COMPLEX ANALYSIS NOTES

TANG-KAI LEE

ABSTRACT. These are my notes for the honors complex variables course taught in fall 2025.
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1. Introduction

Complex analysis is the study of functions of a complex variable, a subject that reveals a deep
and beautiful interplay between algebra, analysis, and geometry. At first glance, one might think
of complex numbers as merely an extension of the real number system, but the introduction of a
complex variable fundamentally changes the nature of calculus. Functions that are differentiable
in the complex sense—holomorphic functions—exhibit remarkable properties that set them apart
from their real-variable counterparts.

Unlike real differentiable functions, holomorphic functions are automatically infinitely differen-
tiable and analytic, meaning they can be expressed as convergent power series wherever they are
defined. This rigidity leads to powerful results such as Cauchy’s integral formula, which establishes
profound connections between differentiation, integration, and series expansions. These properties
make complex analysis not just a refinement of real analysis but an entirely new and far-reaching
mathematical framework.

Beyond its theoretical elegance, complex analysis has deep applications across mathematics and
physics. It plays a crucial role in number theory, algebraic geometry, dynamical systems, and
representation theory, and it provides essential tools for solving problems in mathematical physics,
engineering, and even fluid dynamics. Many results that seem difficult or inaccessible in real analysis
become transparent through the lens of complex analysis.

In this course, we will develop the fundamental tools of complex analysis and explore their
consequences. We will see why complex analysis is not only one of the most elegant subjects
in mathematics but also one of the most powerful. To illustrate this, consider one of the most
important functions in math, the Riemann zeta function ((s). It is defined to be

1
¢(s) == >
n=1
for s € C with Re(s) > 1. At first, this sum looks like just a function of real numbers when s is real.
But it turns out that by analytically continuing it, we get a function defined on almost the entire
complex plane. This reveals deep insights into prime numbers. One way this connection emerges
is through the relation

C(s) = H 1_1p_5

p is a prime

for s € C with Re(s) > 1. This is how prime numbers are encoded inside ((s). Using the tools
of complex analysis, we can study the analytic behavior of this function and eventually arrive at
profound results—such as the Prime Number Theorem, which tells us that the number of primes
less than x, denoted 7(z), grows approximately like x/log x.

Another beautiful application of complex analysis is its usage to classify “surfaces,” that is, two-
dimensional manifolds. Different from the general case, it is possible to equip a “complex structure”
to any surfaces, so tools related to single-variable complex analysis can help in the classification
program. We will return to both of these ideas (prime number theorem and classification of surfaces)
after developing the necessary background.
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In the notes, the notation ®* means that the conclusion follows from a relatively straightforward
argument, and will be left as a practice exercise. Feel free to contact me/come to my office hour if
you have any question about them (or about any other things).

1.1. Preliminaries.

1.1.1. Complex numbers. We recall the notations of the common sets of numbers:
e N: the set of positive integers.
e Z: the set of integers.
e Q: the set of rational numbers.
e R: the set of real numbers.
e C: the set of complex numbers.

Each of the constructions of a new number system from the previous one involves a new extension
of some important properties.

e N: the set {1,2,3,---} that is closed under addition and multiplication.
o Z: the smallest additive “group” that contains N.

e Q: the smallest “field” that contains Z.

e R: the smallest complete metric space that contains Q.

e C: the smallest algebraically closed field that contains R.

Another aspect is about solving polynomial equations. Each extension allows one to solve more
polynomial equations in the extended system.

e N contains solutions to z — 1 = 0.

e Z contains solutions to z + 1 = 0.

e Q contains solutions to 2x — 1 = 0.
e R contains solutions to 222 — 1 = 0.
e C contains solutions to 222 + 1 = 0.

We won’t talk about the detailed constructions of any of them. Here, we briefly mention a few
equivalent ways to construct C from R.

1) Field extension: C:= R(i) := {a + bi : a,b € R} where i satisfies i2 = —1.
(1) ,

(2) Quotient field: C := R[z]/ (2? + 1), where we let i be the image of the image x under the
quotient map R[z] — R[z]/ (z* 4+ 1).

(3) Algebraic closure: C := the algebraic closure of R.

Further discussions about these constructions will be too algebraic. For our purpose, we recall
some basic operations that we will need in the course.
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(1) Given a complex number z = a + bi with a,b € R, Rez := a is the real part of z, and
Imz := b is the imaginary part of z.

(2) The basic operations are based on the commutative, associative, and distributive laws, with
the rule i2 = —1. For example,

(a+bi) - (c+di) = (ac — bd) + (ad + be)i.

(3) The complex conjugation is a map (-): C — C defined by a + bi — a — bi for a,b € R. It is
then direct to check

i and Imz =

z
Rez =

1
for any z € C.
(4) The length or the absolute value of a complex number z is defined by |z| := v/2Z. To be

explicit, if z = a + bi where a,b € R, then |z| = Va? + b2. It is its distance to the origin on
the complex plane.

(5) With the distance given by d(z,w) := |z — w|, the complex plane C is a “metric space.” In
particular, it satisfies the triangle inequality:
2+ w| < [z] + [w]
for any z,w € C.

We recall that a metric space is a set X with a distance function d: X x X — Rxq! satisfying
the following three properties for any z,y, z € X.

(1) d(xz,y) =0 if and only if z = y.
(2) d(z,y) = d(y, 2)-
(3) d(z,z) < d(z,y)+ d(y, 2).

Based on the metric space structure, many analytic tools can be applied and will be crucial in
the course.

1.1.2. Review on analysis and topology. Most of the content in this section applies to an arbitrary
metric space, but we focus on the case of C, where the distance is given by the absolute value of
the difference. Much of this material should be familiar, and we encourage students to recall the
concepts by working through a few examples, though few will be provided here since this section
serves mainly as a recap.

Recall that the metric space structure gives a natural topological structure on C. To talk about
the topology in detail, we first mention that we use B;(zp) to be the open ball centered at zy with
radius r. That is,

By(z0) :={z€C:|z—2| <r}.

We let B, (z9) be the corresponding closed ball, including those points on the boundary of B,(zp).
A subset U in C is then called open if for any point zy € U, there exists r > 0 such that B,(z9) C U.

lwe occasionally use subscriptions to denote different subset of the number sets. For example, R>o :=
{reR:r>0},and Zco:={n € Z:n<0}.
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In general, such a point is called an interior point of U (even when U is not an open set, which
means that not every point is an interior point). A subset K is called closed if its complement
C\ K is an open set in C. We leave all the other topological notions to the first time when we use
them, including compactness, connectivity, and more.

Since we want to use calculus to study complex numbers and functions of them, we first recall
the notions of taking limits. We will use limits of both sequences and functions.

Given a sequence a, (n € N) of complex numbers, we say it converges to a complex number L,
denoted by

lim a, = L,
n—oo

if given any € > 0, there exists N € N such that |a, — L| < € for n > N.

Given a function f: U — C defined on an open set U and a point zg € U, we say f converges to
a complex number L as z tend to zg, denoted by
lim f(z) =L,

Z—20

if given any ¢, there exists 6 > 0 such that |f(z) — L| < € for z € Bs(20) \ {20} . Note that the limit
of f as z — zg does not depend on f(zg). If the function f: U — C satisfies

Zlgglo f(z) = f(20),

then we say f is continuous at the point zg. We say f is a continuous function on U if f is
continuous at every point z € U.

Based on these two definitions, it is natural to think about the convergence of a given sequence
of functions. Thus, we assume f,, is a sequence of complex-valued functions defined on U.

(1) We say f, converges pointwisely to a function f: U — C if given any z € U and € > 0,
there exists V € N such that |f,(z) — f(2)| < e for n > N.

(2) We say f,, converges uniformly to a function f: U — C if given any ¢ > 0, there exists
N € N such that for any z € U, |f,(2) — f(2)| < e for n > N.

The notion of uniform convergence arose after a mistake had been found in Cauchy’s original
proof of the statement that a pointwise limit of a sequence of continuous functions is still continuous.
The way how Cauchy corrected his proof is the introduction of the notion of uniform convergence
(if written in modern languages). We record this and another consequence of uniform convergence
here, and will use them without quoting in the rest of the lecture.

Proposition 1.1. Let f,: U — C be a sequence of functions. Suppose f, uniformly converges to
a function f: U — C.
(1) If each f, is continuous, then f is also continuous.

(2) If each f, is (Riemann) integrable?, then f is also (Riemann) integrable, and

(1.2) lim Ufn dz = /Uf dz.

n—oo

2Here, we mean that for each f,, Ref, and Imf, are integrable on U, as a subset of R?. The integral in (1.2) is
also interpreted in this sense.
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A more useful localized notion of uniform convergence will be used later many times. We will
mention it after it first appears in Section 2.1.

1.2. Holomorphic functions: basics and examples.

1.2.1. Cauchy—Riemann equations. We want to do calculus on C, so we care about functions that
are differentiable in the complex variable z.

Definition 1.3. Let U be an open set® in C and let f: U — C be a function. We say f is
holomorphic at a point zy € U if the limit
(1.4) i 1) = f(=0) _ o+ h) = f(20)
z2—20 Z— 2y h—0 h
exists. When it does, the limit is denoted by f’(zo).

We remark that the limit is taken by viewing C as a metric space using the distance function
given by the absolute value |z| := v/2Z. Recall that using this, we say the limit (1.4) exists and is
L € C if given any ¢ > 0, there exists 4 > 0 such that

f(z) — f(20)

zZ— 2

— L <e

for z € Bs(z0) \ {20} . This limit is the complex derivative of f at zp, and as mentioned, denoted
by f'(z0). We say f is holomorphic on U if f is holomorphic at any point in U. In this case, we get
a function f’: U — C. Most of the properties we learn for real derivatives are true, and we mention
a few of them.

(1) If f is holomorphic on U, then f is, in particular, continuous.

(2) If f and g are holomorphic, then f + g and f - g are holomorphic, with
(f£g9)=[+g and
(f-9)=Ff-9+fg.

(3) If g is holomorphic and g # 0 at a point, then at the point, 1/g is holomorphic with

1\’ g
-4
(4) If f and g are holomorphic, then at a point z where fog is well-defined, fog is holomorphic
and

(fog)(z) =1 (9(2) ¢ (2).

However, holomorphic functions also behave completely differently from real differentiable func-
tions. They are much more “rigid.” To illustrate this, suppose a holomorphic function f is defined
in an open set U. For z € U, we write z = x 4 ¢y and

(1.5) f(z) = f(z,y) = u(z,y) +iv(z,y)
where u and v are real-valued functions. We will see that f being holomorphic is much stronger
then u and v being differentiable. We state this observation as a lemma.

3In the rest of the notes, U will be an open set in C unless otherwise stated.
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Lemma 1.6. Suppose f: U — C is holomorphic and is written in the form (1.5). Then

ou Ov Ov ou

These equations are called the Cauchy—Riemann equations.

Proof. The lemma follows from the existence of the limit (1.4). In fact, at a point zp = xzo+iyo € U,
we can approximate zg from the real direction and get

flzo+7) = f(20) _ lim <U(930 +7,90) — u(z0,Yo) n Z.U(xo +7,90) — U(@‘o,yo)>
T T

f'(z0) = lim

r—0 r r—0
ou .0v
=—( +i1—(z .
835( 05 Y0) (%( 05 Y0)
We can also approximate zg from the imaginary direction and get

f/(Zo) — llm f(zo + TZ). - f(ZO) — llm <u($0,y0 + T).* u(,fo’ yo) + ;
r—0 7 r—0 ri ri

= i, 90) + oo (20,0
- /Lay Zo, Yo ay Zo, Yo

v(xo,y0 + 1) — v(x0, yo))

where we use 1/i = —i. Comparing these two equations, we get the conclusion. ]

Based on Lemma 1.6, we know that holomorphic functions form a much more restricted class of
differentiable functions. Let’s see some consequences of the Cauchy—Riemann equation.

(1) If v and v are C? and satisfy (1.7), then in particular, we have

0%u 9% 9% 0%u

oz Oxdy - oyoxr  Oy?’
so u is a harmonic function, in the sense that

Ou

One can similarly see that v is also harmonic. Because of this property, v is sometimes called
a harmonic conjugate of u. Harmonic functions play an important role in the study of
partial differential equations, and later we will see that many good properties of them also
apply to holomorphic functions. Here, we just mention the converse about the existence of
harmonic conjugates as an evidence for the connection between holomorphic and harmonic
functions. We remark that, however, harmonic conjugates do not always exist on a general
domain (cf. Corollary 4.5).

Lemma 1.8. Let u be a harmonic function on the unit disc B1. Then there exists a unique harmonic
conjugate of u up to a constant. That is, there exists a harmonic function v such that v and v
satisfy (1.7), and if v is another harmonic function with the same property, then v = v + ¢ where ¢
is a constant.
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Proof. 1f such a v exists, then for any (xg,yo) € Bi, the fundamental theorem of calculus and (1.7)
imply

0 Qv Yo Qv
wlann) =o0)+ [ G 0o+ 7 Flao. )iy

o Ju
:1)0—/ —(x,0)dx +
O~ [ 5.0

The same equation holds for v, so taking their difference, we get

Yo m
= dy.
8x(wo7y) y

0
v(20,Y0) — V(w0,y0) = v(0) — v(0),
so the uniqueness follows.

For existence, inspired by the equation above, we define

0 Ju Y0 Ju
1.9 = — —(x,0)d — dy.
(1.9) v(20, Yo) /0 3y (z,0)dx +/0 5 (00, Y)Y
for any (xg,yo) € By. By the fundamental theorem of calculus, differentiating (1.9) in y gives
ov ou

@(x07 yO) = %(xﬂa y0)7

noting that the first term in (1.9) does not depend on yy. For the other equation in (1.7), differen-
tiating (1.9) in = (noting that u being C? allows us to do so) leads to

v Yo 9%y
) (xO’yO) _a (I‘o,O) + Ox2 (an yO)dy
ou Yo 924
=~ (2,0 d
8y (.Z'(), ) 0 8y2 (.f(), yO) Yy
= —gu(m’o,yo)

where we use the harmonicity of u and the fundamental theorem of calculus again (and again).
Thus, (1.7) follows. The equations and the C?-regularity of u imply that v is also C2, and hence
harmonic. 0

We go back to the discussion of the Cauchy—Riemann equation.

(2) If u and v are C* and satisfy (1.7), then f := u + v is holomorphic.* This is the converse
of Lemma 1.6, and this can be seen by checking an equivalent condition of the existence of
the limit (1.4). That is, f is holomorphic at zp if and only if there exists L € C such that

f(z0+h) — f(20) = Lh + o (]h])

as h — 0. This implies that L is the first-order approximation of f at zy and means that
f'(20) = L. Here, we recall the little o-notation, and we say that two functions ¢;(z) and
g2(z) satisfies g1 = 0(g2) as z — a for some a € [—o0, 0] if |g1(2)|/]|g2(2)] — 0 as z — a.
By writing out the first-order approximations of u and v, one can see that their derivatives
together determine the derivative of of f.°*

4Note that the a priori regularity here is important. Otherwise, there are counterexamples. See Assignment 1.
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(3) Cauchy—Riemann equations also allow us to introduce the first-order operator

2 \ oz oy
1/0 .0
=3 (3 o)

With these notations, one can calculate that

oef = (D i iy = L (O 0 L L (Ov Ou
2\ o oy 2\ 0z Oy 2 \0x Oy)’

Thus, a holomorphic function satisfies (1.7) if and only if dzf = 0. Intuitively, this means
that if we write

F(22) = fey) = f (

then it is “independent” of Z.

z2+zZ z2—72
2 72 ’

Example 1.10. We end this section by mentioning a few examples.

(1) A polynomial f(z) = ag+ajz+---+a,z" is a holomorphic function. One can check that,
as in the real case, if f(z) = 2", then f/(z) = nz""!. Polynomials are entire functions,
functions that are holomorphic on the whole C.

(2) The conjugate function f(z) = Z is not holomorphic. This can be seen by either the
definition or by the Cauchy—Riemann equation. In the languages introduced in (3), this is
because dzf = 1 # 0. A problem in Assignment 1 will ask you to check whether a function
in z and z is holomorphic based on the definition (of complex differentiability).

(3) A rational function f(z) = P(z)/Q(z) is holomorphic at which () does not vanish, where
P and @ are polynomials. The zeros of () are called the poles of f. The study of the behavior
of f near its poles is crucial. Common examples are when P and ) are polynomials of degree
one, and we will see some discussion in Assignment 1. Some properties of polynomial and
rational functions are discussed in Section 1.2.2.

