a K-quasiconformal homeomorphism, then
K~'-mod(A) < mod(A’) < K -mod(A).
Proof. §[9} O
2. ANNULI AND CONFORMAL MODULUS

The Riemann mapping theorem leaves no continuous conformal parameter for proper simply connected
planar domains, whereas doubly connected domains retain one [11 [7, 9].



MODULUS CONTROL ON ANNULI 3

2.1. Logarithmic coordinates.

Definition 2.1.1 (Nondegenerate annulus, [3, 9]). A domain A C C is an annulus if C \ A has two
connected components, and is nondegenerate if neither component is a point. For 0 < r < R, write

A(rR):={zeC:r<|z| <R}.

Theorem 2.1.2 (Annulus uniformization, [3} 9, [15,[16]). Every nondegenerate annulus is biholomorphic
to A(q, 1) for a unique g € (0,1).

Definition 2.1.3 (Conformal modulus, [T} 15} 22]]). If A 22 A(g, 1) as in Theorem [2.1.2} define

1
mod(A) = 271'10g< ) qg= e*2nm0d(A).

In particular, | R
A(r,R)=A(r/R,1), mod(A(r,R)) = 2nlog(r)
Proposition 2.1.4 (Elementary normalizations, [1,[14]). For A € C\ {0}, scaling and inversion give
2 A2: A(RR) S A(A|RAR), 27 A(RR) S AR Y,
and both maps preserve modulus.
Proof. The radial inequalities determine both images.
r<|z <R < [Ar<|Azl <|AR, r<|g<R <= R '<| ' <r "

The maps have holomorphic inverses, and

AR R D mod(a(21r 121R) = mod(A (R 1)) = mod(A(rR).

|Alr  1/R
O
Corollary 2.1.5 (Complete conformal invariant, [3,[16]). For nondegenerate annuli A and B,
A=B <= mod(A) = mod(B).
Proof. Let ga,qp € (0,1) be supplied by Theorem Then
1
A~p 22 ga = qp = log() log( ) VAR ] mod(A) = mod(B).
qA
O

Fix 0 < r <R, and put
R
Syr:={weC:logr < Rw < logR}, W= log<> .

r

Proposition 2.1.6 (Logarithmic cover, [3.(7,9]). The map p(w) := €" is a universal covering p: S.g —

A(r,R), with

Deck(p) ={Tx: k€ Z}, Ti(w) := w+2mik, A(r,R) = S,/ (2WiZ).
Its strip width is W = 2wmod(A(r,R)).
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Proof. Write w = u+iv and z = pe'®. Then
we S g = r<e'=|e"| <R, Z€A(rLR) = logp +i0 € Sz, €°2PTO =7

Moreover,

p(w)=e"#0, pwi) = pwa) <= wi —wy €2miZ.
Each sufficiently small disc U € A(r,R) admits a logarithm branch L, and the disjoint sets L(U) + 2mik
are the inverse sheets over U. Thus p is a covering; since S, g is convex, it is universal, and the fiber
identity gives Deck(p) = {7 : k € Z}. Finally,

W =log(R/r) 22 W = 2xmod(A(r,R)).

Corollary 2.1.7 (Cylinder model, [1,19]). For
Ky ={we C:logr <Rw <logR, 0 < 3w <2r},

the horizontal sides are identified and
w
A(r,R) = %/ ((u,0) ~ (u,2m)), o mod(A(r,R)).

Proof.
pOw+2mi) = p(w) EL A(nR) = Zr/((u,0) ~ (u,27)).

W = 2zmod(A(r, R)) 28 ;‘lﬂ — mod(A(r,R)).

Figure [I]records the quotient.

I I I I I W
P S QS S wre
27‘[ -+ I T | t+ EAATEN

FIGURE 1. The exponential map identifies the horizontal edges, sends the vertical edges
to the boundary circles, and carries the rectangular mesh to a logarithmic polar mesh.

Corollary 2.1.8 (Fundamental group, [7,9]). Every nondegenerate annulus A satisfies m;(A) = Z.

Proof.
A~A(g,1) B2 m(A) = m(Alg, 1) 22 Deck(p) = Z.

3. EXTREMAL LENGTH AND CAPACITY

The conformal modulus has two exact variational realizations: a length—area problem for transverse
curve families and a Dirichlet problem for a condenser [2} [15} 20, 22].
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3.1. Dual variational principles.

Definition 3.1.1 (Variational data). Let Q C C, let I' be a family of rectifiable curves in Q, and let
p : Q — [0,00] be Borel with 0 < Area, (€2) < oo. Set

: Lp(I)?
Ly(T) :=inf [ pldz Area,(Q):= [ p?dxdy,  Extg(T):=sup "' .
(1) =inf [pld:l,  Areay(@) = [ pdxay,  Bxtall) =sup L2
For a nondegenerate annulus A with boundary ends dyA, d1A, let 7 (A) be the Dirichlet class with traces
0 and 1 on those ends, and put

Ex(u) = / \Vu|? dxdy, cap(A) ;= inf &x(u).
A uew (A)
The traces are read on a round model furnished by [2.1.2} interchanging the ends replaces u by 1 —u. We
use the unnormalized capacity convention [[15} 17, 21]].

