FOURIER TRANSFORM ON R: MOTIVATION, PROPERTIES, AND INVERSION
LECTURE NOTES FOR THE CS PRESENTATION
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ABSTRACT. These notes develop the Fourier transform on R from translation symmetry, establish its
basic algebraic and analytic properties, construct Gaussian approximate identities, and prove inversion for
f ,fe L! (R). The Gaussian, interval, and triangular examples precede concise statements of Plancherel and
Hausdorff-Young.
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Part 1. Fourier analysis on the real line
1. MOTIVATION, NORMALIZATION, AND ANALYTIC PRELIMINARIES

Translation symmetry determines the Fourier kernel, while convolution and the standard integration
theorems supply the analytic framework used throughout [6} [1,4]. We first fix the normalization and the
few tools needed later.

Remark 1.1 (Motivation). Functions on R are analyzed through the oscillations determined by translation
symmetry. The simultaneous eigenfunctions of translation are precisely the continuous characters of
(R, +).
Fort € R, let T; f(x) := f(x —1). The translation operators satisfy
Tyo, =Ty, To=id, T, '=T.,.
A nonzero simultaneous eigenfunction obeys
Lo =A)¢p = A(t+5)=A(t)A(s), A(0)=1.
Continuity gives A(t) = e for some ¢ € C, while unitarity on L?(R) forces ¢ = —2xi& with & € R. Thus
xe (x) — ezméx’ Tt%eg _ 6_2”"5955.

Definition 1.2 (Fourier transform, [6]). For f € L!(R), the Fourier transform of f is

&)= [ fe™Ear,  EeRr

Date: September 4, 2026.



2 1Z TECUM

Remark 1.3 (Normalization). The factor 27 places the inverse kernel at e2™¢ and makes
2 —~ g2
g)i=e™ = g&)=e T =g(&)
Remark 1.4 (Structural meaning). The kernel in Definition[I.2]is forced by translation symmetry:
(;&é‘ _ - ~
Tf Lo e T f(E).

For 1 < p < o, write

1/p
= (L) 70 Wl = esssupical )

The Schwartz class is

L (R) = {fEC‘”(R) ssup [X" ) (x)| < oo (m,nENU{O})}.

xeR

Definition 1.5 (Convolution). For f,g € L' (R), their convolution is

(F9)@ = [ fFe=g0)dy,  If el <Ifilglh.

Lemma 1.6 (Integration tools, [1,4]). Let h: R? — C and u,,u : R — C be measurable. Then

[ heeyldzay <o — [ [ neyyaray= [ [ beey)dvas,
R2 RJR RJR

u, = ua.e., lu,| <H € L'(R) = /un—>/u
R R

Remark 1.7 (Analytic tools). Lemma|[I.6]governs convolution and Gaussian damping, while Lebesgue
differentiation governs pointwise recovery.

2. TRANSFORM IDENTITIES AND DECAY

The transform converts elementary operations on f into explicit operations on f, while the Riemann—
Lebesgue lemma records the first general decay principle [6}[7,2]. These identities form the computational
core of the notes.

Proposition 2.1 (Boundedness and continuity). If f € L' (R), then
1Fllee < NI£1115 fEC)  uniformly continuously.
Proof. Fix &, h € R and estimate directly.

&1 [ 1£wldr= 11l
sup (& +h) — F(&)| < [ 1)/ e " ~1]dx.

EeR
0, )] -1 <2AfW] 25 sup FE +h) - F(E) 0.

This proves both assertions. g

Proposition 2.2 (Linearity, conjugation, and reflection). For a,b € C, f,g € L'(R), and f*(x) := f(—x),

~

af +bg=af+bg,  F(E)=F(=&),  fHE)=F(-&).
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Proposition 2.3 (Transform rules). Lett,&y € R and a € R\ {0}. For every admissible f,

THE) = 2MERE),  afE) = FE—&).  T@)(E) = “(5)

la|
If f e WHY(R), or if f € L'(R) and xf(x) € L'(R), respectively, then

1 d

P& =2mie &), x/(€) = —55 7276

Proof. Each rule follows from substitution, integration by parts, or differentiation under the integral.

/ fle—1)e ™S dx = e P f(E), / Fx)e e dy = F(& — &),
R

—27ixé 7271:1u§/a 1~ é
/f‘” in= g fy e = 07 ().

/ f e 2 gy = 2mié /Rf x)e 2 gy = 2miE f().
dg f(&) = —2mi /]R xf(x)e 2 gy = —27ixf(&).

This proves the transform rules.

Proposition 2.4 (Convolution theorem). For f,g

L'(R),
frg=1r%
Proof. Apply Fubini and set u = x —y.

= y)gldvdx=I1£l gl <

Frg(§)= Azf(x—y)g(y)e‘z”ixé dydx.

@) B ([ e ean) ([ et ay) = fierae)

This proves the convolution identity.
Lemma 2.5 (Riemann-Lebesgue, [6} 2]). For f € L'(R),

FE)—0 (&)
Proof. Approximate f in L' by g € C!(R).

FOI< el +BEN I -gh+ 5L € #0),

S g 1 ~
e>0,  f-sh<t  1g> 1l fg) <e
This proves the asserted decay.

Remark 2.6 (Time and frequency). The preceding identities compress to

Lf e ®Cf  fsgeofg f o2miéf.
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3. GAUSSIAN REGULARIZATION AND FOURIER INVERSION

Gaussian kernels connect spatial approximation with frequency damping and give a direct route to
inversion [1} 14} [8]]. We first establish concentration in physical space and then remove the corresponding
Gaussian multiplier.