(4) The exponential function
1 22 28
o7 — gy 242 4.
> % it T AT
n>0
is a holomorphic function. It is direct to verify it is a well-defined function for all z € C.
By the binomial formula, as in the real case, one can verify that
+w

e“-e¥ =¢e”

for any z,w € C. We will see that, in general, a power series
flz) = Z anz"
n>0

is holomorphic at which the series converges. This will be in Section 1.2.3. This will also
be a main topic in Section 2.1, as we will see all holomorphic functions are locally power
series.
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(5) We mention a few examples of harmonic conjugates.
U(SE, y) =, ’U('T’y) =y+1
u(z,y) =y, v(z,y) = —x;
U(.ZE, y) = 12 - yQ, ’U(l’,y) = 2xya
u(z,y) = e* cosy, v(zr,y) = e siny.

One can try to find out holomorphic functions they represent.

1.2.2. Polynomial and rational functions. We will have a brief discussion about polynomial and
rational functions, as they are the first non-trivial class of holomorphic functions we can work on.
They are also, respectively, finite cases for power series and Laurent series, which are important
expansions for holomorphic functions and meromorphic functions, and some notions we introduce
here will be generalized later as we proceed.

If P(z) is a polynomial of degree n, then the fundamental theorem of algebra® implies that P
has exactly n roots, counted with multiplicities. If a zero z; appears exactly n; times, that is, we
can write P(z) = P1(z) - (z — 2z1)™ for another polynomial P; with Pj(z1) # 0, then we say z; is a
zero of P of order n;. Here, we mention an interesting results about zeros of P and its derivatives.

Lemma 1.11 (Gauss-Lucas theorem). Let P be a non-constant polynomial. Then any zero of P’
lies in the convex hall of the set of all zeros of P.

The convex hall of a subset X C C is the smallest convex set that contains X. In practice, one
can take the intersection of all half-planes that contain X to find the convex hall of X.

FIiGURE 1. When there is a finite set, its convex hall is a convex polygon that
contains all the segments between any two points of the set.

Proof. Tt is sufficient to show that if all the zeros of P lie in a half-plane, then all the zeros of P’

also do. Thus, we assume all the zeros z1,--- , 2, of P lie in the half-plane defined by Imz > 0.
Take a point zy that is not in the half-plane defined by Imz > 0, that is,
(1.12) Imzy < 0.

5The theorem can be proven based on calculus, so we take it for granted here. Later, we will see that it can be
proven based on the tools we develop for holomorphic functions, cf. Section 2.1.3.
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In particular, we know Im(zgp — 2z) < 0 for all kK =1,--- ;n and P(zy) # 0, so
Pl(z) 1 1
P(z) 20— 21 T 20—
has positive imaginary part. Thus, P’(zy) # 0. 0

Next, we talk about rational functions. For a rational function R(z) = P(z)/Q(z), where we
assume P and @ do not have common zeros, we know that R(z) is holomorphic away from its poles.

One can also show that at a pole p; of R, we have lim R(z) = oo, which we will rigorously define
zZ—rp1

next. It is thus sometimes convenient to introduce the space with a “formal infinity.” That is, we
consider

C:=CU{o0}.
We only formally add it to the complex plane so that it matches all the calculations we have here.%
For oco-valued point, we define R(zy) = oo if

1
lim —— =0.
R =0
For oo-input, we define
1
R(c0) := lim R () .
w—0 w

When zy € C, R(zp) = oo if and only if Q(z9) = 0. If zy is a zero of @ of order ng, then we say z
is a pole of R of order ny.

We can write down R(c0) very explicitly. Suppose deg P = n and deg @ = m, and

P(z)  ap2"+---+a1z+ag
CQ(z)  bpEm -+ biz by

Then we know that
R<1) Capw Tttt aw T tag o, Gp e+ a w4 agu”

T A A biw by b+ byw™ L+ bpw™’

so we can conclude that

w

) 0 if m > n (so R has a zero of order m — n)
R(x) = limR<> =49 ifm=n
w—0 w m
oo if m < n (so R has a pole of order n —m)
The reason why this information is useful is as follows. We let d := max {m,n}, called the degree
of R. Then for any yg € C, we have

#{zEé:R(z):yo}:d.

For example, when yy = oo, we know that R(z) = oo if either z € C and Q(z) = 0, and we get m
solutions, or z = oo, which happens only when m < n, and we get n — m solutions. Thus, there
are max {m,n} = d solutions. The case for a general y is similar.

61t does have some geometric meaning, and as a Riemann surface, Cis an important model space, cf. Section 5.5.
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1.2.3. Power series. We’ve encountered some special power series in calculus. For example, we
know

1
n>0

when |r| < 1. This is also an example of writing a rational function in the form of a power series.

Remark 1.14. A direct calculation (the same as the real case) shows that (1.13) also works for
complex r with |r| < 1. That is,

(1.15) 132 => "

n>0

Note, however, that the left hand side of (1.15) makes sense for any z # 1, for which it even defined
a holomorphic function. Therefore, one can view 1/(1 — z) as a “natural” extension of the power
series to a much larger domain. This process is called an analytic continuation, and we will
encounter this a few times later.

We will first see that, in general, when a power series converges, it defines a holomorphic function
and its derivative can be derived easily. We recall the notation of an open ball

By (z0) :={2€C:|z— 2| <71},
and we sometimes write B, := B,.(0) when the center is the origin. We let B,(z0) be the corre-

sponding closed ball, which is the closure of B, (z).

Theorem 1.16 (Abel’s theorem). Given a sequence a, € C, consider the power series Y >0 a,2".
The limit

-1
(1.17) R:= <1imsup |an|1/”> € [0, o]

n—oo

is called the radius of convergence of the power series and satisfies the following properties.
(1) The power series converges absolutely when z € Br and diverges when z € C\ Bp.
(2) For p < R, the convergence is uniform on B,,.

(3) The function

f(z) = Z an?"
n=0

is a holomorphic function in Bg, and its derivative is given by

f'(z) = inanz”_l.
n=0

The formula (1.17) is Hadamard’s formula. It is direct to see why the radius should be of the
form, since we hope for, at least, |a,2"| < 1 for large enough n, compared with the geometric series
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(1.13). It turns out that it is also a sufficient condition for the convergence. We also recall that
given a sequence by, its limit superior is defined by

limsup b, := lim <sup bj> .

n—oo n—0o0 i>n

Proof of Theorem 1.16. We prove (1) and (2) first. If z € Bp, then we can take p € (|z|, R). This
means that 1/p > 1/R, so there exists N € N such that for n > N, |a,|"/™ < 1/p, which implies®*

lan2"| < (I |>

Thus, the convergence follows from the root test. For the uniform convergence, by taking p € (p, R),
we can similarly show that for z € B,
n
lanz"| < (p)
p

for large enough n, and the uniform convergence follows from Weierstrass’ M-test.®*

On the other hand, if |2| > R, we can take p € (R,|z|) and since 1/p < 1/R, we can find a
subsequence ay,; of a, such that |a,; [1/7 > 1/p for all j, which means

‘an 2" > <‘Z|>
p

The divergence then also follows from the root test.

Finally, we prove (3). First, from the limit lim, ,o, n'/" = 1, it is clear that the power series
Yorto na,z" ! has the same radius of convergence. Then at a point zy € Bg, for a nearby point
z € Bp\ {20}, we analyze the difference

oo n
f( _ 2" — 2y n—1
nanz, = Qp——— — Ny Z, .
Z — 20 Z— 20
n=0

Using the relation ;_;Og = &zjzo ~177 twice, if we take p € (|20], R), then for z € B,, we can
estimate

2" =20 gy :
an—— —naz0 7t = |an) (z]zg_l_J -z 1)
Z— 20 =0
n—1 ) )
= Janl (347 (7 - )
=0
n—1 7j—1 1
11— 11—k _
= |ay| 2z 170 (2 — ) 2F2 R < an) - ]z—zol-in(n—l)p” 2,
j=1 k=0

We only need to do this for n > 2, since the term vanishes when n = 0 and 1. Thus, we can estimate

E— Znanz < 2|z—20]n22n(n— an|p™ =
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The sum converges since it comes from the power series expansion of f”(z). Thus, we see that the
difference tends to zero as z — zp, and the conclusion follows. ]

We give two remarks here. First, we talk about power series centered at the origin. One can do
the same thing for power series centered at any other point, like

) =3 anz — 20)",
n=0

and all the arguments are the same. Second, note that we do not talk about the case when |z| is
exactly the radius of convergence. That is because many things can happen in this case. One can
look at the series

E 2", E —2z", and g — 2"
n n
n=0 n=0 n=0

when |z| = 1 and see whether they converge or not.

As a consequence of Theorem 1.16, we know that given a power series

f(z)= Z an?"
n=0

with R being its radius of convergence, f is a holomorphic function on Bg, and
(o.9]
fl(z) = Znanzn_l
n=0

is also a holomorphic function on Bpg. Inductively, we can show that f (")(z) is holomorphic on Bp
for all n € N. In particular, f is a smooth function, though being analytic is a much more rigid
condition than smoothness. We note that we can also integrate and get a “primitive” of f. That is,

o0
a
F(z) = E m_ it
n:0n+1

is holomorphic on Br and satisfies F’ = f.

A function that can locally be defined by a power series is called an analytic function. From
above, we know that a complex analytic function is a holomorphic function. We will later see that
any holomorphic function is also an analytic function, so basically all of them are locally represented
by power series. That will then show a fundamental difference between holomorphic functions and
real differentiable functions. Many interesting properties of holomorphic functions can, in fact,
be derived now using power series, but we delay this until actually showing that holomorphic
functions are analytic, and at that time we will have more tools to get these consequences directly.
See Section 2.1.3.

At this point, using power series, we can extend many real-valued functions we know to holo-
morphic function.

Example 1.18. One can check that the following functions all have radii of convergence being oo
and hence they are all holomorphic on the whole C.
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iz
:z—%z?’—l—éf—-".

eF—e”

27

(1) sinz =

iz —iz
(2) cosz =" =1 — 2224 320 —

z

(3) One can check directly, as in the real case, that (%)’ = e?, (sinz)’ = cos z, and (cos z)’ =

—sin z.

2. Cahchy—Goursat theory: integral representation of holomorphic functions

We will show that a holomorphic function can be locally represented by an integral given by the
Cauchy integral formula. As a consequence, we will see that a holomorphic function is analytic.
This will then tell us a lot of good properties of holomorphic functions.

2.1. Local results and consequences.

2.1.1. Line integrals and indices. We first talk about how to integrate a holomorphic function along
a reasonable curve. In this course, we mostly talk about piecewise smooth curves, meaning that
they are continuous curves and are smooth away from finitely many times.

Definition 2.1. We say v: [a,b] — C is a path if it is continuous and piecewise smooth, in the
sense that there exist finitely many times t,, € [a,b] forn =0,--- ,fsuchthat a =ty <t; <--- <ty
and 7|, _, +,,] 18 @ smooth curve. If the curve further satisfies y(a) = v(b), then we say  is a closed
path.

For simplicity, we start from a smooth curve «: [a,b] — U C C. We will sometimes abuse the
notation and denote the image of 7, that is, v([a, b]), also by 7. The image is definitely independent
of the parametrization of ~, so sometimes we have to be careful. If there is a continuous function
f: U — C, then the line integral of f along ~ is defined to be

Afdz = /abf(v(t)) - ().

Note that this definition does on depend on the parametrization of . That is, given any strictly
increasing smooth map ¢: [c,d] — [a, b] between two intervals, which leads to a reparametrization

~ 1=~ o @ of v, then one can check that
fdz = /fdz
Yo v

based on the chain rule.*® Thus, this justifies the usage of v to denote its image since the line
integral only depends on the curve and its orientation. We remark that most of the curves in this
course will be compact.

When 7 is a piecewise smooth curve (or a path), this means that we can find a parametrization
v: [a,b] — U and finitely many times ¢, € [a,b] for n = 0,--- ,¢ such that a =ty <t; < --- <y
and ’Y|[tn,1,tn] is a smooth curve for all n =1,--- ,£. We can then define

4

/Wfdz = ZA fdz,

i=1 Y ity 1 .tn]

which is again well-defined in the sense that it is invariant under reparametrization.
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We remark that the line integral of a function along a curve can be defined for much more general
functions and curves, as Riemann integrals make sense for functions with less regularity. In most
situations, we deal with paths. We discuss a general notion of the length of a curve in Assignment
2, and one can similarly discuss a general notion of line integrals. We end the introduction by
mentioning a common property that we will use, the triangle inequality

LAMzﬁLUﬂML

Here, the line integral of a real-valued scalar function with respect to arc length is defined by the
same way. That is, if h: U — R is continuous and ~: [a,b] — U is smooth, then

b
[zl = [ hae)- )

which can be similarly generalized to the path case. A proof of (2.2) will be discussed in Assign-
ment 2.

(2.2)

Example 2.3. We see some examples of line integrals.

(1) We do a specific example. Suppose v is the part of the unit circle dB1(0) from 1 to i
counterclockwise and let f(z) = Rez. We can parametrize v by v(z) = e* for t € [0, 7/2].
Then

w/2 ] ) w/2 1 T
/fdz = / (Ree™) -ie'dt = / cost - (—sint+icost)dt = —= + —i.
’y 0 0 2 4

(2) Given a path v: [a,b] — U C C, it comes with an orientation. We can look at the same
curve with the other orientation, denoted by

—v: [=b,—a]| = U
t— y(—t).

The images of v and —+ are the same, and one can derive that

/_Vde——/vfdz

for any continuous function f on U.
(3) Given two paths v1: [a,b] — U and ~y2: [b,c] — U, one can consider their concatenation
M+ la, ) = U

v1(t) ift € [a,b]
tH{w@)ﬁtemd

if v1(b) = v2(b). The image of 71 + 2 is the union of those of 7, and 72, and one can show

that
/ fdz:/ fdz+/ fdz
Y1+72 Y1 Y2

for any continuous function f on U.
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The notations in (2) and (3) look natural, and we will see that they are compatible with a more
general operation acting on the space of “cycles,” introduced in Section 2.2.

The next example is separated, since it tells us that line integrals always provide ways to con-
struct more holomorphic functions.

Proposition 2.4. Let v be a path in an open set U and ¢: U — C be a continuous function. Then

the function
¢(2)
= d
f(w) /y z

zZ— W

is analytic (and hence holomorphic) on U \ 7.

Proof. Fix an open ball B,(a) € U \ 7. Then for z € v and w € B,(a), we can write
o2)  om) z-a 9z 1

z—w zZz—a Z—w Z—a 1-—w=a’
zZ—a

Note that the conditions z € v and w € B,(a) then imply

w—al |lw — al <1
r

zZ—a

Thus, we get a power series expansion

LZ) _ Z ()0(2) (w _ a)n_

_ — )t
z—w n:O(Z a)”

As we know in Abel’s theorem, the convergence is uniform in any compact set in U \ 7, so we can
take the integral and switch it with the sum, deriving

[T Y - En P

n=0

This proves that f is locally a power series, and hence holomorphic. O

Note that the assumption on ¢ is very weak, only requiring its continuity. Thus, the proposition
does produce many holomorphic functions. We remark that the proof extends to the case when ¢
is a complex-valued function on a more general space when the integration makes sense. That will
need more advanced measure theory.

Since this local notion of uniform convergence will be used a lot in the rest of the course, we

formally give it a definition here.

Definition 2.5. Let f,’s and f be functions on an open set U. We say f, converges locally
uniformly to f if given any compact set K C U, f, converges uniformly to f on K.

We then look at a special example for Proposition 2.4. It is called the index function, and will
be important later.
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Corollary 2.6. Let v be a closed path in an open set U. Then the function

1 dz
Ind, (w) := 3

,YZ—ZU

is integer-valued for w € U \ 7. In particular, it is constant on each component of U \ 7.

This index function “counts” the number of times that v winds around w. It is thus sometimes
called the winding number. A particular case is when ~ is the boundary of a small ball, and we
have

1 dz |1 ifwe By(a)
0 ifweC\B,(a)

% BBg(a) Zz— W -

where 0B (a) is oriented counterclockwise.

Proof. We let 7: [a,b] — U be a parametrization, and we have
1 [ At
Tnd, (w) = —— / )y
27t J, y(t) —w
for w € U \ 7. We then look at the function

_ [P @
h(s) .—/a mdt

Suppose 7 is smooth on [a,b] \ S where S is a finite set. Then we know that for s € [a,b] \ S,

/
h/(S) — 7 (S) .
v(s) —w
This implies

0=7"—(y—w)h' =¢" ((’Y - w)e‘h),

on [a,b] \ S. Thus, (y —w)e™" is constant on [a, b] \ S and hence on [a, b]. We then, using h(a) = 0,
get

(7(6) = w) e = (v(a) — w) e = 5(a) — w.