Proposition 3.1.2 (Conformal invariance). Let ¢ : Q — Q' be biholomorphic. Then
Extq(T) = Exto (¢(T)), Ea(vod) =Ex(v), cap(Q) = cap(Q)
whenever the last expression concerns annuli |2, 15, 22]].

Proof. Pull back an arbitrary density o and potential vby p = (0o ¢)|¢’| and u =vo ¢.
/p |dz] :/ o |dwl|, Area, (Q) = / (6%09)|¢'|? dxdy = Areas (Q').
14 poy Q

Consequently,
Ly(D)?*  _ Le(¢(D))?

Areap (Q) - Areag(Q’) @’Q EXtQ(F) > EXtQ/((P(F)),

while

Vvod)P=(WPeg)lo'l?,  Jo=10' = dalvos)=ca(v).
Applying the same identities to ¢ ~!, and replacing v by 1 — v if ¢ exchanges the ends, proves all three
claims. O

Definition 3.1.3 (Dual curve families). For a nondegenerate annulus A, let I';,q(A) be the rectifiable arcs
joining its two boundary ends, with interiors in A, and let
Tiep(A) == {y:S" — A: yis rectifiable and [y] # 0 in 7 (A) }.

Thus Tyep(A) is the essential, or separating, family; the identification 7;(A) = Z is recorded in [2.1.8]
[2, 115 120].

27T wire"

o---1l-——51 o

W

FIGURE 2. Under w > re", blue crosscuts project to radial curves and red vertical fibers
to essential loops.



6 1Z TECUM

Theorem 3.1.4 (Variational characterization of modulus). Let A be a nondegenerate annulus and set
m :=mod(A). Then

Exty (Frad(A)) =m, Exty (Fsep (A)) =cap(A) = m!.

In particular,

-1
cap(A) = Exta (Ceep(A)) = Exta(Traa(A)) . Exty(Traa(A))Exta (Deep(A)) = 1.
IfA=A(r,R) and W :=10g(R/r), then p.(z) := |z|~" is extremal for both curve families, and the unique
capacity minimizer is
_ log(Jz|/r)

u(z) : —w

These normalizations are classical [2,,15) 17,120, 22].

Proof. Uniformization and conformal invariance reduce all three problems to one Euclidean cylinder.

w
Cw = (0,W) x (R/(277Z)) A(rLR), W =log(R/r) =2mm m=_.

For an admissible density p on Cy, the horizontal segments and vertical fibers in give
fod 2 W~ lf(f‘rad)2 w
2mL5 (T, </ / dxdy < (2aW)"/? Areas (Cy)'/? P <
p(la) < o Jo P ys( )" Area (Cy) Areas(Cy) ~ 21

- W - L~ (fse )2 2”
WLz (Tsep) < dydx < 2aW)'?Areas(Cy)? = @ PP <
P( Sep)—/o /O pay x—( ) reap( W) Area,;(CW) =W
For p, = 1, connecting curves have length at least W, while every essential loop lifts with endpoint
displacement 27ik, k € Z \ {0}, and hence has length at least 27; horizontal and vertical fibers attain both

bounds. Therefore

- - ~ w ~ 21
Ly (Tua) =W, Ly (Tup) =27, Areas (Cw)=2aW —> p, =1 = Extq, (Traa) = 5o Bxiey (D) =

For u € % (Cw ), the trace values and Cauchy—Schwarz yield, for almost every y,
w w 1/2 2 W o7
| = / dii(x,y) dx < W'/? (/ yaxﬁ(x,y)yzdx> — & (@) > / / QP dxdy> 1.
0 0 0 Jo
The affine potential attains this bound, and its equality conditions give uniqueness:
x W] 2n
ui(x,y) == —, ey (U :/ —dxdy=—.
)= b= [ grdvay=3
27 ~ ~ 1 ~
cg’cw(i[):W = u=0, du=Ww = U= U,.
Transporting these extremizers through the logarithmic model gives

P =1 29 p*(z)_‘i‘, ﬁ*(x,y):% VAN u*(z)_log(‘;’/r) — %:m,

2r
= B Ey (Trag) = m,  Exta(Tyep) = cap(A) =m .

This proves the theorem. 0
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4. COVERINGS AND FOURIER ANALYSIS
Fix A := A(r,R) and put
s:=VrR, W :=log(R/r) pa W =2mmod(A), Sw:={weC:|Rw| <W/2}.
By Proposition [2.1.6] p,(w) := se” has deck generator T (w) := w + 27i; pullback by p, converts Laurent
monomials into periodic Fourier modes [9, 7, [19].
4.1. Mode damping.
Proposition 4.1.1 (Periodic descent, [9,[7]]). For the centered cover p; : Sw — A, composition with p;
gives
Hol(A,C) — {F € Hol(Sw,C) : FoT =F},  f——F:= fop,.

Equivalently, the following diagram commutes, and the dashed arrow is unique.

F
S T/m C
/7(
Ps Ps e
j j //// lf
A _ A ’

Moreover,
F'(w) = se" f'(se"), z=ps(w) = 2f (z) = F'(w).