Let g(x) := e~™ and, for & > 0, set

1 /x 1 _ ~ B 2
e (x) 1= Eg<g) = Ee n(x/g)27 /R(Ps =1, (Ps(g) =¢e me’d .
The last identity follows from Example [4.1]and Proposition

Proposition 3.1 (Gaussian approximate identity, [1,8]). For f € L'(R),

If*de—fli—0  (e]0).
At every Lebesgue point x of f,
(f*¢e)(x) — f(x)  (10).
Remark 3.2 (Lebesgue points, [1,4]). Almost every x € R is a Lebesgue point of every f € L' (R).

Remark 3.3 (Local averaging). The kernel ¢ is positive, has mass one, and concentrates at the origin:
(f*de)(x /fx gu)g du&f()

The same Gaussian damping makes the inverse integral absolutely convergent before the damping is
removed, yielding inversion without first assuming it on the Schwartz class.

Remark 3.4 (Proof strategy). The argument has three steps:
regularize Fubini i vert the Gaussian-damped transform 29, recover f-
frege=FH(Jm™ ), L0 = frge .
Lemma 3.5 (Gaussian regularization). For f € L'(R), x € R, and € > 0,
(F20e)(x) = [ FE)esee = ag.
Proof. Expand fand apply Fubini to the absolutely integrable kernel.
—mel&? Hf Hl
[ 170l dudg =

'/R]’c\(g)eZﬂ:ixée—n'ezéz dE = /Rf(u) (‘/]Re—n'ezézeZﬂi(x—u)é d&) du.

—me2E2 i(x—u 7 ixt  —me2E?
JeE et g = gele—w) = [ FlQ) e g = (£ 00)().
This proves the regularization identity. U

Proposition 3.6 (Inversion on the Schwartz class). For f € . (R) and every x € R,

— [ feeiac.
R
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Proof. Apply Lemma|[3.5]and let € . 0.
(f* ¢£ / f 27r1x§ —71782‘:2 dé

fesR) ZE Fe 7R 0<e ™ <,

L'(R),
mixg o —me2§? L4 mixé
[ F&)e €d57/ 2 dE.

sup (£ 9e)(x) ~ ()| < | g(w)sup|f(x—eu) ~ f(x)| du —> 0.
X€ER R x€R

This proves inversion on .7 (R). O

Theorem 3.7 (Fourier inversion, [6} I, 4]]). If f € L'(R) and fe L' (R), then
x) = / F(E)P™C dE  for almost every x € R.
R

Equivalently, _l(f) = f almost everywhere.

Proof. Fix a Lebesgue point x of f and use Gaussian regularization.
f*d)s g /f 27r1x<§ —TE §2d<§
Fel'®), 1f© ™% <@ B [Fe)emtesag — [ fie)ema.
R R

x a Lebesgue point £l (f*@e)(x) — f(x), a.e. x is a Lebesgue point.
This proves the inversion formula almost everywhere. U

Remark 3.8 (Pointwise interpretation, [7]]). If f is continuous at x, Proposition [3.1] gives the formula of
Theorem[3.7)at x; if f satisfies the local Dirichlet hypotheses there, symmetric Fourier truncation gives

lim A F(E)e?6 g€ = M

A—o0 —A 2
Moreover, the inverse integral is continuous whenever f € L'(R).
4. EXAMPLES AND EXTENSIONS

The normalization of Definition [I.2] makes the Gaussian, interval, and triangular transforms explicit;
completion and interpolation then extend the theory to L? and intermediate exponents [6} [7, 2]. The
examples and extensions below display both sides of this passage.

Example 4.1 (Gaussian self-duality). Let g(x) :=e ™ and G := g. Differentiation under the integral
and integration by parts give

G (&)= —27‘L’i/ xg(x)e 2% gy, g (x) = —2mxg(x).
R
[ ¢/ e 2™ dx = 22iEG(E) — /(&) = ~27EG(E).

G(0) :/Re””zdle — G(E)=e ™ = g(&).
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Example 4.2 (Interval to sinc). For f:=1p_y ),
sin(27&)

o= [ emian | g 670
! 2, E=0.

The O(|€|~") envelope reflects the two jump discontinuities.
Example 4.3 (Triangle by convolution). Let f:=1;_; ;) and 7 := f * f. Proposition 2.4/ gives
2ol WS2 o a,n (sin@2EE))’
T(x) = (&) = =—— .
W=1y " mIy  FO=FEr=(2
Thus one convolution raises the decay envelope from O(|&|~1) to O(|€]72).

Beyond the model computations, the L' theory extends to L?> by completion and to intermediate
exponents by interpolation [7} [2].

Theorem 4.4 (Plancherel, [6, 1} [7]). The Fourier transform extends uniquely to a unitary operator on
L*(R):
Ifl2=1fl2,  (fr8)=(f8), F 'oF =idpg

Remark 4.5 (Proof mechanism). Prove the identity on .#(R), use density in L?>(R), and extend by
continuity:
F(R) C LA(R) dense, | fla=fl = F:L*(R) — L*(R).

Theorem 4.6 (Hausdorff~Young, [2.7]). If1 < p <2, p '4+¢ ' =1, and f € LP(R), then
Fel'®),  |flly <IIfllp

Remark 4.7 (Interpolation). The Riesz—Thorin theorem interpolates the endpoints

F:L'(R) = L*(R), Z:L*R)— L*R).

Fourier-series analogues on T appear in [3]; complex-analytic boundary connections appear in [S].
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