Then by ~(a) = v(b), we derive eM® =1, so 5--h(b) € Z. The second conclusion then follows from

2mi
this and Proposition 2.4 since analytic functions are continuous. ([l

We end this section by mentioning a common situation in which it is clear how the index function
behaves. We say +y is a simple closed path if it is a closed path that does not have self-intersection.
That is, it is of the form v: [a,b] — C with v(a) = v(b) and 7|}, being an injective map. For such
a curve, it divides the plane C into exactly two parts. This is a special case of the Jordan curve
theorem, which in fact holds in a much more general situation for continuous curves. Some related
discussion will be in Assignment 2.

Theorem 2.7 (Jordan curve theorem, simple version). Let v be a simple closed path. Then C\ v
has exactly two components. One of them is a bounded open set on which Ind, = +1 (depending
on the orientation of v); the other is an unbounded component on which Ind, = 0.
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From now on, when the curve v we are integrating along is a Jordan curve (that is, a simple
closed curve), we will always implicitly assume that it is oriented so that on the bounded component
it encloses, the index function Ind, is +1. For example, when we write

/ fdz,
0B1(0)

unless otherwise stated, we implicitly assume the circle 9B1(0) is oriented counterclockwise.

O

FI1GURE 2. Usually it is intuitive to believe the content of the Jordan curve theorem,
but even for a smooth curve, sometimes it is not completely trivial, as there are many
more complicated curves than the right one that one can find on Google.

2.1.2. Cauchy’s integral formula. The important property we are going to investigate is the depen-
dence of the line integral on the curve. This reminds us of Green’s theorem in calculus. Similar
arguments tell us that if we can “integrate” the function, then the line integral should only depend
on the endpoints of the curve. We know that we can integrate a convergence power series, and this
is in general true if a continuous function f has a primitive, in the sense that f(z) = F'(z) for
some differentiable function F. We remark that, unlike the one-dimensional case, this is usually not
a trivial condition.

Proposition 2.8. Let f: U — C be a continuous function and v be a closed path in U. If f has a
primitive on U, then fv fdz = 0.

The proof will tell us that the line integral only depends on the endpoints of the curves, and
hence vanishes when the endpoints are the same.

Proof. We do the case when ~ is a smooth curve and let v: [a,b] — U be a parametrization. The
piecewise smooth case is similar.

Let F be a primitive of f on U. Then by definition, we have

b b
dz = "(H)dt = F "(t)d
L s / £ (/1) 7 (1)t / (1)) ' (1)t

b
_ / (Fon) (1)dt = F (v(b)) — F (v(a)) = 0,

a

where we use the chain rule and the fundamental theorem of calculus. OJ

This observation then directly applies to those holomorphic functions defined by power series.
Our goal in this section is to show that the property is in fact correct for all holomorphic functions.
To achieve, we first deal with the following special but important case when the curve is triangular.
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Theorem 2.9 (Goursat’s theorem). Let f: U — C be a holomorphic function. If R is a (solid)
closed triangle in U, then

fdz=0,
OR

where OR is the boundary of R and we view it as a piecewise smooth curve.

We remark that the orientation of a curve is usually important for a line integral, but in this
case it doesn’t matter since the integral is always zero. In the proof, all triangles are closed and
solid (so not just the boundary).

Proof. We write R = RY, and we divide it into the four triangles R}, R}, R}, and R} of the same
shapes and similar to R°. We can inductively do this once we have R}C (k=1,---,4%. For each
i € N, we let D’ be the diameter of R} (and hence R for all k). Note that D' = D'/2" — 0 as
i — o0o. We orient all R};’s counterclockwise.

R! R} Rl

FI1GURE 3. One can divide a triangle into four similar smaller triangles.

The orientation implies the equality

4
fdz=>" fdz.

ORY — Jor}
Thus, we know that at least one of the k’s satisfies

/ fdz / fdz
ORY OR}

After reordering, we may assume this £ = 1. We can inductively, for each 4, choose Riﬂ such that

/ fdz / fdz

dRi AORIT!

/ fdz / fdz
OR OR}

<4

<4

for all ¢ € N. In particular, we have

(2.10) <4 .
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Next, we look at the sequence R} D R% D .- D R’i D ... of decreasing triangles. From the
compactness of each R}, the completeness of R, and the fact that D* — 0 as ¢ — oo, we know that
the intersection

&

1€N

consists of exactly one point. After translation, we may assume this point is the origin, that is,

(2.11) () Rri ={0}.

1EN
We now look at the first order approximation of f at the origin. That is, we can write
f(z) = f(0) + f'(0)z + h(2)

where h(z) = o(z) as z — 0. Recall that this means h(z)/z — 0 as z — 0. Using the fact that
f(0) + f'(0)z has a primitive (since it is linear), Proposition 2.8 then implies

(2.12) on fdz = /8R§ (F(0) + f'(2)z) d= + /(‘)Rli hdz = /8R§ hdz.

We start the analysis now. Given ¢ > 0, using h(z) = o(z) as z — 0, we can take p > 0 such
that

(2.13) h(2)] < ele]

for all z € B,. Using (2.11), the fact that R!’s are all similar, and the fact that D’ — 0, we can
find N € N such that R} C B, for i > N. Combining this with (2.12) and (2.13), we obtain that

for i > N,
/ fdz
OR!

1

g/ Ih||dz| < 4D' - =D
oR

where we use the triangle inequality (2.2) and a rough bound of the perimeter of ORY by 4D
Putting this together with (2.10) and using D* = D'/2!, we get

/a Jd /a . fdz

This is true for any € > 0, so we are done. g

2

<4 <4 (4D"-eD") =e-4(D")".

We remark that if f is assumed to be C!, then one can derive Theorem 2.9 based on Green’s
theorem in calculus and the Cauchy—Riemann equations. Here, we do not make this assumption,
although later we will see that a holomorphic function is always C*.

Before exploring more consequences of this important theorem, we first notice that we can make
it slightly more general. That is, we do not need the function to be holomorphic on the whole
triangle.
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Theorem 2.14 (Goursat’s theorem, missing a point). Let f: U — C be a continuous function and
p € U. Suppose f is holomorphic in U \ {p}. If R is a (solid) closed triangle in U, then

fdz =0,
OR

where OR is the boundary of R and we view it as a piecewise smooth curve.

In the proof, for two points A and B on the complex plane, we let AB be the segment connecting
A and B. Given three points, we let AABC be the triangle with A, B, and C being its vertices,
and its boundary is oriented in the direction from A to B, and so on.

Proof. If p is not in R, then the theorem already follows from Theorem 2.9.

Now, suppose p is one of the vertices of R, and let the other two vertices be B and C' so that
ApBC(C' is oriented counterclockwise. Given € > 0, we then choose X € pB and Y € pC such that
the lengths of them are less than €. We can then estimate

/ fdz:/ fdz+/ fdz+/ fdz:/ fdz,
OR OAPXY OAXBY OABCY dAPXY

where we apply Theorem 2.9 to the triangles ABCY and ApXY. Since f is bounded on R, say
bounded by M < oo, we can then estimate

fdz
OR

< M -4e.

/ fdz
IApXY

This is true for all e, so the conclusion follows.

— o /
T L A
N -~ s
., . - /
N e o A
\ e -
’ 5, - -
rd S, e -
s ~dL - y
*, // \\\ T //
N S \ S
A / Y /
\ 7 , /
\ / ", s
\ V N
N, / Y
B /- ™, s
', y ', /
AN i x ™, s
ANy N S/
Ay / , s
N /
N |/
e e

FIGURE 4. Possible choices of X and Y in the second case and the picture in the
third case.

Finally, we deal with the case when p € R\ {4, B,C} where we write R = AABC. Then we can
apply the previous case to AABp, ABCp, and ACAp to get

/ fdz:/ fdz+/ fdz—l—/ fdz=0+0+0=0.
OR OAABp AABCp OAC Ap
This finishes the proof of the theorem. O
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One can imagine that Goursat’s theorem basically implies the line integral of a holomorphic
function along any reasonable curve should vanish, since every bounded domain can be approxi-
mated by triangles as long as its boundary is not too bad. We can make this guess rigorous by
using the simple observation, Proposition 2.8. That is, we can now use Goursat’s theorem to get a
primitive of a holomorphic function. We do it in a convex set.

Corollary 2.15. Let f: U — C be a continuous function and p € U. Suppose f is holomorphic in
U\ {p}. If U is a convex set, then
/ fdz=0
.

Proof. We will show that f admits a primitive and apply Proposition 2.8. Given two points A and
B, we let AB be the segment oriented from A to B.

for any closed path ~ in U.

Fix a point O in U. Given any w € U, we define

F(w):= fdz.
Ow
We will show that F’ = f. To see this, fix 29 € U. Given any € > 0, by the continuity of f, there
exists § > 0 such that Bs(z9) C U and |f(z) — f(z0)| < € for all z € Bs(zp). For such a z € Bs(20),

we then have
=L e = | 2 [ - s z_zo/ (F(2) = f(zo)) d=
- |Zz0| = ¢,

Z— 20

\z—zol

where we apply Theorem 2.14 to the triangle formed by O, z, and zg and use the triangle inequal-
ity (2.2). This then shows that

F(z)-F
) = im TEZLE) i,
Z—20 zZ— 20
and the result follows from Proposition 2.8. U

We remark that the proof also works for a star-shaped set in C. This does not make a big
difference, as we are going to apply it to a local open ball to get the Cauchy integral formula.

Theorem 2.16 (Cauchy’s integral formula for convex sets). Let v be a closed path in a convex
open set U. If f is a holomorphic function on U, then for w € U \ 7,

f(w) - Tnd, (w 2m/fz

In particular, if B,(a) C U, we have

1 f(2)

for any w € By(a).



24 TANG-KAI LEE

Proof. Fix w € U. We consider the following function
fe)=fw) s, £ w
9(z) = 1 (w) for z =w

By definition, g is a continuous function and is holomorphic on U \ {w}. Thus, Corollary 2.15
implies f,y gdz = 0. Since w € ~, this means

1 f(2) dz = 1 / f(w) dz = f(w) - Ind,(w),
v

21 N Z W 21 zZ—w

where we use the definition of Ind, in Corollary 2.6. O

2.1.3. Consequences of Cauchy’s formula. We will now see that even only stated for convex sets,
Corollary 2.15 and Theorem 2.16 already have many applications, including the fact that holomor-
phic functions are analytic. The general case of the Cauchy integral formula will be dealt with in
Theorem 2.38.

First, as mentioned many times, we can now show that holomorphic functions are analytic.

Theorem 2.17. Let f be a holomorphic function on an open set U. Then f is analytic. In fact,
given any B, (z9) C U, f(z) is equal to a convergent power series

L ¢ f(w)
f(z) = — / ————dw | (z — z0)".
#)=om TLZ:% 9B, (z0) (W — 20)" T
Proof. This is a direct consequence of Theorem 2.16 and Proposition 2.4. g

Before seeing more consequences, we first note that by using the expansion techniques in Propo-
sition 2.4, we can get a formula of remainder terms in the Taylor expansion if we expand 1/(z — w)
up to finitely many terms.** We record it as a corollary of this theorem and the proof of Proposi-
tion 2.4.

Corollary 2.18. Let f be a holomorphic function on an open set U. Then given any B,(z9) C U
and k € N, we can write

pm z 1 w
1= S 5 </aB,.<ZO> TR z)dw> om0
k—1

_ L A CO N W f(w) N
= omi = </83r(20) (w — zo)n+1d > ( 0)" + 27 </83r(z0) (w — 20)F (w — z)d ) ( 0)".

Now we know that holomorphic functions and analytic functions are the same. We derive more
interesting properties of them. First, we can get a kind of converse to the Cauchy—Goursat theorem.

Theorem 2.19 (Morera’s theorem). Let f: U — C be a continuous function. If for any closed
triangle R C U, it satisfies |, or fdz =0, then f is holomorphic.
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Proof. For any B,(z9) C U, following the proof in Corollary 2.15, we can find a converse F of
f by taking F(z) := szZ fdz. Since F' = f, F is holomorphic, and hence analytic. Thus, f is
holomorphic on B,(zg). This is true for any B,(z9) C U, so the conclusion follows. O

We remark that both Theorem 2.17 and Theorem 2.19 are improvements of “regularity” of a
function that is a priori only differentiable or even continuous. This is commonly seen for second-
order elliptic operators in PDE theories. However, here, note that holomorphic functions satisfy a
first-order equation, either the Cauchy-Riemann equation (1.7) or the d-equation dzf = 0.

We also remark that Morera’s theorem does not require convexity for U. Morera’s theorem can
be used to prove that a locally uniformly convergent sequence of holomorphic functions has a nice
limit. This result is due to Weierstrass.

Corollary 2.20 (Weierstrass). Let f, be a sequence of holomorphic functions on an open set U.
If f,, converges to a function f locally uniformly, then the limit f is also holomorphic.

Proof. Let R be a closed triangle in U. Then since each f,, is holomorphic, by the convergence on
the compact set R, we have

/ fdz = lim fndz = lim 0=0.
OR OR

n—o0 n—o0

This is true for any closed triangle in U, so Theorem 2.19 implies that f is holomorphic. O

This corollary can be used to produce holomorphic functions. In fact, we can say more about
the convergence in the corollary. To see this, we first see that the power series expansion gives us
good estimates on high derivatives of a holomorphic function.

Proposition 2.21. Let f be a holomorphic function on an open set U. Then for any B,(z) C U,
we have

n!
1f™ (z0)| < = - sup |f].
"™ Bi(z0)

Proof. By the expansion in Theorem 2.17, we have

F () = 1L /8 N S,

211 ) (’U) - Zo)n'H '
If we parametrize 0B, (z9) by Y(t) := 20 + re for t € [0, 27], we have

U2 f(z0 + rett) , n! [ f(zo +re't)
2.22 (n) LS LT ") reitdt = — L0 gt
(2:22) J7(z0) 2mi Jo  (reft)ntl e 27 Jo (reft)n

The estimate then follows directly. ]

Using Proposition 2.21, we can then strengthen Corollary 2.20 to the following. As Corol-
lary 2.20, this is also sometimes attributed to Weierstrass.
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Corollary 2.23 (Weierstrass). Let f,, be a sequence of holomorphic functions on an open set U.
If f,, converges to a function f locally uniformly, then the limit f is holomorphic and for all k € N,

fé’“) converges to f*) locally uniformly.

Proof. Let K be a compact subset in U. We can then take 7 > 0 such that B,(z) C U for all
z € K, and hence B, (K) := U.,cx By(2) is still a compact set.”® Then for any 29 € K, and any n,
Proposition 2.21 implies

1

(2:24) 1£/(0) = falz0) < - sup |F = .

B (K)

Now we can conclude the proof. Given any ¢, by the uniform convergence of f, on B, (K), there
exists N € N such that |f — f,,| < re on B,(K) for n > N. This and (2.24) then imply |f' — fu| < ¢

on K for n > N. This shows that f], converges uniformly on K. The argument for f,S’“) is similar. [

Note that both Corollaries 2.20 and 2.23 are far from being true in the real case. The uniform
convergence of the sequence itself definitely says nothing about their derivatives.

The estimate in Proposition 2.21 is very powerful. First, it gives a growth restriction for non-
trivial entire holomorphic function. The proof only uses the n = 0 case, and will be left as an
exercise in Assignment. One can also try to look at a version that depends on the high-order
derivative estimates.

Corollary 2.25 (Liouville’s theorem). Let f be a holomorphic function on C. If f is bounded,
then f is constant.

In view of the estimate in Proposition 2.21, one can in fact prove Liouville’s theorem for entire
holomorphic functions with “sublinear” growth. On the other hand, based on Liouville’s theorem,
one can prove the fundamental theorem of algebra in a relatively simple way. We will also see this
in Assignment 2, and here just list it as another corollary.

Corollary 2.26 (Fundamental theorem of algebra). Every non-constant polynomial with complex
coefficients has at least a complex root.

Another useful consequence of Proposition 2.21 is the maximum principle. This kind of result
says that the maximum of a function must be achieved on its boundary. It has a stronger version,
usually called the strong maximum principle, saying that if the maximum is achieved in the
interior, then the function must be constant. We will show this stronger version for holomorphic
function.

Theorem 2.27 (Strong maximum principle). Let f be a holomorphic function on a connected
open set U. If supys | f| is achieved at a point in U, then f is a constant function.

From its proof, we will see that one can also replace |f| with Re f or Im f. Before proving the
theorem, we first single out the useful formula (2.22) especially when n = 0.
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Corollary 2.28. Let f be a holomorphic function on an open set U. Then for any B,(z) C U, we
have
1 2

f(z0) = o ; f(zo+ reit)dt.

This formula is sometimes also called Cauchy’s integral formula, as a special case of its more
generalized version. Note that it is also a mean-value-type equality, a property that is also true for
harmonic functions.