Proof. The fiber relation from Proposition governs the descent.
psoT = py, F = fop; = FoT =fopsoT =fops=F.
ps(w1) = ps(w2) L € 2miZ, FoT =F = F(wy) = F(w1).
flpsw):=F(w),  plu:U-—V = flv=Fo(py)~" €Hol(V,C).
fiops=frops, ps(Sw)=4 — fi=f,  F=fop, = F(w)=se"f(se").
This proves the descent bijection and derivative identity. ([l

Theorem 4.1.2 (Fourier—Laurent correspondence, [7, 18} [19]). Ler f € Hol(A,C) and let F := f o p;.
There are unique coefficients (an)necz and (by)nez such that

f(Z) = Z anz”? F(W) = Z bnenw’ b, = Snana

nez nez

with absolute and locally uniform convergence. Forr < p <R, |x| <W /2, and n € Z,

1 f(z) N
ap = — , b, =
"2 Jygp 71 "2 Jo

F(x+iy)e ™ dy.
Proof. Cauchy’s theorem and Laurent’s theorem identify the two expansions.

1 1
an(p) = f(Z) dz an(pz)—an(pl):/aA(p p)fn(f? dz=0

270 Jjgj=p 21T 2mi z
fR)=Y ad" = Fw)=f(se")=) ("an)e™ = by=s"ay.
nez nez
. . —nx 21w .
z=se"Y, dz = ise"t" dy = b, =s"a, = 76271_ F(x+iy)e "™ dy.
0
K eSw, ps(K)EA — Z an(se”)" — f(se”)=F(w) uniformly on K.
nez

This proves the Fourier—Laurent dictionary. D
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Theorem 4.1.3 (Sharp mode damping, [[7.8]). Let f € Hol(A,C) satisfy || f||=a) < M, and let b, be the
centered coefficients in Theoremd.1.2] Every mode satisfies

|bn| < Mef|n|W/2 _ Mefﬂ'\n\mod(A) (l’l c Z),

and the exponent and constant are sharp for each n # 0.

Proof. The coefficient line may be moved to the favorable side of the strip.
nx X 27
b, B2 C o / |F (x+iy)|dy < Me™
0

n>0, xtW/2 = |b)|<Me ™/ n<0, x|-W/2 = |b,|<Me MW/

2r .
F(x+iy)e ™ dy| <
0

W =27mod(A) B o hW/2 _ p-almodia) T _ T wp2,
’ R s
k
Z\k _ r B B
f/j(Z) ::M<E> ) Ji (z) :—M(Z) , ka:tHLm(A):M, b,j:b,k:Me kW /2 (k>1).
This proves the sharp damping estimate. 0

FIGURE 3. Pullback by ps(w) = se" sends a,z" to b,e"”, where b, = s"a,, and the
centered strip yields |b,| < Me~I"V/2,

Corollary 4.1.4 (Core-circle rigidity). Let m := mod(A), 6 := e~ ™, and ||f||;=(a) < M. On the core
circle |z| = s in Figure[3]

2M S

2M y
sup ‘f(Z)—ao‘st, ISZF:pS’Zf (ZNS (1_5)2

l2|=s 1
For A = A(q, 1), Proposition gives

2M\/q y 2M\f
s = , 6 = s Su — a, ) su —
V4 V4 |Z|:5(§|f() ol =1 Va ‘Z‘:%\Zf (2)) < (=va?

Proof. The centered Fourier expansion and Theorem [4.1.3] control both tails.
z=se® = f(@)-ay=) bwe™,  zf'(2) =) nbye™

n#0 n#0
2M o
sup | f(z) —ao|<2|b|gM25‘”‘—2M25”— -5
|z]=s n#0 n#0 n>1
2M o
suplzf'(2)| < ¥ Inl[ba] B2 2M Y ns" = .
je)=s # 70 ey (1-9)
This proves exponential rigidity on the core circle. ([l

Thus the cylinder length W = anod( ) is the exact spectral separation scale, and every nonconstant
core mode loses the factor ¢~ lnlmod(4 [7 8.
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5. HYPERBOLIC GEOMETRY AND SCHWARZ-PICK

The centered cover from Proposition [2.1.6| turns the complete curvature-—1 metric into an explicit
transverse density. Its core geometry and Schwarz—Pick contraction make the dependence on mod(A)
intrinsic [16, |5} [12]].

5.1. Intrinsic estimates.

Definition 5.1.1 (Hyperbolic metric, [6,[5]). Let Q C C have universal cover D, and let p: D — Qbe a
covering. Its Poincaré density, curve length, and distance are normalized by

po0)=—gm PeDi= g OO =po(C).  dsai=pa(ole:.

:/ypg(z)|dz!, do(z0,21) = _inf_{o(y).

Y:z0~21

Theorem 5.1.2 (Explicit annular density, [6, 5, [12]). Let A = A(r,R), s :== V/rR, W :=10g(R/r), and
m :=mod(A). Then

b4 T T ; 1
W =27mm, pa(z) = Wsec(ﬂ/log |Z|> chc(log’?) , pa(se’®) = e
Proof. We pull back the half-plane metric through the centered cover.

Sw={weC: |R(w)| <W/2}, D (w) :=iexp(mwiw/W), ®: Sy — H.