Proof of Theorem 2.27. Suppose the supremum of | f| is achieved at a point w € U, say |f(w)| = M.
We will show that

IfI7Y M) :={z € U:|f(z)]=M}="U.

First, if z9 € | f|~1(M), then by taking r > 0 such that B,(z9) C U, Corollary 2.28 implies that for
all € € (0,7),

1 2m ) 1 2 )
V=1l = |g [ ok el < o [ s+ el

In particular, this implies
2
% i (|f (20 +e€™)| — M) dt > 0.

However, since |f(zo + ce)| < M for all t € [0,27], the integrand is a non-positive continuous
function, so it must vanish. This is true for all ¢ € (0,r) and ¢t € [0,27], so we have B,(zy) C
|fI71(M). This shows that |f|~'(M) is an open set in U.

On the other hand, |f|~!(M) is automatically a closed set in U since |f| is continuous. Since U
is connected, we have either |f|=1(M) = 0 or |f|~(M) = U. We know w € |f|~1(M), so | f|~ (M)
can only be U, and the proof is complete. O

A particular consequence of the strong maximum principle is the weak maximum principle. It
says that if f is a holomorphic function on U and K is a compact set in U, then
ma = ma .
x| f] = max
This follows almost directly from Theorem 2.27.9*

There are a lot more applications of the maximum principle. For example, one can use it to
prove the following Schwarz lemma (Assignment 2), which implies a classification result of the
automorphism group of the unit disc D.

Corollary 2.29 (Schwarz lemma). Let D be the unit disc and f: D — D be a holomorphic
function. If f(0) =0, then

(1) for all z € D, |f(2)| < |z[;

2) O] <1;

(3) if either | f(2)| = |z| for some z € D\ {0} or |f/(0)| = 1, then f = € is a rotation about 0.
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As a consequence, one can derive that the automorphism group of D,
Aut(D) := {f: D — D is biholomorphic},

consists of elements of the form

for some t € Rand a € D.

We mention another immediate application of Theorem 2.17 and the Cauchy integral formula
(Corollary 2.28). Recall that from Lemma 1.8, we see a connection between harmonic functions and
holomorphic functions. Based on this, we can obtain the same regularity property for harmonic
functions from these Cauchy’s theorems, and these are also left in Assignment 2.

Corollary 2.30. Let u: U — R be a harmonic function on an open set U. Then u is (real) analytic.
Also, u satisfies the mean-value equality, in the sense that given any B,(z9) C U, we have

1

2
U(Zo) = % /0 u (ZO + 7‘6”) dt.

This is another example of elliptic regularity. A priori, a harmonic function is a C? function
that satisfies Au = 0. This corollary tells us that they are in fact automatically analytic. More
properties and applications of harmonic functions will be discussed in Section 5.3.

Finally, we mention an application of the Cauchy—Goursat theorem that is about Cauchy’s
original motivation. It is about using the integral formula to calculate some definite integrals.
Currently, we have Corollary 2.15 that only works for convex sets, but we will see that it is enough
to derive some non-trivial integrals.

Example 2.31. We will use Corollary 2.15 to calculate

(2.32) e = /oo e~ o 2mizt g

—00

for any ¢ € R. This means that the Fourier transform of e ™ is still itself. To see this, we consider

a rectangular curve v with vertices L, L + 1§, —L + i, and —L.

FIGURE 5. A rectangular curve whose top and bottom sides are longer and longer.

By Corollary 2.15, we know that the line integral of f(z) = e~ along « vanishes, and we can

calculate the line integrals of the four sides directly. The bottom part of v can be parametrized by
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Yot (t) =t, t € [-L, L], so

L
(2.33) / fdz = / e dt — 1
“Tbot —L

as L — oo. For the right side, we can parametrize it by Yyignt(t) = L+t for ¢t € [0,£], and we derive

/ fdz = /é e—7r(L+it)2Z~dt _ i/g efw(L27t2)+27rLtidt'
Yright 0 0

Its magnitude can then be estimated by

/ fdz
Vright

05 e dt is a constant depending only on £. One can similarly show that

5 L2 2 L2
(2.34) :/ et < o™ Ce = 0

0

as L — oo, where C¢ =

(2.35) fdz —0as L — oo.

Veft

Finally, for the top part, we parametrize it by Yiop(t) = —t + £ for t € [-L, L] and get

L L
(2.36) fdz = / e~ (—t+ig)” (—1)dt = _ewéz/ o~ TAH2mikL gy
“Ytop —L —L

L
2 2 oo
:_ewﬁ / e 27T7,§$dx’
—L

where in the last step, we change the variables x := —t. Combining (2.33), (2.34), (2.35), and (2.36)
with Corollary 2.15, we get

[e.e]
0 == llm de =1 67(-&'2 / 67W$2*27T’L£xd$’
L—oo 5 o
which implies (2.32).

2.2. Global Cauchy theory. We will develop some integral theories and prove a general form of
the Cauchy integral formula in this section. The formula will be used many times in the rest of the
course, and the tools developed will lead to further nice properties of holomorphic functions, as we
will see at the end of this section.

To allow a general class of curves to integrate over, given an open set U C C, we consider the
free abelian group, P(U), generated by all oriented paths in U. That is, any element v € P(U)
can be formally written as

(237) 7261'71+"'+CN"7N
where ¢, € Z and each 7, is a path in U. An element in P(U) will be called a chain in U. When
each path =, in (2.37) is a closed path, then v will be called a cycle in U.

The reason that we introduce these is that it allows us to deal with line integral over a less
restricted class of curves. For example, we can now talk about the integral over the union of two
or more curves directly, without a limiting process. This will be helpful when we apply the Cauchy
theorem in different situations. However, the proof of the general Cauchy theorem (Theorem 2.38)
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still works for a single closed path, the object we studied before, so if one is not comfortable with
the notion of a general cycle, there is no problem to skip it for a while.

Given a continuous function f on U, for a chain v of the form in (2.37), we define

N
/fdz = ¢ [ fda.
v n=1 Tn

When v is a cycle, we define

N
Ind,(w) : = Z ¢n - Ind,, (w)
n=1

for w € U \ 7. Here, we still use the same notation 7 to denote the union of all the images of ~,’s.
One can then interpret Ind, as the “total winding number” that all v,,’s wind around w. When
v =1-7 is just a usual (closed) path, the line integral and the index are just the ones we used to
work with.

Theorem 2.38 (Cauchy’s theorem). Let f be a holomorphic function on U. If v is a cycle in U
such that

(2.39) Indy(z) =0 for all z € C\ U,

then we have

(1) fA/ fdz =0, and

(2) f(w)-Indy(w) = 5 fv ﬁi}}dz forw e U\ 7.

Note that condition (2.39) is always true when U is a convex open set. Thus, this generalizes
the special case we proved in Theorem 2.16. It is interesting to note that in the proof, we will in
fact use a few consequences of the first Cauchy integral formula in Section 2.1.

To prove the theorem, we introduce a continuity lemma. It will also be used later when we prove

the inverse function theorem (Theorem 2.47).

Lemma 2.40. Let f be a holomorphic function on an open set U. Then the function

fE)—flw) .
(2.41) Plow)={ =w  HL27W
1(2) if z=w

is a continuous function on U x U.
Proof of Lemma 2.40. We need to verify the continuity at a point (zp,29) € U x U. Note that for

z # w in a ball B,(z9) C U, we can write o(t) := tz+ (1 — t)w to be the segment from w to z, and
hence

— flw 1 1
Few) = LI [ ota= [ 1 o) a

zZ—w
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This allows us to finish the proof. Given ¢ > 0, we can find » > 0 such that B,(zy) C U and
|f'(2) = f'(20)] < e for z € By(20). Then given any z,w € B,(z), choosing the path o as above,
which lies in B, (z9), we have

F(zw) - Zo,Zo|—'/f ))dt — (=) /\f )| dt < e

This proves the continuity of F. ([l

A crucial idea of proving Theorem 2.38 is about analytic continuation. We want to prove a
function vanishes on U, and to do this, we extend it to the whole complex plane and use its
structure to show that it is bounded. Thus, in the course of the proof, many consequences of the
Cauchy theorem in the convex case will play a role.

Proof of Theorem 2.38. We will prove (2) first. Note that (2) is eqmvalent to
1
oo L[y . L - [t
5

271'1 N Z—W 21 N Z

In view of this, we define F' as in (2.41), and our goal is then to prove
h(w) = /F(z,w)dz =0
v

on U \ 7. Note that now this function still makes sense for w € v based on Lemma 2.40, and in
fact, we will prove that it can be extended to the whole C as a globally zero function.

First, we show that h is continuous. Since 7 (as its image) is a compact set, given any w, — wg
in U, F(-,wy) — F(-,wg) uniformly on ~. Thus, h(w,) — h(wy), and hence h is continuous.

Next, we show that h is holomorphic. Given any closed triangle R C U, we can write

| ntwyao= [ ( / F(z,w>dz) duw = / ( | F(z,w)dw) dz =0,

where the last equality follows from Goursat’s theorem (Theorem 2.14), since for any fixed z, F(z, -)
is holomorphic on U \ {z} and continuous on U. Thus, Morera’s theorem (Theorem 2.19) implies
that A is holomorphic.

Finally, we extend h to an entire function. We consider the set
V :=1Ind;'(0) = {z € C\ v :Ind,(2) = 0}.

Recall that Ind, is an integer-valued continuous function (Corollary 2.6), so V' is an open set. By
the assumption (2.39), we have C\ U C V, so UUV = C. For w € V, we consider

h(w) == /) dz,

,VZ—?,U

which differs from h(w) by Ind,. This implies that for w € U NV, we have

h(w) = /(z) dz — 2mi - Ind, (w) = h(w).

,YZ—’LU
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Moreover, his a holomorphic function on V' by Proposition 2.4. Thus, we can define a function

 Jh(w) fweU
ho(w) = {E(w) itweV

which is well-defined and holomorphic on U UV = C. To see that it vanishes, note that since 7 is
compact, we can find R < oo such that v C Bg. In particular, C\ Br C V, so we can estimate

1
(2.42) [ho(w)] < Sgp | f| - Length(y) - W =R

for w € C\ Bg. In particular, hg is globally bounded. By Liouville’s theorem (Corollary 2.25), hq
is a constant, and hence must be zero by letting |w| — oo in (2.42). This finishes the proof of (2).

To prove (1), take any zg € U \ v and consider the holomorphic function f(z)-(z —z2p). Applying
(2) with w = zp, we obtain

0 = f(20)(20 — 20) - Ind,(20) = ;m/f(zz)(j;ozo)dz = % / fdz
Y vy

Hence, (1) follows. O

A consequence of Theorem 2.38 is that when we smoothly perturb a curve, the Cauchy integral
does not change. To state it rigorously, we introduce a way to formulate such a perturbation.
Let 79,v1: [0,1] — C be two oriented paths in an open set U. We say that these two paths are
homotopic to each other in U if there exists a continuous map H: [0,1] x [0,1] — U such that

(2.43) H(0,-) =7 and H(1,:) = 7.
That is, there is a “continuous process” that deforms g to ~; in U.

The notion of homotopy plays an important role in the study of topology and geometry. Here, we
mention one particular consequence. That is, if 9 and 1 are two closed paths that are homotopic
to each other in an open set U, then™

(2.44) Ind,, (w) = Ind,, (w) for all w € C\ U.

The reason why we separate this conclusion is that it implies
(2.45) fdz = / fdz
Yo "
for any holomorphic function f on U. This is a direct consequence of Theorem 2.38 (1) if we let

y:=7 -1 € P(U).

Forget about two homotopic paths. In general, if two cycles vg and v, satisfy (2.44), then
(2.45) is true for any holomorphic function f on U. Homotopic closed paths are just a special and
important case of this general principle, which is usually regarded as part of the Cauchy theorem.

Example 2.46. We mention an example why this generalized Cauchy theorem is useful. It allows
us to change the integral path freely. For example, consider v; and 72 as in Figure 6.
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T AV aN

//’ r // (// Y ’/?\) /
P1 \ P2)

1(\ [\’\/l ;/} 72\;// /

\

\

FIGURE 6. When a curve is complicated, the Cauchy theorem can be used to pos-
sibly simplify the line integral.

The open set U does not contain the two points p; and p2, so a holomorphic function f on U may
have a non-trivial line integral along the curve I' in Figure 6. However, I" and the two circles y;
and 7, satisfy (cf. Assignment 2)

2
Indp(w) = Z Ind,, (w)
n=1

for all w € C\ U. Hence, the Cauchy theorem implies

2

/Ffdz => | fdz

n=177n

for any holomorphic function f on U. This may allow us to simplify the calculations. We will see
more examples like this in the rest of this course. In particular, this idea of looking at small circles
around points where a function is not defined is a key idea in the residue theorem in Section 3.3.

As mentioned, Lemma 2.40 can lead to other local information of holomorphic functions. First,
it implies the inverse function theorem.

Theorem 2.47 (Inverse function theorem). Let f be a holomorphic function on an open set U
and zp € U. If f'(29) # 0, then there exists r > 0 such that

(1) flB,(z) Is injective,
(2) f(Br(20)) is open in C, and

(3) the inverse g: f (Br(20)) = Br(20) is holomorphic.

Note that the statement (3) is valid based on (1) and (2). In this case, f|p,(z): Br(20) —
f (Br(20)) is called a biholomorphic function.

Proof. For (1), we apply Lemma 2.40, which implies that there exists r > 0 such that B,(z9) C U
and

‘f(Z)—f(w)

zZ—Ww

B!
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for z # w in B, (zp) based on the continuity of the function F' defined in (2.41) at (2, o). It means

2
(2.48) |z —w| < mlf(z)—f(w)l

for all z,w € By(2p) (including the case when z = w). This implies the injectivity of f on B, (zp).

For (2), given wy € By (zp), we want to show that f(wp) is an interior point of f(B;(z0)). By
(2.48), we can find p > 0 such that

|f'(20)]

| f(wo + pe’*) = f(wo)| > Ty P L.
We claim that this implies
(2.49) Brs (f(wo)) € f (Br(20)),
which implies the openness of f (B;(20)) . To see (2.49), note that for y € By )5 (f(wo)), we have

Jy— Fwo -+ pe)] > |+ pe™) — Flwo)| ~ (o) ~ ] > &

for all ¢t € [0, 27], and hence

1 2 1
y— flwo+pe)| =T [y = fluwo)
This implies y is mapped by f. Otherwise, if y were not mapped by f, then 1/(y — f) would

be a holomorphic function on B,(wp), and then (2.50) could not happen based on the maximum
principle (Theorem 2.27) since f is non-constant.

(2.50) <

For (3), fix wg € By(z0) and let yo := f(wp). Since yp is an interior point of the image of f,
given any y close to yg, we can write

9(y) —9(y) _  w—wg
Y=Y f(w) = f(wo)
for a unique w close to wg, with w — wy if and only if y — yg. Hence, taking the limit, we have
g (yo) = 1/f"(wp), and hence g is holomorphic at yg. O

Example 2.51. We mention a direct example. That is, f(z) = e®. Since f'(z) = e* # 0 for any
z € C, Theorem 2.47 implies that there is always a local inverse function of e?. That is a logarithm
function. An issue about it is that it is impossible to find a global inverse of e*. We will discuss
this more in Section 4.1.1.

Another consequence of the inverse function theorem is the open mapping theorem (Corol-
lary 3.6). Since it pertains to the local behavior of zeros, we postpone its discussion until the next
section. We summarize some key properties of holomorphic functions that we have encountered or
will soon encounter later.

Analyticity: Theorem 2.17.

Cauchy’s theorem: Theorem 2.38.

e Maximum principle: Theorem 2.27.

Mean-value equality: Corollary 2.28.
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Morera’s theorem: Theorem 2.19.

Liouville’s theorem: Corollary 2.25.

Inverse function theorem: Theorem 2.47.

e Strong unique continuation: Corollary 3.4.
e Open mapping theorem: Corollary 3.6.

We end this section by mentioning another example of calculating definite integrals. With a more
general version of the Cauchy theorem (Theorem 2.38), we can now deal with more complicated
curve.

Example 2.52. We will use Theorem 2.38 to calculate

*1—cosz T
2.53 ——dr = —.
(2.53) | ==

The idea is to take the line integral of f(z) = (1 — €*)/z? along the following curve 7.

-

FIGURE 7. Semicircles tending to infinity and zero.