T T
x:=Rw),  S(Pw)) = [@(w)|cos(mx/W),  [@(w)| = | PW)| = psy (w) = 37 sec(mx/W).
ps(w)i=se”, |pi(w)] = ps(w) | FEE ps (s (w)) [ s (w)] = ps,, (w)-
| | Iz\ w T X T T 7
= o  =xt g P =gmsee(y ) = gpese e
; 1
m =mod(A) A W =2mm, Iz =5 = pA(se’G):%zz—ms.
This proves the density formula and its core value. U

Proposition 5.1.3 (Intrinsic geometry, [11, 5, [12]]). Let A = A(r,R), s := V/rR, m := mod(A), W :=
log(R/r) =2mm, and

R w
As(z) = min{logm,log} =—— logH
r |z| 2
The density satisfies
L <p) <
- <o)< —— .
1Aa(@) = 2f2fAa ()

Forr < pi,p2 <R, tj:=log(pj/r), and 6 € R,
o tan(zty /(2W))
tan(7zty /(2W)) |

Let T'1(A) be the rectifiable closed curves representing a generator of w(A). Then

da(pre®,pre®®) =

. : : 2’ m
C. :={|z| = s} is a hyperbolic geodesic, la(Cy) = Rl
min l4(y) =4a(Cs), lA(y) = €a(Cy) <= ¥ parametrizes C, once without backtracking.

'}/GFI (A)
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Proof. Write every generator lift as ¥ = X +iY and use the models in Figure

7'EAA( u 2u u T
(0,7/2) E:]::; A — — < <u=—=1<—<—=
w 7/2] Pa(a)lzlAa(2) = sinu’ T Sinu < u sinu — 2°
2 t 1/ (2W ;
umz|| %csc(m/W)dr = 'lgw () = oz TIoEe 0 s oquality.
1
2 2
P(iIR) = iR~ is geodesic in H Bl ¢, = ps(iR) is geodesic, l4(Cy) =2m- % = % -
m
. n 27r2
Y)-Y©O) =421, ps,(X+i¥)Z . 2| = b))z 7/ Y (1) |de > -

2n?
la(y) = —— <= X =0AY is monotone <= ¥ parametrizes C, once without backtracking.
W

This proves the comparison, distance, and core-minimality claims. O

b -
! !
I N ps(w)=se” ‘
[ i AN
\ \
I G
\ \
| |
[ [
| |
S I
\ \
**}77~ 77;77 O (w)=iexp(miw/W)
I I 7
I ST

FIGURE 4. The centered strip sends its red midline to the annular core under p and to
iR~ under ®; its blue transverse geodesic becomes a radius and a semicircle.

Theorem 5.1.4 (Schwarz—Pick, [11[7,5,6]). Let Q,Q" C C be hyperbolic domains, and let f € Hol(Q, Q).
Then

po (f()If (@) < palz),  da(f(20),f(z1)) < da(z0,21)-
Proof. Fix z € Q and lift f through normalized disk covers.

(D,0) — 5 (D,0)

pl Jq qu:fOp, ]7(0):0-

(©.0) —— (@./()

FOI<1,  d0)f(0)=F (2P 0) = |f@)]p0)] <] 0)
p,q universal covers 22 po (2)[p/(0)] = pp(0) = 2 = por (£(2))14'(0)] = per (f(2))IF'(2)] < palz).
loy(foy) = /PQ' |f( ||dz| < /PQ dz| = La(y) = da/(f(20),f(21)) < dal(z0,21)-

This proves the infinitesimal and global contractions. g
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Corollary 5.1.5 (Annulus-to-disk estimates). Let A = A(r,R), s := v/rR, m:=mod(A), W :=1log(R/r) =
27m, and f € Hol(A, D). For
B(0,¢) := rkni% |0 — @+ 2mk|,
(S

fG@) <”sec<”1og‘z‘), F < T-l@P) =

one has

T=lf)P ~ 2w W 4[zAa(2) 4zAa(z)
selG /seiG . .
P S UGS < P00

Proof. We insert the explicit density into Schwarz—Pick.

e B D )L )

(1= 1f@)P)
< pa(z) EQ W EER

21/'(2)]
I=1f )P

2|f'(2)] T .
1—|f(z)]? < 2|z|A4(2) = |f'(z)| <
i0 f'@) w1

- W =2mm — < *_ 2
L=se, m T-[fQP " 2W  4m

Yo, C Cs is the shorter arc, CA(Yo,p) = Wﬁ(e,(p) =

f S H01<A7D) dD(f(sei9)7f(sei(P)) < dA(Sei67sei(p) < ZA('}/G,(p) =

This proves the derivative and angular estimates. O

Together with Theorem these estimates separate the intrinsic scale m~! from the Fourier scale
e ™ 6, [12]].