By Theorem 2.38, f7 fdz = 0 for any € and L.” Thus, we will calculate the line integrals for 7,
and ., We can parametrize vz, by v.(t) = Le, t € [0, 7], so
7T 1 — etlcost—Lsint 1 s )
/ fdz / idt‘ < / (14 e bty g
L 0 0

; ezt

T 1 — il )
= ————iLeat
‘/0 [2e2tt

(2.54) o

<—21r—=0

- L

as L — oo, using sint > 0 for ¢ € [0, 71]. For 7., we can parametrize it by v.(t) = ge " t e [-m0].
Moreover, for z = ee™*, we can estimate,

po 1= (ltiz-5 —Fitr) 2 :

1—e 26 —iz+ 0(2%) i
= = - --‘io0
f =15, . . Lo

"Note that without the generalization in Theorem 2.38, we cannot deal with the curve v directly by Corollary 2.15.
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as € — 0.8 Thus, we can estimate

0 . 0
(2.55) fdz = / *ﬁ (—ige™™Ydt+ [ O(1) - (—iee™) dt
Ve -7 —T

0 0
:/ izdt—s-O(l)/ ie”dt — —m +0

—T —T

as € — 0. Combining (2.54) and (2.55) with Theorem 2.38, we get

0 1 _ eiz —& L
/ 5—dz:= lim lim ( fdz+/ fdz)
oo % L—o00e—0* -L e

= lim lm (= [ fdz— [ fdz)=r.
it (- [ gae= [ gaz) =

Taking the real parts of the both sides, we conclude

* 1—coszx
—— —dr =m,
T

—0o0

which is equivalent to (2.53).

3. Laurent series: local behavior near zeros and poles

We will use the tools developed in the previous sections to further study local behavior of
holomorphic functions. This includes their behavior near a zero or near a singularity, a point where
a priori the function is not defined.

3.1. Behavior near isolated zeros. We start from the study of zeros of a holomorphic function.
Given a function f: U — C, its zero set will be denoted by Z(f). That is,

Z(f)=f10)={z€U: f(z) = 0}.
The first result is about the structure of Z(f) when f is holomorphic.

Proposition 3.1. Let f be a holomorphic function on a connected open set U and let Z(f) be its
zero set. Then either Z(f) = U or Z(f) only contains discrete points.

Proof. This is a consequence of being an analytic function. For any zo € U, since f is analytic, we
can find r > 0 such that B,(z9) C U and for z € B,(zp), we have

f(z) = Z an(z — 20)".
n=0

There are then two situations. Either all a,,’s are zeros, or we can find ng € Z>¢ that is the smallest
n such that a, # 0. For the first case, we get f] B,(z) = 0. For the second case, we can then define
a holomorphic function

Y an(z —20)" ™ if z € By(20)
h(z) = 4 n=0 .
(zfizgno if ze U\ {2}

8By definition, one can just view O(1) as a bounded constant as € — 0.
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Note that the two definitions agree when z € B,(29) \ {z0} . Hence, we can write
f(z) = h(z) - (z = 20)",
where h satisfies h(z29) # 0 (since an, # 0), and hence we can shrink r so that h|pg, (.,) # 0. Thus,

if ng > 1, then f has a unique zero 2y in B,(z); if ng = 0, then f is non-vanishing on B,(zp). In
the first case, we say f has a zero of order ng at z.

Now, we can conclude the proof. We let U; be the set of the points in U of the first case and
Us be the set of the points in U of the second case. That is,

Uy :={z € U : f vanishes on B,(z) for some r > 0} , and
Uy :={z € U : f is non-vanishing on B,(z) \ {z} for some r > 0}.
Then by the above discussion, we know U = U; U Uy and U; N Us = (). Moreover, they are both

open sets by their definitions, so the connectivity implies either U = Uy or U = Us. In the first
case, we have f =0 on U. In the second case, we know that all zeros are isolated. [l

We remark that in the case when f has a discrete set of zeros, we can deduce that there are at
most countably many zeros.®

Example 3.2. We look at the function sin z at z = 0. We can write
San—Z—gz —I—EZ _z<1—3!z +az R
=z h(z)7

where h is a holomorphic function with h(0) # 0. Thus, sinz has a zero at 0 of order 1. In this
case, 0 is called a simple zero of sin z. One can also see this by noticing sin’(0) = cos(0) # 0.

Remark 3.3. Another perspective to view Proposition 3.1 is that the zero set of a holomorphic
function is locally either zero-dimensional or (complex) one-dimensional. It is not easy to see why
this is a distinguished property, but this amazing property is also roughly true for several complex
variables. That allows us to look at “analytic subsets,” which may include singularities so are more
general than complex manifolds that we are going to look at in Section 5.5. For now, a related
thing is that one can use zero sets of holomorphic functions to define a topology (by viewing them
as closed sets). This is called the Zariski topology.

Proposition 3.1 poses strong restriction on the structure of zero sets of holomorphic functions.
Its proof then leads to important consequences, including a strong unique continuation result.

Corollary 3.4. Let f be a holomorphic function on a connected open set U. Then f vanishes
identically on U if

(1) either there exists zg € U such that f(™(z) = 0 for all n > 0,

(2) or f vanishes on a subset V' which admits a limit point in U.

Note that the second case includes the situation when V' is an open subset of U. The reason
why this result is called unique continuation is as follows. Let f be a holomorphic function on a
connected open set U and let S be an arbitrary subset in U. Then clearly f := ﬂ s is a holomorphic
function on S. In this situation, we can view f as an analytic continuation of f from S to a
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larger set U, a process we have seen many times. What Corollary 3.4 is telling us is as follows.

(1) If we are finding an extension F' of f such that all of its derivatives are prescribed at a fixed
point, then fis the unique possible extension.

(2) If we are finding an extension F' of f from a subset V' admitting a limit point, then f is still
the unique possible extension. N

In either case, if there is another extension F, then the difference F' — f satisfies the condition in
Corollary 3.4 so it must vanish identically, implying F' = ]7 on U. Thus, Corollary 3.4 is a very
strong unique continuation property of holomorphic functions.

We can further understand the behavior of a non-constant holomorphic function near a zero. It
will tell us that near a zero of finite order, the map has a “multi-sheeted” structure.

Theorem 3.5. Let f be a non-constant holomorphic function on a connected open set U. Suppose
20 € U, yo = f(20), and as a zero of f — yg, the order of zy is ng. Then we can find » > 0 and a
holomorphic function ¢ on B, (z9) C U such that

(1) f(2) =yo+ @(z)™ for z € B,(2p), and

(2) ¢’ is non-vanishing in B, (zp) and is biholomorphic onto a disc.

Note that by Proposition 3.1, the order of 2z as a zero of f— f(zp) is finite since f is non-constant.
The theorem is a consequence of the inverse function theorem 2.47. As a corollary, we have the
following open mapping theorem.®*

Corollary 3.6 (Open mapping theorem). Let f be a non-constant holomorphic function on a
connected open set U. Then f(U) is still an open set.

The construction in the proof of Theorem 3.5 is related to defining logarithm for complex
numbers. We will talk about this in a more general context later, but for a given complex number,
this is not a big deal. Recall that the map ¢ € [0, 27] — €e* is a surjective map onto the unit circle
on the complex plane. Thus, given any non-zero complex number z € C\ {0}, we can always find
t € [0, 27] such that

p=lal - = = J2] - e,
||
so it makes sense to define
log z := log |z| + it,
where log|z| is the usual logarithm for positive real numbers. The problem of globally defining

such a function is finding a continuous choice of ¢ € [0, 27], but this is not an issue if we only look
at a point.

Proof of Theorem 3.5. By Proposition 3.1, zg is an isolated zero of f — yg. Thus, we can find r > 0
such that B,.(z9) C U and write

f(z) =yo+h(z) - (z = 20)"
where ng is the order of 2y as a zero of f — yg and h is a non-vanishing holomorphic function on

B, (z0). Note that it remains to take the “ng-th root” of h. This can be done by first taking the
logarithm of h.
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To do this, first note that A'/h is holomorphic (since h does not vanish) and hence analytic
on B,.(z). Thus, we know that h’'/h admits a primitive, that is, a holomorphic function F' such
that F' = h’/h. This implies

h/
(he*F)/ =he ' —h.et. 5= 0.
Thus, we can shift F' so that h = e’ In fact, since we have

he t = h(zo)e_F(ZO)

on B,(zp) by its constancy, we could consider F} := F — F(zg) + log h(zp), which satisfies

h = eF-‘rlOgh(zo)—F(zo) — €F1‘

Thus, (1) follows by letting ¢ := /70 . (2 — z).

For (2), note that
# (z0) = G0/ 20,

so the conclusion follows from Theorem 2.47, after possibly shrinking r, and the fact that the power
map z +— z"0 is an open map. O

3.2. Behavior near isolated singularities.

3.2.1. Laurent series. Next, we talk about some possible singularities of a holomorphic function.
For simplicity, we introduce a notation

B, (20) == By(20) \ {20}

for r > 0 and zg € C. This is not a standard notation, but we will use it from time to time.

Definition 3.7. If f is a holomorphic function on B,(zo) for some r > 0 and zy € C, then we say
f has an isolated singularity at zg.

This is the simplest type of singularities, since it is isolated. It already has some complicated
behavior. However, we can still see some very straightforward examples.

Example 3.8. We consider the 1-ball B;.

(1) If f is a holomorphic function on Bj, by considering g := f| Br(0) We get a holomorphic
function g with an isolated singularity at the origin. We can see that this is a “fake”
singularity since we can in fact extend g to the whole ball. Thus, such a singularity is not
too bad.

(2) If f is a holomorphic function on Bj with f(0) = 0 and f(z) # 0 for z € B;(0), then
g := 1/f defines a holomorphic function on 31(0), and hence has an isolated singularity.
We know that a non-trivial zero of a holomorphic function is isolated, so there are many
such examples.
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We will start from a general discussion of isolated singularities. The main tool will be Proposi-
tion 2.4 and the Cauchy theorem 2.38. After that, we will classify singularities into three categories
and talk about them separately. We introduce a notation

ARr(20) := Br(20) \ Br(20)
for zo € C and R > r > 0. This is an open annulus centered at zg. When zg = 0, we may just

write A, := Agr,(0). We will look at holomorphic functions on an annulus, since a holomorphic
function with an isolated singularity can be viewed as a special case of these because Ar o = Bgr(0).

Theorem 3.9. Let f be a holomorphic function on an annulus Ag ,(29). Then we can define
1
Gp = — 7‘]0(2)”“ dz
270 JoB,(z0) (2 — 20)
for any s € (r, R) and n € Z, so that

oo

(3.10) fw)= )" an(w—2z)"

n=—0oo

for all w € Ag,. The convergence is locally uniform in Ag, and the expression is unique. (In
particular, the coefficients a,,’s are independent of s.)

Proof. For simplicity, we assume zg = 0 and work on the annulus Ag,. Then for w € Ag,, we can
choose r1 and r9 such that r < ry < |w| <7y < R and

(3.11) flw) = ! /(z) dz 1 /(z) dz.

27 0B, ¥ W 2mi 0B, ¥~ W

This follows from the Cauchy theorem (Theorem 2.38) when we take v = 0B,, —0B,,, both oriented
counterclockwise.

Now, we analyze the sum (3.11). We know that they are both analytic function in w by Propo-
sition 2.4, and we can follow the proof idea of Proposition 2.4 (with a = 0) to get an expansion.
That is, for z € B,,, we have

while for z € 0B,,, we have

111 _1°°(z>m_§:z
2—w w 1—%710 w/ wm+l’
m=0 m=0

As in Proposition 2.4, these both converge locally uniformly. Thus, combining these, we derive

flw) = 1 i / /(z) dz | w" + = i / f(z)-2"dz L
2mi =\ Jog,, 2l 2mi =\ Jap,, wmtl
By letting m = —n — 1, we get a summation in n, and the result follows since for any n € Z,

[, e[ e[ 1
9By, ? 9By, 9B,
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for any s € (r, R) because f(z)/2""! is holomorphic in Ag,.

To get the uniqueness of the expression, suppose

o0

flw) = Z en(w — zo)"

n=—oo

is another expansion that converges absolutely and locally uniformly. Then for any s € (r, R),

o0

1 ORI ! (2 — 20)"

M 21 Jap,(z0) (2 — 20)
Note that by parametrizing 0Bs(z0) by zo + se' for t € [0,27], we can calculate that for each n,
1 (2 —20)" _ b i (se“)nfjfl -iseltdt
211 JoB,(z0) (2 — 20)/t1 27i Jo
1 2m

~2r ), 0 ifn#£j

Mg 1 ifn=y
(se)"™ dt = 6,5 = { J
Putting this back to the summation, we get a; = > ¢y - dp5 = ¢;. This proves the uniqueness and
n

the theorem follows. OJ

The expansion (3.10) is called the Laurent series of f centered at zg. It can be thought of as
a generalization of power series expansion, which is exactly when a, = 0 for all n < 0. Note that
this happens when f is a holomorphic function on the whole ball Bg(zp), and the Cauchy theorem
implies a,, = 0 for n < 0. In general, if f has an isolated singularity at zp, then based on the general
behavior of the function near zy, we can have the following classification.

Definition 3.12. Suppose f is a holomorphic function on Ag(z0) = BR(Z[)), and let

F(2) = an(z— 2)"

neZ
be the Laurent series of f at zg.

(1) We say zg is a removable singularity of f if a,, = 0 for n < 0.
(2) We say zp is a pole of f if there exists ng < 0 such that an, # 0 and a,, = 0 for n < ng.

(3) We say zp is an essential singularity of f if there are infinitely many n < 0 with a,, # 0.

Example 3.13. We mention a few examples of singularities before starting analyzing them.

(1) A rational function of the form R(z) = P(z)/Q(z) with P and @ having no common factors
has poles at the zeros of Q).

(2) Let f(z) = €'/ for z € C\ {0}. Then

(o] n o0
1 /1 11
1/z _ — | = — _
¢ _Zn! (z) _anzn

for z #£ 0. Thus, f has an essential singularity at 0.
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Singularities are not necessarily isolated (unlike zeros). We mention two examples.

(3) The function sin(ll 77y has poles at z =1 /(27n) for all n € N. Thus, 0 is an accumulated
singularity of the function.

(4) A function defined as in Proposition 2.4 has a curve of singularities. That is, if 7 is a path
in U and ¢: U — C is a continuous function, then the function

Flw) = / 2 g,

z—w
is holomorphic on U \ v but has the whole path 7 as its singular set.

We can also look at possible singular behavior at co. When a function f(z) is holomorphic outside
a ball, we can consider g(w) := f(1/w). We say that f has a removable singularity/pole/essential
singularity at oo if g does at 0.

N
(5) Given a non-constant polynomial f(z) = > a,z", if we let g(w) = f(1/w), we get
n=0

N
a
glw) = e
n=0

so g has a pole at 0 and hence f has a pole at co. We will see that this property in fact
characterizes a polynomial in Assignment 4.

(6) A non-constant entire function cannot have a removable singularity at oo; otherwise, it will
be bounded, which cannot be the case by the Liouville theorem.

(7) By (2), f(z) = €* has an essential singularity at oo.

3.2.2. Classification of singularities. We will now see many different properties of different types
of singularities.

First, for a removable singularity of a holomorphic function f, from its definition, we know that
it literally means that f can extend to a holomorphic function on the whole disc. This is also a
common definition of a removable singularity. We know that such a singularity can trivially happen
from Example 3.8. In that example, the function is naturally bounded near the singularity. We
will see that in general, this property characterizes removable singularities.

Proposition 3.14. Let zp € U and f be a holomorphic function on U \ {zp}. Then the following
are equivalent.
(1) zp is a removable singularity of f.

2) f extends to a holomorphic function on U.

(2)
(3) There exists 7 > 0 such that f is bounded on B,(z0).
(4) lim (2 — 20)f(2) = 0.

Z—20

The implication from (3) to (1) is often referred as the simplest case of the Riemann extension
theorem.
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Proof. The first two conditions are equivalent, as mentioned, based on the definition. It is straight-
forward to see (1)=(3)=(4). Thus, we will prove (4)=(1).

One approach is to use the Laurent series directly. We instead proceed without relying on that.
We again assume zg = 0 for simplicity. We consider the function

IS if z € B,(0)
g(z)'_{o ifz=0

By (4), g is a continuous function. Moreover, we can see that

limM = limw =limzf(z) =0

z2—0 z—0 2—0  z z2—0

by (4) again. Thus, g is a holomorphic function (since it is evidently holomorphic on BT(O)) In
particular, we can write

g9(z) = Z anz"
n=2
in B, (z0). We can then define f(0) := ag, which makes f(z) = g(z)/2? a holomorphic function. [J

We note that condition (4) is a priori weaker than (3). In fact, (4) includes the possibility that
f~(z—20)" for some o € (0,1). It turns out that this cannot happen based on the nature of
Laurent series.

Next, we study poles. If a holomorphic function f on BT(Z(]) has a pole at zg, with
f(z)= > an(z—20)"
n>—N

and a_px # 0, then we say zg is a pole of order N. When N =1, zj is called a simple pole.

Proposition 3.15. Let zp € U and f be a holomorphic function on U \ {zp} . Then the following
are equivalent.

(1) zg is a pole of f.

(2) There exist N € N and a_1,--- ,a_n where a_y # 0 such that

-1

f(z) — Z an(z — 20)"

n=—N

has a removable singularity at zg.

(3) There exists N € N such that (z — 29)" f(2) has a removable singularity and extends to a
non-zero value at zg.

(4) There exists r > 0 such that 1/f is holomorphic in B, (z0) and has a removable singularity
and extends to zero at z.

(5) lim f(z) = co. This means lim |f(z)| = occ.

Z—r20 Z—r20
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When (2) and (3) happen, the number N is exactly the order of the pole zg. The part of functions
-1
> an(z — z0)™ is called the principal part of f at zp. As said in (2), it is a rational function
n=—N
P(z) which is a polynomial in 1/(z — 2zp) such that f — P is holomorphic near zy. It captures the

singular behavior of the function near the pole.

Example 3.16. Let f(z) = ﬁ Then f has a simple pole at 0. Moreover, we can write

1 11 1
2(z—-2) 2\z-2 z)°
1

Since 1/(z — 2) is holomorphic near 0, we know that the principal part of f at 0 is —5.

Proof of Proposition 3.15. The equivalence among (1), (2), and (3) is clearer from the Laurent
series expansion, so we focus on (4) and (5). We will more or less see (3) from the proof. We again
assume zg = 0 for simplicity.

For (1)=-(5), note that if 0 is a pole of order N, say
f(z) = Z anz"
n>—N

on B,(0) with a_x # 0, then we can write f(z) = h(z)/2" if we let

h(z) = Z an—nz",

n>0

which defines a holomorphic function on B, (which proves (3)). Since h(0) # 0, we have

lim [ £(2)] = tim P o

z—0 z—0 |Z’N

For (5)=(4), note that (5) implies that we can find r > 0 such that |f| > 10 on B,(0). In
particular, f # 0 on B,(0). Thus, we can define g := 1/f, a holomorphic function on B, (0). Since
lg| <1/10 on B,(0), by Proposition 3.14 (3), g extends to a holomorphic function on B,, with

Hence, we get (4).
For (4)=(1), finally, we can write

1 n
g(z)zm: Z anz

n>ng
in B, with ay, # 0 for some ng > 1. Thus, we get a holomorphic function

h(z) = 9(2) = Zan+n0z”

ALY
n>0
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with h(0) # 0. That is, h is a non-vanishing function on B, after shrinking r. In particular, 1/h is
still holomorphic. We then get

6= 2 i

and we are done. OJ
Finally, we look at essential singularities.
Proposition 3.17 (Casorati-Weierstrass theorem). Let zp € U and f be a holomorphic function

on U \ {20} . Then the following are equivalent.

(1) 2o is an essential singularity of f.

(2) For r > 0 such that B,(z0) C U, f <Br(zo)> = C.

Example 3.18. Let f(z) = e!/#. Then the image of f is C\ {0}, which is dense in C.

The Casorati—Weierstrass says that if zg is an essential singularity of f, then given any w € C,
there exists a sequence z, — 2o such that f(z,) — w as n — co. This is how the name, “essential”
singularity, comes from. Note that, combined with Proposition 3.14 (2) and Proposition 3.15 (5),
Proposition 3.17 also allows us to summarize the three different kinds of behavior based on the
asymptotics near a singularity.

Corollary 3.19. Let zp € U and f be a holomorphic function on U \ {2} .

(1) zp is a removable singularity if and only if lim f(z) exists and is finite.
Z—rZ20

(2) 2o is a pole if and only if lim f(z) = oc.

Z—20
(3) zo is an essential singularity if and only if li_>m f(2) does not exist (and can be any number
Z—20

sequentially).
Proof of Proposition 3.17. 1t is clear that (2) implies (1) based on Proposition 3.14 (2) and Propo-
sition 3.15 (5). Thus, we will prove (1) implies (2).
We prove it by contradiction. Suppose not, that is, there exists » > 0 and w € C such that
B,(20) CU but w & f (Er(z0)>. Then we can find § > 0 such that

(3.20) By(w) € C\ f (Br(z0)).

This then suggests considering the function

1 1
M) = [ —al < 5
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Hence, Proposition 3.14 (3) implies that h extends to a holomorphic function on the whole B,.(z).

We can now conclude the proof by looking into two case. If h(zp) = 0, then f(z) has a pole at zp,
a contradiction. If h(zg) # 0, then f(z) has a removable singularity at zp, another contradiction.
Hence, the conclusion follows. ]

For an essential singularity, we can’t really say much, but if time permits, we will see a generaliza-
tion of the Casorati—Weierstrass theorem, Picard’s theorem, which gives more precise information
about the image of a holomorphic function near an essential singularity. (See Theorem 4.10 and
Theorem 5.24.) Among different singularities, the most interesting ones are poles. Especially, when
there is a simple pole of a holomorphic function, it is important to study its Laurent coefficients.
We will talk about some of them in the next section.

3.3. Meromorphic functions and residue theory. Let U be an open set in C. We say f is a
meromorphic function on U if there is a discrete subset E of points in U such that

(1) f is holomorphic in U \ E, and
(2) f has a pole at each p € E.
The set of all meromorphic functions on U will be denoted by M(U).

We’ve seen some examples of meromorphic functions. They may have singularities, but by
allowing them, the set of all meromorphic functions has a nicer structure. In fact, if U is connected,
then M(U) is a field, in the sense that given f,g € M(U), we have

e f+gand f-g are both in M(U).
o f/lge M(U) if ge M(U)\ {0}.

The identity element of this field is the constant function 1. Moreover, one can show that the order
of poles at a given point is a valuation, in terms of the language of commutative algebra.”* We
will see more structures or consequences about meromorphic functions in this section.

A useful consequence about the theory of meromorphic functions comes from calculating their
resides. Suppose a meromorphic function f on U has a pole at zy € U, say

f(z) = Z an(z — zp)"

n>—N
near zg. The coefficient a_; is called the residue of f at the pole zg. We will write
Res¢(z0) := a—.

We can first see why this term will stand out from the Laurent series by looking at the integral
faBT(zo) fdz. First, we take r > 0 such that B,.(z9) C U and f is holomorphic in B,(zp). Then by

the Cauchy theorem, the integral of the holomorphic part vanishes, and by parametrizing 0B, (zp)
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with (t) = 20 + re® (t € [0,27]), we can calculate

1
— fdz = — / (z — z0)"dz
211 OB, (20) 21 Z 9B, (20) )
2 "
27” _Z: / re -ire*tdt
Z / it =a
that is,
1

(3.21) P de = RESJC(Z()).

271 aBr(zo)

Thus, the line integral only detects the term a_1(z — z9)~!. As in the holomorphic case, this fact
is generally true when we take the index of a cycle into account. This is recorded in the following
residue theorem, whose proof will make use of the model case (3.21).

Theorem 3.22. Let f be a meromorphic function on U and let E be the set of the poles of f. If
v is a cycle in U \ E such that

(3.23) Indy(z) =0 for all z € C\ U,
then we have
1
(3.24) MAfdz = Z Res¢(p) - Ind, (p).
peE

We remark that the sum in (3.24) is essentially finite, which we will discuss in the proof. Another
remark for the condition (3.23) is that a similar condition appears in the Cauchy theorem, see (2.39)
in Theorem 2.38. Since every holomorphic function is particularly meromorphic, Theorem 3.22 can
be viewed as a generalization of Theorem 2.38 (1). In fact, we will use Theorem 2.38 in the proof.
The idea is that we can apply the Cauchy theorem to the difference of the cycle v and the sum of
some circles around the poles whose indices (of ) are non-zero. See Figure 6.

Proof. We consider

E,:={pe E :Indy(p) # 0},

the set of the poles that we care about. Note that if we let U, be the unbounded connected
component of C\ v, we have E, C C\ Uy, a compact set. Since E is a discrete set, in particular,
this implies that E, is finite, say £, = {p,:n=1,--- ,N}.

For each p,, since p, € 7, we can find r, > 0 such that B, (p,) C U \ 7. On the open set

N
U= U\ (EU U Brn/Q(pn)> )

n=1
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f is a holomorphic function. We want to apply the Cauchy theorem 2.38 on this open set, so we
look at the cycle

N
['i=v-— Z Ind'y(pn) ’ aBrn (pn)a

n=1
where we recall that each 9B, (py) is oriented counterclockwise. For any z € C\ U’ there are three
situations.
(1) ze C\ U,
(2) ze E\ E,, or
(3) z € By, 2(p;) for some .
If z € C\ U, then obviously Indr(z) = 0. If z € E, we have

N
Indr(z) = Ind,(2) = > Indy(pn) - Indyp,, (,)(2) =0 — 0 =0,
n=1
where the second zero comes from the fact that z and p,’s are in different components of U \ v, so
2 & By, j2(pn) for all n. If 2 € Brj/2(pj) for some j, then

N
Indr(z) = Ind,(2) — Z Indy (pn) - Indpp,, (p,)(2) = Ind,(p;) — Ind,(p;) - 1 = 0.

n=1
In conclusion, Indp(z) =0 for all C\ U’.

Now we can use the Cauchy theorem to finish the proof. Since f is holomorphic on U’ and
Indr(z) = 0 for all C\ U’, Theorem 2.38 implies [, fdz = 0. Based on the definition of T', this
means

1 1
[ fdz = — S "Ind, (p, dz.
27ri/7fz 2771‘7;“”@)/8 fdz

B”‘n (p’ﬂ)

For each n, the model case (3.21) implies ﬁ faBT (pn) fdz = Res¢(pp). Combining these then leads

to (3.24). O

The main applications of the residue theorem (Theorem 3.22) usually include two parts. The
first one is its usage of calculating some definite integrals; the second is about counting zeros and
poles. We leave the latter to the next section, and see some examples of integrals in the rest of this
section.

We start from a simple observation about calculating residues. When f has a simple pole at p,
then we know

_ a1 —
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in some B, (p), where h; and hg are holomorphic in B,(p) and we know that hy has a simple zero
at p with h4(p) # 0. Thus, we get two ways to calculate a_;. That is,

R%AMZQ@@—pﬁ@%=%by

One can derive similar formulas when the order of a pole is higher, and we record it as a lemma.**

Lemma 3.25. Suppose f has a pole of order N at zy, say
h(z)
f(Z) - (Z _ ZO)N
in BT(Z()) for some r > 0 where h is a holomorphic function on B,(zp). Then
1

oG

Res¢(20) =

Now we look at some examples. We first look at integrals of the type

(3.26) / @)

Complex analysis can help if the function f can extend to a meromorphic function with suitable
decay at infinity.

Example 3.27. We look at an example, which asks the value of

/OO dx
oo L2t

The idea is to approximate the real line by the boundary of a large half disc. Here we use the half
disc in the upper half plane. Note that the function f(z) := 1/(1+ z*) has four poles, two of which
are in the upper half plane. They are p; = ¢™/* and py = €3™/4. They are both simple poles, so
we can calculate

1 1 .
R = i _ _ - —3im/4
o8¢ (pl) Zig)l1 (1 + 2:4), 4p£{) 46
and similarly
1 1 1 _.
R = i — — = —27r/4‘
eSf(pQ) ZLHP}Q (1 + 24)/ 4p§ 4

Hence, if we let the upper circular arc be Sg, the residue theorem (Theorem 3.22) implies
R
1 1
(3.28) / f(z)dz + fdz =2mi (6_3”/4 + 6_1”/4) .
R Sk 4 4
The key is to deal with the additional term | Sk fdz when R — oo. In this case, note that

/SRfdz

which tends to 0 as R — oo. Thus, (3.28) implies
00 1 . 1
[ i b )

1
=2 g

9
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*p2 *P1 \\

FIGURE 8. A semicircle enclosing two poles.

Observe that the path we choose in Example 3.27 works when the function f satisfies a decaying
estimate®™

(3.29) £(z) = o C) 88 7 = 00,

Example 3.30 (Fourier transform). We look at the integral

(3.31) /OO f(z)ede,

which is still of the form (3.26), but it is related to the Fourier transform of the function f. We
calculate an example in Example 2.31, and now we can look at more general functions. When f
can be extended to a meromorphic function with finitely many poles away from the real line, we
can calculate (3.31) in terms of the residues of f(z)e'®* when

(3.32) f(z)=0 <1>

z

as z — oo. Note that this is a weaker condition compared with (3.29). To this end, we choose a
different path. Consider the square of side length L, with vertices L, L + 2Li, —L + 2Lt, and —L
in C. We estimate the top side and the right side. This is similar to the path in Figure 5, but the
difference is that all the sides are growing in the case here.

For the top side from L + 2Li to —L + 2Li, we can parametrize it by viop(t) = —tL + 2Li for
€ [—1,1]. Then for L large enough,

(3.33) e 2k,

1
= ’/ f(—tL 4 2Li) /A2 (1) dt' <2. <
-1

’izd

where we use (3.32) to get some C' < oo such that |f(z)| < C/|z| when |z| is large.

For the right side from L to L + 2Li, we can parametrize it by Yignt(t) = L + tLi for ¢ € [0,2].
Then for L large enough,

(3.34) / f(2)edz
Vright

2 2
/ f (L +tLi) D (L) dt‘ g% / e rdt =
0 0

=1 Q

(1 — 62L) .
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Note that both (3.33) and (3.34) tend to 0 as L — co. One can estimate the left side similarly like
(3.34). Thus, the residue theorem (Theorem 3.22) implies

/_00 f(z)e®dr = 2mi - Z Resp(p)

Im(p)>0
where h(z) := f(z2)e!?.

3.4. Argument principle and other applications. We now talk about other applications of
the residue theorem. The first one is called the argument principle. It counts the number of zeros
and poles inside a closed path.

In the following, we talk about the simplest case when the curve - is a simple closed path. That
is, it is a closed embedded curve which is piecewise smooth. Thus, by Theorem 2.7, we know that
C\ v has two components, one of which is bounded, called €. We assume the curve v is positively
oriented so that for any z € €., we have Ind,(z) = 1, and for z € C\ (yU,), Ind,(2) = 0. In
this setting, we can count the number of the zeros and the poles of a meromorphic function using
a line integral.

Theorem 3.35 (Argument principle). Let 7 be a simple closed path such that both + and the
bounded component 2, it bounds are contained in an open set U. Let f be a meromorphic function
on U such that f does not have a pole or a zero on ~. If we write

No(7, f) := the number of zeros of f in €2, and
Noo(7, f) := the number of poles of f in €2,

both counted with multiplicities, then we have

L),
2t ), 7o) @ = N0 ) A

For example, f(z) = (z —i)?/(z — 4) has a zero of order 2 at i, and hence i will contribute
two to the number Ny(7, f) if i is enclosed by ~. Similarly, 4 will contribute three to the number
Noo (7, f) if 4 is enclosed by ~.

Proof. First, we note that f only has finitely many zeros in Q. = 0, U~; otherwise it would vanish
identically on the component of U that contains v by Theorem 3.1, and hence would also vanish
on 7. This in particular implies that f’/f is also a meromorphic function on U.

Note also that a pole of f'/f is either a zero of f or a pole of f. If zg € 2, is a zero of f of order
ng, then we can write

f(z) = h(z) - (z = 20)"™
where h is holomorphic near zg with h(zg) # 0. Thus, near 2z,
f'(z) _ W(2)- (2= 20)" + h(2) no(z —20)" " _ () LMo
f(z) h(z) - (z = zo)™ hz)  z—20
Since h'/h is holomorphic near zy, we then derive

(336) ReSf//f(Z()> = ngp.
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On the other hand, if p € 2, is a pole of f of order IV, then we can write

_g9(®)
flz) = (2 —20)V
where ¢ is holomorphic near zy with g(z9) # 0. Thus, near zy,
g'(z) _ g(z)-N(z—z)V !
f'(z) _ =)™ G _4g(z) N
f(2) 9(2)/(z — 20)N 9(z)  z—2
Since ¢'/g is holomorphic near p, we then derive

Combining (3.36) and (3.37) with the residue theorem (Theorem 3.22), the conclusion follows. [

Note that the argument principle gives topological/analytical restriction on the distributions
of zeros and poles of a meromorphic function. We mention a few consequences of the argument
principles in this aspect. First, it tells us a simple fact about the limit of a sequence of non-vanishing
holomorphic functions.

Corollary 3.38. Let f, be a sequence of non-vanishing holomorphic functions on a connected
open set U. If f,, converges to a function f locally uniformly on U, then f is a holomorphic function
that is either non-vanishing or identically zero.