6. HOLOMORPHIC MAPS BETWEEN ANNULI

Throughout, A :=A(r,R), A’ :=A(',R'), s := V1R, s := VF'R', W :=log(R/r), and W' :=1log(R' /1),
with centered covers p; : Sy — A, py : Sy — A, and deck generator T (w) := w + 27i; properness forces
exact modulus scaling [3L [7, 9]

6.1. Degree and rigidity.

Definition 6.1.1 (Properness and degree, [7,9]). For a continuous map f : A — A’, properness and degree
under the counterclockwise identifications in Corollary [2.1.§] are specified by

f proper <= f'(K) €A foreveryK € A/, fi1Z —Z, k— deg(f) - k.
For f € Hol(A,A’) and a piecewise C! counterclockwise generator ¥,

Proposition 6.1.2 (Equivariant lift, [7,9]). Every f € Hol(A,A’) admits a holomorphic lift F : Sy — Sy
and a unique n € 7 such that

Sw —E— Sy

S e
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Moreover,
|deg(f)|-mod(A) < mod(A’), deg(f) =0 < f=e¢® forsomegeHol(A,C).
Proof. Lift f o p, through the logarithmic cover of A" and average its real part across one deck period.
pyoF = fops, psoT =p; = F(T(w))—F(w) € 2miZ.
F(T(w)) = F(w)

€ Hol(Sw,Z), Sy connected => FoT =T"oF 2L n = deg(f).

2mi
1 /2= F 2mi)) — 3 (F

M= o [TRFGr iy, m( = SEEHIDESER)
21 Jo 2r
W/

REW)| < ME)=n-x+ta = [n|-W<W In| - mod(A) < mod(A").
n=0 < FoT=F B F=Gop, «= f=¢5  g:=log(s)+G.
This proves the lift, degree, modulus, and logarithm claims. O

Theorem 6.1.3 (Proper-map classification, [3}[7,O]). Let f € Hol(A,A’) be proper and put n := deg(f).
Then
n#0,  f@)=c" (ceC\{0}),  mod(A) = |n|-mod(A),
{le|, |c|R"} = {r,R'}, f:A— A is an |n|-sheeted unbranched covering.

Proof. Let F be the lift from Proposition[6.1.2} properness excludes constants, while openness, closedness,
and connected collars outside compact middle preimages give the uniform end limits below.
!/

E)T(F(x+iy))—>siw7 (x> 4W/2), & =—& —gec{l,—1}.

!
’f(f” —evv[;logm, Ah=0,  h(z) =0 (z—dA) = h=0.
T w ’ W’ W
h=0 = R(F(w)) zewiﬁ(w), EK<F(W)—8WW> =0 = F(w) ZSWW—HG (6 €R).

h(z) :=log

FoT =T"oF "2 2min = F(T(w)) — F(w) = 2nisv‘;/ = n= sv‘;/ £0, W =ln|-W.
z2=ps(w) = f(2) = py(F(w)) =s'e® (E)n:c‘zn, c:=5e%s"#£0, flR)=n-c-2" ' £0.
This proves the classification, covering, and modulus law. g
Corollary 6.1.4 (Existence and self-maps). Let X,Y be nondegenerate annuli and n € 7.\ {0}. Then

3f € Hol(X,Y) proper with deg(f) =n <= mod(Y) = |n|-mod(X).
Every proper holomorphic self-map of X is biholomorphic; for a round annulus,

f:A(r,R) = A(r,R) proper < f(z) =€z or f(z)= eierf (6 €R).

Proof. Choose degree-one uniformizations ¢ : X — A(g,1) and v : ¥ — A(¢’,1) by Theorem
postcomposing with z — ¢g/z and z — ¢'/z if necessary.

fi=wofop !, deg(f) =n, f proper <= f proper EL3 mod(Y) = |n| - mod(X).
mod(Y) = |n|-mod(X) Z& ¢ =g,

7", n>0, ,
Un(2) := nl Wy :A(g,1) — A(q', 1) proper, deg(u,) = n.
q™-7", n<O,

fo=y o090 X Y, fyproper,  deg(fy)=n.
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X=Y — =1 5 feauX), X=A(FR) — f(c)=e®2 or f(z)=e®k.

This proves existence and self-map rigidity. O

7. BOUNDARY INTERACTION AND DEGENERATION

For A:=A(r,R), put m := mod(A), W :=1og(R/r) =2mm, and r := log(|z| /r); constant boundary data
propagates linearly in #/W, whereas nonconstant modes decay exponentially with their distance from the
supplying boundary [2, [17]].

7.1. Transfer and limiting regimes.

Theorem 7.1.1 (Annular boundary transfer, [2| (17, [18]]). Let ¢., g € C(R/(27Z),R). Define their
Fourier coefficients and, for n # 0, the transfer factors by

I SR oo sinh(n|(W=1)) e sinh(|n})

The unique harmonic u € C*(A) NC(A) with boundary values @, Qg satisfies, for 0 <t < W,

a(re %) = (1= 2) 9:0) + 1-00(0) + ¥ (PE()B(n) + PR(1)9i()) ¢,
n#0

where the series converges absolutely and locally uniformly. The boundary-component harmonic measures
and transfer bounds are
. t .

or(re ) = o) =1 o= BL2 5 (wg) = cap(A) =m™ .

1

0<P(t)<e Ml 0<PR@)<e MW-=0  pr(w/2 W/2)= o < e Tim,

<<l 0SB <e Y B/ =BIW/Y) = g <

Proof. Tt suffices to solve trigonometric-polynomial data and use Fejér approximation.