Remember, from Corollary 2.20, we know that such a limit f must be holomorphic, and from
Corollary 2.23, we also have convergence of their derivatives. Now, we know that such a limit
cannot vanish unless it is trivial if the sequence doesn’t. A variant of it says that if all f,,’s omit a
value 2y € C, then the locally uniform limit f also omits zy. None of these holds in the case of real
differentiable functions, as we stress many times.

Proof. Suppose f is not identically zero. We will show that f is then non-vanishing on U.

If 1 had a zero at 29 € U, since f is not identically zero, Proposition 3.1 would imply that 0 is an
isolated zero of f. Suppose the order of 2y is ng, and hence we can take r > 0 such that B,(z9) C U
and Then Theorem 3.35 and the convergence of f,’s imply

/ !
_ 1 &) im 1 fn(2)
2mi JoB, (z0) f(2) n—=00 270 Jap, (z0) fn(2)

where the last equality is because each f//f, is holomorphic since f,, is non-vanishing. This is a
contradiction since ng > 0. O

ng z=0

Corollary 3.38 is sometimes referred as Hurwitz’s theorem, which has another part about limits
of injective holomorphic functions. It can be proven similarly or be derived from its first version
(Corollary 3.38), so we state it as follows and leave it to Assignment 5.

Corollary 3.39 (Hurwitz). Let f,, be a sequence of injective holomorphic functions on a connected
open set U. If f,, converges to a function f locally uniformly on U, then f is a holomorphic function
that is either injective or constant.
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The argument principle can also be used to compare the roots of two holomorphic functions that
are close enough to each other. An example is the following theorem by Rouché.

Corollary 3.40 (Rouché’s theorem). Let « be a simple closed path such that both + and the
bounded component 2 it bounds are contained in an open set U. Let f and g be holomorphic
functions on U. If |f| > |g| on =, that is,

(3.41) |f(2)] > |g(2)| for all z € ~,

then f and f + g have the same number of zeros in  (again, counted with multiplicities).

Proof. The proof is based on a continuity argument. We consider a family

fi(z) = f(2) +1-g(2)

of holomorphic functions on U for ¢ € [0,1]. The condition (3.41) implies that f; does not have a
zero on « for all ¢ € [0, 1]. Then by Theorem 3.35, we know that the number of zeros of f; in 2 is

_ 1 [ [fi(z)
ng = 27”/7 ft(z)dz'

Since fi(z) can be viewed as a continuous function on [0,1] x U > (¢,z), n; is a continuous
function in t. Because for each ¢t € [0, 1], n; is an integer, the continuity forces it to be a constant.
In particular, ng = ny. U

Thus, it remains to show ng = ny.

Rouché’s theorem can be viewed as a stability result for numbers of zeros. The result has many
applications. For example, in Assignment 5, we will see that we can give another proof of the
fundamental theorem of algebra based on Rouché’s theorem. Second, it can really help us to count
the number of roots in a bounded region. We discuss this in the following example.

Example 3.42. Let f(z) = 2% — 422 + 3. We know that it has six roots in C, and we can use
Rouché’s theorem to get a rough range of them. In fact, we want to take R > 0 such that

28] > |42 + 3|
on 0Bpg so that we can apply Rouché’s theorem to this circle. For this, the inequality

2% > 4|2%| +3

suffices. For example, we can take R = 2. Thus, Rouché’s theorem implies that f and 2% have
the same number of zeros in By, so we know that all the roots of f lie in By. This is the simplest
situation, and one can even deal with equations involving other functions, like exponential or
trigonometric functions.

The last application that we are going to see is the open mapping theorem, which has been
mentioned in Corollary 3.6 as a consequence of the inverse function theorem. Using Rouché’s
theorem, we can see another simple proof of the open mapping theorem.
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Another proof of Corollary 3.6. Suppose zy € U and yp = f(z9). Since f is not a constant map,
Proposition 3.1 imply that 2o is an isolated zero of f — yo. Thus, by taking a small enough r > 0,
we can make B,(z9) C U and 2y is the unique zero of f — yo in B,(zp). In particular, f — yo is
non-vanishing on 9B, (zy) and hence
R:= inf |f —y0| > 0.
[ ZO)
Therefore, for any complex number w with |w| < R, Rouché’s theorem (Corollary 3.40) implies
that f —yo 4+ w also has at least a zero in B, (zp). This means that f(U) contains Br(yo), and the
conclusion follows. O

A more quantitative version of the open mapping theorem, Bloch’s theorem, can be found in
Assignment 5. It can also be viewed as a consequence of Rouché’s theorem, and we state it here.

Theorem 3.43 (Bloch’s theorem). Let f be a holomorphic function on U which contains Br(zp).
Then there exists a universal constant C' > 0 such that f (Br(z9)) contains a ball of radius CR|f'(z0)|.

4. Examples and techniques of constructing meromorphic functions

We will see more examples of holomorphic functions and meromorphic functions with some of
their applications in this section. It includes some explicit examples and some ways to construct
holomorphic or meromorphic functions with some prescribed information.

4.1. Logarithm and entire functions. We will talk about an important extension of a real-
valued function, the logarithm, log z. Using it, we will briefly talk about how to look at the growth
of a holomorphic function.

4.1.1. Logarithm function on a simply connected domain. When x € R, we know that there is a
well-defined analytic function log z such that
(4.1) €l8% = Joge” = 1.
It turns out that it is not straightforward to extend this to a well-defined continuous function log z
for z € C\ {0}. An obvious reason is that for any k € Z, we have

pFH2kmi _ oz (ezm)k — o7
Thus, to make it well-defined, one has to fix a choice of the argument. For example, we can define

log1 = 0 as in the real case. However, if we would like to extend this to the whole C\ {0}, even
just continuously, we will have to define

loge® = it
for t € [0,27). The problem then comes when t tends to 27. On the one hand, continuity forces
log €*™ = 27r. On the other hand, if the function is well-defined, we have
log e*™ =1log1 = 0.
Thus, it is impossible to have a well-defined continuous log function on C\ {0} .

We can make this more concrete if we require log z to be a holomorphic function. In fact, it
has to be holomorphic if it exists as the inverse of the exponential function, based on the inverse
function theorem 2.47. We can use this property to say that we cannot define log on a domain
where there is a closed path that winds the origin, that is, a closed path 7 such that Ind,(0) = 1.
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FiGUrE 9. We know that one can always define a logarithm function locally, so one
can extend it along a path by looking at more and more balls. The argument above
tells us that if we start the extension from the ball B; and end in the ball By, then
we will get two different values at p which is in their intersection.

In fact, if log: U — C is a holomorphic function satisfying (4.1), then differentiating (4.1) (using
the complex variable z) leads to

d
1= log z | 1
e 7 og 2,

implying that

N |

d%logz = (elogz>_1 =

on U. Then, if there is a closed path v in U with Ind,(0) = 1, then by the residue theorem
(Theorem 3.22), as a meromorphic function on C, 1/z satisfies

1
/ —dz = 2mi,
v 2

while the fundamental theorem of calculus implies

1
/dz:/<dlogz> dz=0
N 2 ~ \dz

since v is closed. We then get a contradiction. Formally, we would say that it is not possible to
analytically continuate a logarithm function along the closed path . We will talk about this in
more detail in Section 5.5.3.

We now formalize a related topological property, and will show that it characterizes regions on
which we can define log .

Definition 4.2. A subset S of C is called simply connected if it is connected and any closed
curve in S is homotopic to a constant map in S.

Recall the definition of homotopy in (2.43). We will especially talked about simply connected
open subsets. Thus, an open set U is simply connected if any closed curve in U can be continuously
contracted to a point, and the whole contraction process happens in U.
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Example 4.3. We mention some examples of domains in C.
(1) A convex set is simply connected.

(2) More generally (compared with (1)), a star-shaped domain is simply connected. In fact,
if U is a star-shaped open set in C, say every point p can be connected to the origin by
a segment in U, which is Op, then every closed curve is homotopic to the constant map

v(t) = p.

(3) A typical example which is not simply connected is a punctured disc. For example, a round
circle centered at the origin is not homotopic to a constant map in C\ 0.

We recall that two homotopic closed paths satisfy (2.45) as a consequence of the Cauchy theorem.
It turns out that it is also true for any two homotopic paths with the same endpoints. This
formulation is helpful because we have the following characterization of simply connected domains.®*

Proposition 4.4. A subset S in C is simply connected if and only if it is connected and any two
curves with the same endpoints are homotopic to each other. As a consequence, combined with
(2.45), it implies that for a holomorphic function f on S and two paths 7 and 2 with the same

endpoints, we have
/ fdz = fdz.
7 Yo

As a corollary, one can generalize Lemma 1.8 to a simply connected domain.* The proof idea
is to find a primitive directly, as performed in Lemma 1.8.

Corollary 4.5. Let U be a simply connected open set in C and let u be a harmonic function on
U. Then there exists a unique harmonic conjugate of u up to a constant.

On a simply connected domain away from the origin, we can then have a well-defined logarithm.
In general, we can take the logarithm of a function if its domain is simply connected and the
function is non-vanishing.

Theorem 4.6. Let U be a simply connected open set in C and f be a non-vanishing holomorphic
function on U. Then there exists a holomorphic function log f such that el°8f = f.

Such a function log f is called a branch of the logarithm of f. One can also see that such a
branch is unique up to an integer multiple of 27i. When f(z) = z and U = C\ (—0o0,0], we can
then find a branch g(z) = log z such that g(1) = 0. Its value is

log (reit) =logr +it

if r € R>p and t € (—m, 7). This is called the principal branch of the logarithm. One can also
find out its power series expansion™

1 \n+l
(4.7) log z = Z (17)1+(z -1n"
n=1

for z € By(1).
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Proof of Theorem 4.6. We do the case when f(z) = z, and leave the general case as an exercise.”™®
In this special case, the assumption implies that U does not contain the origin.

Fix a point p € U. Then given any z € U, we find a path v: [0,1] — U with v(0) = p and

(1) = z, and define
dz
9(z) == / —+G
v

z

for some C), € C to be defined. Note that this integral is valid since 1/z is holomorphic on U.
Moreover, g is a well-defined function, since Proposition 4.4 implies that the expression does not
depend on the path 7 as long as it connects p to z. Thus, ¢g(z) is a continuous function whose
derivative is 1/z (cf. the proof of Corollary 2.15), and hence g is a holomorphic function.

It remains to show that e9*) = 2 which depends on our choice of Cp. To see this, using
¢'(z) = 1/z, we have

!/
(se9) = 79 4 zems0e). <_1> — 9 (1 1) =0,

z
which implies that ze~9(%) is constant by the connectivity of U. Thus, we have
(4.8) ze 93) = pe=9P) = . ¢=Cp,

We can then choose C), € C such that e? = p, and then (4.8) implies e9(*) = 2. Note that the
choice of C), is unique up to an integer multiple of 2mi. O

Besides its many applications, the existence of a branch of logarithm on a simply connected
domain allows us to define inverses of many other common functions. We record them here and
omit the details.®®

Corollary 4.9. Let U be a simply connected open set in C.

(1) If f: U — C\ {0} is a holomorphic function, then there exists a holomorphic function f/™
such that (fl/”)n = f.

(2) If g: U — C\ {£1} is a holomorphic function, then there exists a holomorphic function
cos~! g such that cos (cos*1 g) =g.

As an application, we can prove the little Picard theorem. It is a generalization of the fact that
a non-constant entire function has a dense image (Assignment 4).

Theorem 4.10 (Little Picard). If f: C — C is a non-constant entire function, then f omits at
most one point in C.

First, note that this theorem is sharp in view of the example given by the exponential function,
missing exactly the origin in its image. Also, note that Theorem 4.10 is related to the Casorati—
Weierstrass theorem (Proposition 3.17). In fact, as we see in Assignment 4 (cf. Example 3.13 (5)
and (6)), if f(z) is a non-constant entire function, then f has a pole or an essential singularity at
oo. Hence, either f is a polynomial (so its image is C), or Proposition 3.17 implies that f(C) is
dense in C. Theorem 4.10 then strengthens this result by providing more precise information of the
image of such a function.
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Proof of Theorem 4.10. We will assume the function f misses at least two points, and prove that it
must be constant. After applying a linear-type transformation (of the form az+b), we may assume
that f misses at least 0 and 1.

Since f(C) does not include 0 and C is simply connected, by Theorem 4.6, we can define a
holomorphic function g := log f on C. Since f(C) does not include 1, g(C) then does not include
any integer multiple of 27i. In particular, the image of g/2mi does not include +1, so Corollary 4.9
implies that we can find a holomorphic function

1 1
h=cos ' —g=cos!|——1logf
2 271

™

on C. Then notice that if h(z) = +i cosh™' m + 27n for some m,n € Z, we would have

f(Z) _ eZm' cosh(z) _ 627r2' COS(:I:z' cosh_lm) _ e27ri~m -1

)

where we used the formula cos(iz) = cosh z. Hence, the image of h does not contain
{:I:z' cosh™'m+2mn:m,n e Z} .
Recalling the formula®™

cosh™''m = log (m +vm?2 — 1) ,

we conclude that h (C) does not contain an open ball of radius larger than a finite number Cj,.

Now, we could apply Bloch’s theorem (Theorem 3.43) to conclude that there exists C' > 0 such
that

CR-|W(2)] < Cy

for any z € C and R > 0, since h (Bg(z)) C h(C) does not contain an open ball of radius at most
C},. The relation means

C, 1
1% < 2.
Hel=g g
for any R > 0, so h’ vanishes identically, and hence h is a constant. This finishes the proof. ([

The little Picard theorem tells us about how dense the image of an entire function has to
be. There is a stronger result, the great Picard theorem, stating more precise information of the
behavior of a holomorphic function near an essential singularity. See Theorem 5.24.

4.1.2. Growth of zeros. We study the density property of the image of an entire function in the
previous section. Next, we look at the growth of an entire function. It turns out that the behavior
of a holomorphic function on the boundary of a disc is related to zeros in the interior of the disc.
This is encoded in the following formula by Jensen.

Theorem 4.11 (Jensen’s formula). Let f be a holomorphic function on an open set U and suppose
Br C U for some R > 0. If f(0) # 0 and f|sp,, is non-vanishing, then

27 )
log | f(0)] = Z log|;‘+217r/0 log | f (Re™)| dt,

2€f~1(0)NBg

where the zeros are counted with multiplicities.
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In fact, the formula also extends to the case of meromorphic functions. Here, since we are going
to look at entire functions later, we focus on holomorphic functions. Also note that if f is non-
vanishing on the disc, the formula follows directly from the mean-value property of log | f|, which is
the real part of a holomorphic function log f. This is one way to prove the formula, which we will
see in the following.

Proof. We do the case when R = 1, and the general case follows from scaling (and one can also get
a version when the center is not the origin).

The trick we are going to use is to multiply f by a good function so that the number of its zeros
decreases. That is, for zg € Bj, consider the function
zZ0 — %

hayo(2) == %2

In Assignment 1, the following properties are proven.
(1) hz(0) = 20,
(2) hy, has a unique zero zp in By, and
(3) |hz| =1 on 0B;.

As a result, we can look at the function

Fe=f- [ »nt,

zef~1(0)NBy

a non-vanishing function on Bi. We can then apply the mean-value theorem to the real part of
log F' to get

2T
(4.12) log |F(0)| = 1/ log |F' ()] dt.
2T 0

Note that for each z € f~1(0) N By, the properties (1), (2), and (3) imply

1 27 .
(4.13) log [1.(0)] = log 2| =log 2| + - [ log|hz (¢")] at.
0

Combing (4.12) with (4.13) for each 2z € f~1(0) N By, the conclusion follows. O

There are many applications of Jensen’s formula. For example, one can use it to prove the
Liouville theorem and the fundamental theorem of algebra again. A typical usage of Jensen’s
formula when applied to entire functions is to relate the growth of an entire function with the
density of its zeros. We state one type of this result here.

Corollary 4.14. Let f be a non-constant entire function such that for some C, a < oo,
(4.15) £(2)] < CeCtl®

for all z € C. Then there exists Cz = Cz(f) < oo such that f contains at most C'z R* zeros in Bp.
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For a function satisfying (4.15), we say f is of order at most «. For such a holomorphic
function, if we let

No(BRr, f) := the number of zeros of f in Bpg,
the theorem says that the number Ny(Bg, f) of zeros of f does not grow faster than R®.