; 02 02 .
- 1+i6 _ _ — in0
v(t,0) :=u(re"™?), Au=0 = (81‘2 + 892> v=0, v(t,0) nEEZvn(t)e :

t

[\ ~ r i
=0 = vo(r) = (1= ) B0+ - 0r(0), =P =0 = wa(r) = BL(1),(n) + PR (1) ().
1 — e=2Inl(W=1) 1 — e—2lnlt
re _ =g —¢ 7 —|n|t R _ —nfW=t) +t —€¢ —|n|(W—t)
Pl(t)=e = <e M Pi(t)=e = <e .
9i(m| <l@jlw,  Pnv:=(on@r,ongr),  P:=(¢r, k),  [[Py— Pl —0.
Auy =0, uylga = @, luny — upt]|oo < [|PN — Ppsr]]le = uy — u uniformly.
This proves the Dirichlet formula and its exact transfer bounds. g

Proposmon 7.1.2 (Two-boundary majorization). Let f € Hol(A,C)NC(A), M; := max,_; |f(z)| > 0,
and p = re'. Then

i 1=t /W, (t)/W
Fpe®)| <M agl".
If f,g € Hol(A,C)NC(A) are nonvanishing on A and
€= ﬁl‘i);!loglf(Z)l —loglg(z)l[  (je{rnR}),
then
; t t
log|Z| (re'9)| < (1——)8 — &g.
og|=|[(red™")| < W r+W R
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Proof. The harmonic measures in Theorem [/.1.1|are the sharp barriers.
t t
Ly := o, logM, + wglog Mg.

o =1—— OR = —
’ W’ we
log|f|—Lf <0ondA = log|f| <Ly.

log|f| — Ly is subharmonic,
—H<h<HondA = |h|<H.

h:=log j—r
8
This proves both weighted maximum-principle estimates.
Theorem 7.1.3 (Long-cylinder degeneration and removability, [7, [18]]). Let m; — o, q; := €
Sk := \/qx, and [ € Hol(A(gy, 1),ID), with
f=Y a7, b =sal.

nez

Ah=AH =0,
O

7277.'mk
b

H := w& + wgeg,

I

aP1<1 (n>0), |a%)

K PAYS
sup |fie) —ay | < =
‘Z‘:Sk - Sk

Every such sequence has a subsequence and a function f., € Hol(D,C), f..(D) C D, for which
ki .
ay” — fol0), sup|fiy(sise®) = fu(0)] — 0.
S

Then
6] < el <qi (n>1),

fi; — fe locally uniformly on D",

Moreover, every bounded f(z) =Y,z a,2" € Hol(D*,C) satisfies
la_,| < Mq" = Me72PmdA@l) (0 <g<1,n>1), M = || fl =), a_,=0,

and therefore extends holomorphically across 0.

Proof. Fix 0 < p < 1; centered damping, Montel compactness, and Cauchy’s formula control both limits

Y=gt = a1 <1(0>0), [a*) <P =g (n>1).

|b$,k)| AL3 sLn‘ — ¢ Tl b = sjan
k 25y,
sup |fk—aé)] ELd 7 .
|z|=sx — Sk
1
"":m‘/| f" Yz,  Ja,|<Mq" (0<qg<1), ql0= a,=0 (n>1).
zl=¢
O<a<l,  A(a,1)CA(gr,1) (k>1), \kaSIMﬂj&fwonD*, [fel < 1.
k; 1 fi; (2) , 25,
¢ ;:a(() i) = —/ ——dz — f.(0), sup\fkj(skje’e) — f=(0)] < — +|cj— f(0)] — 0.
27 JizZ=p <z 9 1 — sy,
[l

This proves compactness, core collapse, and removability.
For the opposite degeneration m |, 0, let s := v/rR and F € Hol(A, D). The intrinsic formulas of §

s|F'(se')| < 1

give
. 1 T
i0
=— 1 =s})=— _— .
SpA(Se ) 2m7 A({|Z| S}) m7 1_ |F(S€le)’2 — 4m
The derivative order is attained up to constants by
1
O<m<n!, Ny:= LrJ , G(z) := e ™NnzNn < Hol(A(e™ ™, &™), D).
m

1

m|G,,(1)| = MmN, e~ ™Nn =
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Thus long cylinders suppress nonconstant modes at the scale e~ ™"

scale m™!.

, Whereas short cylinders have intrinsic

8. QUASICONFORMAL STABILITY AND OUTLOOK

Quasiconformal deformation preserves annular invariants up to maximal dilatation, and %log mod(A)
is the exact Teichmiiller coordinate [2} 13}, [10].

8.1. Sharp modulus distortion.

Definition 8.1.1 (Quasiconformal map, [13, 4]). Let Q,Q' C C and K > 1. An orientation-preserving
homeomorphism f: Q — Q' with f € Wl1 2(9 C) is K-quasiconformal if

0 K—1]/0
(5) 6] <551 |(5r) @
Equivalently, with | Df(z)|| the operator norm and J;(z) := det(Df(z)),

IDf(2)||* < KJf(z) ae., K(f) :=1inf{K > 1: f is K-quasiconformal }.

Theorem 8.1.2 (Extremal-length distortion, [2,13]). Let f : Q — Q' be K-quasiconformal and let T be a
curve family in Q. Then

for almost every z € Q.

%Extg(r) < Extg/(f(I) < KExtq(T).

Proof. Fix p’ > 0 with 0 < Area, (Q') < oo; the ACL chain rule and a Fuglede correction control a
zero-2-modulus exceptional family.

p(ron) < [P UFIDAQIE (rgTo),  hel’(@), h20, [ndz=e (reTy)

Pe(z) :=p' (f(2)IDf () +eh(z),  Lp(T) =Ly (f(I)).
Areay, (Q) — /Q (' FPIDSIPAA < K [ (0o )2 dA = Kiteay (@),
Lo (D) _ 1 Ly(f(I))?
Exto(I) 2 lslﬁ)l Area,, (Q) = fAreap/(Q/ )
K(f ') =K(f) <K = Extq(T') < KExtg/(f(I')) = Exto/(f(I)) > K 'Exto().
This proves both distortion inequalities. O

— Extq (f(I') < KExto(I).

Corollary 8.1.3 (Sharp annular distortion). Ler f : A — A’ be K-quasiconformal, m := mod(A), and
m' :=mod(A"). Then

A
m <m' <Km, Cal;{( ) < cap(A’) < Kcap(A).
Among quasiconformal homeomorphisms g : A — A, the optimum and Teichmiiller distance are
/ /
"o m m N1 , 1 m
Kmm(A;A ) — ll'g}fK(g) = max {m7 n/l/} 5 dT(A,A ) — ElogKmm(AyA ) — 5 loga .

Proof. Conformally identify A, A’ with the centered round annuli below; Theorems and(3.1.4} applied
to essential loops modulo zero 2-modulus, give

m
— <<= = Egm’gl(m.

L FR) = 2 Al ) — A(e ™ ).

Fp(x+iy) :=Ax+iy,  DF, =diag(A,1) = K(F)) = max{A,A"'}.
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K(g) >max{A, A7},  K(F)=max{1,17'} = Kun(A,A) =K(F), dT(A,A’):%HogM.

The capacity identities give the remaining bounds, while the stretch proves sharpness and the distance
formula. g

Remark 8.1.4 (Further directions). Natural extensions are the exact Carathéodory density and its extremiz-

ers,
21¢'(2)|

ca(z) == sup B < pa(2)-

geHol(ap) | —8(2)
9. PROOF OF THEOREM

Theorem 9.0.1 (Modulus control). Let A = A(r,R), A’ =A(r,R"), m = mod(A), W =27tm, and g = r/R.
Then
(1) For the connecting and separating curve families,

Extq(Irag) = m, Exts(Fsep) = cap(A) = m L.

Proof.
A=A(r,R), m =mod(A) BLY pxiy (Trad) = m, Exty (Csep) = cap(A) =m ™"
O
Q) Iffe HOI(A(% 1)7(C)’ f(Z) = Yaez anZ", and SUP4 (4,1) |f’ <M, then
an| <M (n>0),  |au|<Mqg" (n>1),
2M . /q
up [£(2) — ao| < 2V
d=va Vi
Proof. Puts .=, /q= e /2 and by := s*a;. Then
= kak ‘bk| < Ms‘k‘.
Hence, forn >0and j > 1,
lan| =s7"|bp| <M, \a,j|:sj|b,j|§Mszj:qu.
Moreover,
2M
e — 7W/2 \/> @ sup ’f _00’ f
d=va Vi
]

(3) For C, :={|z| = V/rR},

=7 e Frog( _r
pA(Z) - W|Z| CSC<W log( r >)a EA(C*) - m‘
Moreover, if f € Hol(A,D) and pp(§) :=2(1—|&[*)7!, then

po(f(@)If' @) < pale),  dp(f(2),£(£)) <dalz§).
Proof.

W=2mm,  C. ={z=VrR}FEEEp, (o) HCSC<IOg< ))

FeHAD) X2 pp(FIF @) <paR),  do(f().£(0) <dalz,8).
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(4) If g € Hol(A,A’) is proper of signed degree n € 7\ {0}, then, in round coordinates,
g(z)=c-2", ceC\ {0}, mod(A") = |n| - mod(A).
Proof.
g € Hol(A,A’") proper, n=deg(g) #0 £L3 g(z) =c-7", c#0, mod(A’) = |n| - mod(A).
]
(5) If h: A — A’ is a K-quasiconformal homeomorphism, then
K~ ' mod(A) < mod(A) < K -mod(A).
Proof.
h:A — A is K-quasiconformal BLI k- -mod(A) < mod(A") < K-mod(A).
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Part 2. Appendix
APPENDIX A. FOUNDATIONAL TOOLS
A.1. Cauchy bounds, coverings, and scales.

Lemma A.1.1 (Cauchy bounds, [[7,[18]). Let U C C be a domain, D(zo,d) C U, and f € Hol(U,C). Then

FP@) <™ max |£@)] (meZso).

d™ |z—z|=d
If 8(2) = Ypezan?" € Hol(A(r,R),C), then
lan| <p™"maxlg()]  (r<p <R neZ).

Proof. Cauchy’s integral formulas give both estimates directly.

),y — M / _S@ ) m!
f (ZO) 2TTi lo—z0|=d (Z_Zo)m+l < ’f (ZO ’ = dm ‘ ’f( )‘
o [ e =l < p maxe(a).
27 Jigj=p 2! jel=p
This proves both bounds. U

Lemma A.1.2 (Periodic extraction, [[7,9]). Let a < b be real and S, := {w € C:a < R(w) < b}. Then
e =" — wy—w; €2TiZ,

and every 2mi-periodic F € Hol(S,;, C) has the locally absolutely and uniformly convergent expansion

2r .
= Z bue™, b (x) == 6275 A F(x+iy)e "™ dy=b, (a<x<b).

nez

Moreover, if Q is connected and h € Hol(Q, C) satisfies h(Q) C Z, then h is constant.
Proof. The fiber relation, discreteness, descent, and Laurent expansion give the claims.
TV =1, wr—wi=u+iv <= =1, &'=1<= u=0, ve2nZ
Q connected, 4 continuous, h(Q) CZ = h(Q) connected = h(Q) = {k}.
f(e¥):=F(w), e =e"? = F(w;) =F(wy), F = foexp, f€Hol(A(ee"),C).

7= ex—l—iy dZ — lZdy S L/ f(z) dZ _ e*nx ZRF(x+iy)e—inydy _ b (x)
’ 270 Jz=er 2! o1 e

= anz", by(x) =b, = F(w) ane
neZ nezs
The convergence is locally absolute and uniform, proving the fiber, constancy, and Fourier assertions. [J

Proposition A.1.3 (Equal-modulus shells). Let A :=A(r,R), W :=1og(R/r) = 2nmod(A), and N € Z>.
The radii
rji= re/W/N (0<j<N)

cut A into shells Aj := A(rj,rj11), 0 < j <N, satisfying
mod(A)

N
Under p, : Sow — A, pr(w) :=re", these shells are equal-width cells. With m»(X1,X>,X3) := X| +iXs,
the cover has the helicoidal realization

Y, (x+iy) := (re*cosy,re*siny,y), T oW, = p,, Y. (w+2mi) =¥, (w)+(0,0,2m).

mod(A;) =
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Proof. Both conclusions follow by taking logarithmic radius.

i 1 - w d(A
Tl _WiN mod(Aj):—logr"Jrl = _ mod( )
r; 2t ° r; 2N N
] 14 j+ 1)W
logw:x, JN<x<(J+N) = rj <|p/(x+iy)| <rjs.
T2 (Wr(x+1iy)) = re*(cosy+isiny) = p,(x+iy), ¥, (x+i(y+2m)) =¥, (x+iy)+(0,0,27).
This proves the shell and helicoid formulas. U

FIGURE 5. Equal-width strip cells map to equal-modulus shells under p, and to helicoidal
bands under ¥, ; the red arrow records y — y +27.

Proposition A.1.4 (Spherical compactification). Inverse stereographic projection is

2(z) = (m(z)’ﬁ(fg';'dz_ D808 2(e0):=(0,0,1).
For hy := (p>—1)/(p>+1),

Z(A(T,R)) = {X € SZ : hr < X3 < hR};
and

mod(A(r,R)) = ﬁlog W

In particular, ©(A(g,1)) ={X € S* 1 hy < X3 <0}, and hy | —1 as q |. 0.
Proof. The third coordinate records radius monotonically.

4P2 2 2 2 4p
(14p2)?’ Xs=hp, Xi+X3+X5=1,  h,=

=

Xt +X5 =
2
_p-1 2 L+
hp_p2Jr1 <~ p “1=h,
R <(1+hR)(1—hr)>‘/2 mod(A(r.R)) = (1+hg)(1—hy)

r - \(I=hr)(1+hy) = 4n O (he) (1)

This proves the band and modulus formulas. U
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S/ =

FIGURE 6. Inverse stereographic projection sends |z| = p to X3 = hp, so A(g, 1) becomes
hy < X3 <0,withh, | —1asq]O0.

Proposition A.1.5 (Certified test family). Let A :=A(q,1), W :=1og(1/q) = 2nmod(A), s := /g, N €
Zs0,0<n<1l,and & y,...,Ey € C not all zero. Put

—|n|W /2 n
Ne & F4
C:=Y [&l,  bo=—F—  w@:=Y bal>) -
In|=N ¢ =N (s>
Then fy € Hol(A, D), || fu|lr=(a) < . and |b,| < ne”"W/2 With
w I4 1 A (2)
A = — —|log— = =
1(2) =5 —flog ) Ka(2) EIVCE W

the exact diagnostics are
palz) _ u T . 2|y (2)] .
etz eO=romae <

Ki(z)  sinu
Proof. The centered coordinate certifies boundedness before any sampling.
" w
z=s5 x| < - =

2 bn <§>

WDISE L el =<1, |ba <ne VP
[n|<N

™ A (2) palz) _ u 513
Palz) = Gy ese < W ) D @) smw o @S
This proves all certified bounds. O

< n|én’e—\n\W/2+nx < n’é’l‘
- C - C

For g = e~?™", the exact first-mode scale is §; (m) := e~™ =, /g; the rounded benchmarks are

m 5 1.5 2.5 3.5 4.5
g=e 7" [4321x107% 8.070x107> 1.507x10~7 2.814x107 10 5255x10° 13
S1(m) |2.079%x107" 8.983x107° 3.882x107* 1.678x107° 7.249x1077

TABLE 1. The inner radius and first-mode damping factor decay exponentially with modulus.
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