Proof. First, we assume f(0) # 0. Then applying Theorem 4.11 with radius 2R and putting the
integral term on one side, we have

2R 1 [?7 y
log FO)]+ Y- tog =5 [ g (2Re")] .
z€f~1(0)NBzr 0

On the one hand, we can use the growth assumption (4.15) to estimate
I , 1 o
/ log |f (2Re™)| dt < — - 21 - log Ce® R =1og C' +2°C - R“.
27 0 27
On the other hand, for the summation term, we can just look at those zeros in Bg, and get

2R 2R
> log 17 > > log 1 > log 2 No(Br. /).
z€f~1(0)NBz2r i 2€f~1(0)NBRr o
Combining these, we get
log |f(0)] +10og2 - No(Bg, f) < logC +2%C - R®,

which implies

NO(BRaf) < !

< Jog2 (2°CR* —log|f(0)]),

the desired growth.

If f(0) = 0, since f is non-constant, 0 must be an isolated zero of f. Thus, for small enough
r > 0, we have f(r) # 0. Applying the argument above to the point r, we get the same form of
estimates for large enough R.** g

4.2. Approximating meromorphic functions. We understand how the number of the zeros
of an entire function may grow. We next can ask for refined information, such as patterns or
distribution of those zeros. For example, given a set of points, can we find an entire function whose
zero set is exactly the given set? From Proposition 3.1, we know that there are some restrictions.
That is, if f is an entire function and its zero set Z(f) is not the whole complex plane C, then Z(f)
only contains discrete points. Thus, we have a necessary condition for a set to be the zero set of
an entire function. We will see that the condition is also sufficient, due to Weierstrass, at the end
of the seciotn.

We will start by Runge’s approximation theorem. Using it, we will be able to derive two results
about prescribing vanishing or singular behavior of a holomorphic functions by Mittag-Leffler and
Weierstrass. For the Weierstrass theorem, we will in fact use a more direct method to prove it.
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4.2.1. Runge’s approximation theorem. The question Runge asked is the possibility of approximat-
ing a holomorphic function by rational functions or polynomial functions. This reminds us of the
Weierstrass approximation theorem, which says that every continuous function defined on a closed
interval can be uniformly approximated as closely as desired by a polynomial function.

For holomorphic functions, recall that we know they are analytic (Theorem 2.17), so it is true that
they can locally be approximated by polynomial functions. In general, we would like to understand
what condition is necessary or sufficient to guarantee such an approximation on a compact set. One
can see that using polynomials is not always enough by looking at 1/z on the compact set 9B,
along which every polynomial has trivial line integral. Restrictions come from non-trivial topology
of the set K, as in the case of 0By, its complement is not connected. If we allow rational functions,
that it works for all compact sets.

Theorem 4.16 (Runge). Let K be a compact set in C and let f be a holomorphic function defined
on a neighborhood of K.
(1) f can be approximated uniformly on K by rational functions whose poles are away from K.
(2) f can be approximated uniformly on K by polynomial functions if C\ K is connected.

We will first prove the first part, that is, Theorem 4.16(1). After that, we will discuss how to
approximate a rational function by another with prescribed poles.

Proof of Theorem 4.16(1). Suppose f is a holomorphic function on U which is a bounded open
neighborhood of K. We will first divide the boundary of a (slightly smaller) neighborhood of K.

Let d := dgyc (K, 0U) /100. Consider a grid formed by closed solid squares with sides parallel to
the axes and of length d. Let R be the set {Ry,---, Ry} that collects all squares that intersect K,
and let v1, -+, be those sides of squares in R that do not belong to two adjacent squares. By
the construction, each 7, C U \ K.

F1cURE 10. A possible choice of R.

We let

N
OR = U OR,

n=1
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be the union of the boundaries of R,’s. For eah z € K \ OR, we can find R,, € R such that
z € intR,,,, and hence

1 f(w)dw:{f(z) if n=n,

21 Jog, W — 2 0 otherwise -

Hence, summing over n = 1,--- , N so that the contribution from adjacent sides cancel, we get

M
(4.17) Z 217”/ mdw = f(2)
m=1 Ym

for z € K\ OR. For z € K NOR, since 7, C U \ K for each m, the left hand side of (4.17) still
makes sense and defines a holomorphic function (Proposition 2.4). The continuity then implies
that (4.17) is true for all z € K.

Now we use the expression (4.17) to get an approximati()ll. For each ~,,, since it is a compact
segment that is disjoint from K, we can find a closed ball B,  (z,) that contains ~,, and is still
disjoint from K. Then the function

fm(z) =5 L f( )

211 Y w—z

is holomorphic on C\ By,, (zmm), and Theorem 3.9 implies that we have a Laurent series expansion

(e 9]

()= 3 Az = zm)”

n=—oo

where the convergence is locally uniform in C\ B, (2,). Therefore, the sequence

(4.18) Z Z (2 — zm)

m=1n=—j

is a sequence of rational functions that converges uniformly to f on K (since the sum of fi, -, fas
is f on K). Note that all the poles z,’s are in C\ K. O

Based on the construction (4.18) in the proof, to achieve the second part of the theorem, one
would like to move the poles of rational functions to infinity. We will do this in a general way in
the following result.

Proposition 4.19. Let K be a compact set in C and let U be a connected open set in C such that
UNK = . Given 2y € U, a rational function with poles in U can be approximated uniformly on
K by rational functions with exactly a pole at z.

Proof. We let R(zp) be the set of rational functions with exactly a pole at zg, that is,

N
R(z0) := Z &(z())) : each p; is a polynomial
j=0
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when zy € C, and R(zg) is the set of polynomials when zy = co. Consider the subset

V.= {w eU: can be approximated uniformly on K by rational functions in R(zo)} .

z—w
Since a rational functional can be expressed by partial fractions, it suffices to show that V' = U. By
its definition, V' contains zg automatically, and we will show that it is both closed and open.

1
Z—2Zn
on K as n — oo. Thus, given € > 0, we can find n large such that

The closedness is more direct. If z,, € V is a sequence and z, — zo € U as n — oo, then

converges uniformly to

Z—Zoo
1 1 < €
Z— Zoo Z— Zn 2
for z € K, and we can find R € R(z) with
1 €
R(z2) — <
’ (2) Z— Zn, 2

for z € K. Combining this, we see that 1/(z—24) can be approximated uniformly on K by functions
in R(zp), and hence zo, € V. This proves that V is closed in U.

The difficulty mainly lies in proving the openness of V. Suppose wy € V. We want to approximate
1/(z—w) by functions in R(wyp) for w close enough to wy. We first deal with the case when wy = oo,
which means R(wy) consists of polynomials. First, we take R < oo large such that K C Bg. For w
close to wy, in the sense that |w| is large, say |w| > 2R, we get

11 1 15}:2”
z—w  wl—z/w w = w"

with |z/w|™ < (1/2)". Thus, Weierstrass’ M-test implies that the series converges uniformly on K,
and hence we get w € R(0).

The case when wq € C is similar, using the technique in the proof of Proposition 2.4. That is,
we write

1 1 Z — Wy 1 1
z—w zZ—wy Z—w z—wy 1—L=wo’
Z—wo

For such a wy € V' C U, take a positive & < dguc(wo, K). Then for w € B, /(wo), we have

[e.9] n
1 . 1 Z w — Wo
Z—U)_Z—U)O 0 Z — wo

n=»

with g’:;‘jg < (1/2)™. Weierstrass’ M-test again implies that the series converges uniformly on K,
and hence we get w € R(wp). This finishes the proof of the openness of V, and hence the proposition
follows. g

As a corollary, we can now prove the second part of Theorem 4.16.

9n fact, it is exactly the same proof after a change of variables z — 1/(z0 — wo).



64 TANG-KAI LEE

Proof of Thoemre 4.16(2). Given f, from Theorem 4.16(1), f can be approximated by rational
functions with poles away from K. That is, given € > 0, f can be ¢/2-approximated on K by
Ry +---+ Ry, where R, has exactly one pole at z, € C\ K. By Proposition 4.19, each R,, can be
£/(2N)-approximated on K by a function in R(c0), the set of polynomials. Combining these, we
complete the proof. O

In fact, the same argument leads to a slightly stronger result. We record it here and leave the
(repeated) arguments to exercises.

Corollary 4.20. Let K be a compact set in C and let f be a holomorphlc function defined on a
neighborhood of K. If S is a subset of C\ K such that each component of C\ K intersects S, then
f can be approximated uniformly on K by rational functions whose poles are in S.

All of these results will be referred to as Runge’s approximation theorems. Runge’s theorems
are very useful when one tries to construct holomorphic and meromorphic functions. We will see
one example in the next section, and before that, we first show that it provides an analytic way to
characterize simple connectivity (cf. Assignment 5).

Corollary 4.21. Let U be a bounded connected open set in C. If C\ U is connected, then U is
“holomorphically simply connected,” in the sense that given any holomorphic function f on U and
a closed path v C U, f7 fdz = 0.

We know from Proposition 4.4 that a simply connected set is holomorphically simply connected.
The converse of this can be obtained easily after we learn the Riemann mapping theorem later.

Proof of Corollary 4.21. Let f be a holomorphic function on U and - be a closed path in U. Consider
the compact set

K:={z€U:dgy (2,C\U) > ¢}

for small € > 0. We want to show that C\ K is connected so that we can apply Runge’s theorem.
This is a purely topological fact, and we can do it directly.

To this end, suppose for a contradiction that we can write C\ K = V; U Vs where V; and V, are
non-empty disjoint open sets. With this, consider

C; =V, \U

for i = 1,2. We claim that C7 and Cy are non-empty disjoint closed sets. If this is done, then we
get a contradiction since C\ U = C7 U Cy while C\ U is connected.

For the claim, it is clear that C; and Cy are disjoint. To show that they are closed, suppose
zn, € C1 is a sequence that converges to a point zy. Then since U is open, we know zy € C\ U, so
zo € K by the definition of K. Hence zy € V3 U Vs, and the disjoint property implies zg € V;. This
proves that C7 is closed, and similarly so is Cs.

Finally, we show that Cj is non-empty (and similarly so is C3). If C1 = ), then we would get
Vi CU. For any w € Vi, since w ¢ K, there exists z € C\ U such that |w — z| < e and wz C C\ K.
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The idea of the rest of the proof is that because z € V5 (since V3 C U), a limiting point on zw
would make a contradiction. In practice, one can consider

t:=sup{t €[0,1] : (1 —t)z + tw € Va}
and see that it cannot belong to either Vi or V5. This finishes the proof of the claim.

Now, by Runge’s theorem (Theorem 4.16(2)), we can approximate f uniformly on K by poly-
nomials. Since v is compact, by choosing ¢ small, we can assume v C K. This then finishes the
proof by the Cauchy theorem. O

4.2.2. Mittag-Leffler theorem. Recall that given a meromorphic function f and one of its poles zg,
its principal part is a rational function P, which is a polynomial in 1/(z — zp) such that f — P has a
removable singularity at zop (and hence can be viewed as holomorphic near z), see Proposition 3.15.
Using Runge’s theorem 4.16, we will see that we can prescribe poles and even their principal parts
for a meromorphic function.

Theorem 4.22 (Mittag-Leffler). Let Z = {z,} be a countable set of distinct points in U C C.
Suppose Z does not have accumulation points in U. Given a sequence of rational functions P,’s
which are polynomials in 1/(z — z,), there exists a meromorphic function f € M(U) whose poles
are exactly z,’s with each f — P,, holomorphic near z, for all n.

The idea is as follows. A naive way to get such a meromorphic function is to just take the sum
of all the principal parts, which works when there are only finitely many z,’s. When there are
infinitely many poles, there is no reason to believe that the sum of P,’s converges. We will then
use Runge’s theorem to approximate P, by rational functions, and hence their differences can form
a convergent series.

Proof. For j € N, consider the compact set

(4.23) K;j:={z€U:z€ Bjand dgu(z,0U) > 1/j}.

When 0U = (), e.g., when U = C, dgyuc(z,0U) is always considered to be oo. Note that each
component of C\ K intersects C\ U.

For each j € N, let I; be the index set of those n’s such that z, € K;4q \ K;. This implies that
I; is a finite set, and we consider

fi(z) =) Pu(2),
nEIj
which is a holomorphic function on a neighborhood of K;. By Runge’s theorem (Corollary 4.20),
there exists a rational function g; with poles in C \ U such that
1
Sup |fi — 951 < YR
J
Since K; C Kjy1 for all j, by Weierstrass’ M-test, the function
[e.9]

(f; — 9j)

Jj=m
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converges uniformly and hence is holomorphic on K,,. On the other hand,

n

> (= 95)

j=1

has poles at z, for n € Iy U--- U I; with the prescribed principal parts. Thus, the function
oo
> (i —g5)

Jj=1

satisfies all the conditions we list. OJ

Example 4.24. We mention an example of meromorphic function that has simple poles at positive
integers with residues all equal to 1. The corresponding principal part is ﬁ for z, = n € N. Clearly,
the sum (consisting of f; in the proof)

o

1
Zz—n

n=1

does not converge. To find out suitable g;’s, we note that the zero-order term in the power series
expansion of 1/(z —n) at 0 is —1/n, so we consider

>(Zarn)

n=0

Note that for z € Bg and n > 2R, we have |z — n| > n/2, so

1 1

ot
(z—n)n

1
n/2-n

<z

zZ—n n

Hence, the series converges locally uniformly, and hence defines a meromorphic function with the
prescribed data.

Remark 4.25. We remark that the idea of subtracting zero-order parts from a power series is a
commonly used technique in analysis. For example, it can be used to construct doubly periodic
meromorphic functions with double poles. We will not talk about it in detail but just mention that
given two linearly independent complex numbers wy and ws, the Weierstrass p-function associated
to them is

1 1 1
A (m,r;#(op) ((z —mwy —nwg)?  (mwy + ”w2)2> '

Weierstrass p-functions transform the study of doubly periodic meromorphic functions into a study
of elliptic curves via a geometric relationship, providing elegant geometric proofs for the addition
formula of elliptic functions and creating a link between these two fields of mathematics.
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4.2.3. Weierstrass factorization theorem. In this section, we will see another consequence of Runge’s
theorem. It is parallel to the Mittag-Leffler theorem, but know we want to prescribes zeros and
poles with given orders.

Different from prescribing principal parts, which involves taking infinite sums, prescribing zeros
will require taking infinite products. Thus, we start with a brief discussion on this.

Let a,, (n € N) be a sequence of complex numbers. We say the infinite product
oo
JEN
n=1

converges non-degenerately if the limit

exists and is a non-zero complex number for some ng € N. As expected, this non-degenerate

o0
convergence is related to the infinite sum of the logarithm series. Note that if [] a, converges
n=1
non-degenerately, the sequence a, necessarily converges to 1 as n — co. Thus, for large n, we have
a, € C\ (—00,0], on which we define the principal branch of the logarithm, which we will keep

using the notation log.

By the continuity of the exponential function, we get the following criterion of the convergence
of infinite product.

Lemma 4.26. Let a, (n € N) be a complex sequence such that {n : a, = 0} is finite. If there
o0

o0
exists ng € N such that > loga, converges, then [] a, converges non-degenerately.
n=ng n=1

In fact, the two conditions are equivalent. We will mainly use this direction, so we do not
discuss the other direction here. When the sum converges uniformly on a set, the continuity of the
exponential function implies the product also converges uniformly. This will be used when proving
Weierstrass’ theorem.

Example 4.27. We mention some examples here.
(1) The infinite product

ﬁ(1+(_1]2k+1>:(1+1) (1_;) (1+§>

n=1

converges to 1. This follows from

ﬁ m (DY 1 if m is even

o k |1+l ifmisodd
(e%¢] X > .

(2) The product [] (1+ %) does not converge, but ] |1+ £| does converge. Thus, the con-
n=1

n=1
vergence of the two products are not related as in the sum case.
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Now, we state Weierstrass’ theorem. A proof of the theorem is parallel to that of Mittag-Leffler’s
theorem (Theorem 4.22).

Theorem 4.28 (Weierstrass). Let Z = {z,} be a countable set of distinct points in U C C.
Suppose Z does not have accumulation points in U. Given a sequence of non-zero integers IV,,’s,

there exists a meromorphic function f € M(U) whose zeros and poles are exactly z,’s with orders
N,’s.

In the statement, we use the convention that if z, is a pole, then its order is a negative integer.
This is different from our definition in Section 3.2.2, but we use this convention here since the
theorem can be stated in this way so that one can determine whether z, is a zero or a pole by the
parity of N,,.

We are not going to talk about the proof using the Runge theorem. A drawback of using Runge’s
theorem is that it does not produce an explicit function directly. Instead, we look at the following
special case, for which we can write down a holomorphic function explicitly.

Theorem 4.29 (Weierstrass factorization theorem). Let Z = {z,} be a countable set in C, and
we allow multiplicities in Z. Suppose Z is either finite or diverging to infinity, in the sense that

(4.30) lim |z,| = oc.

n—

Then there is an entire function f such that Z(f) = Z.

Different from Theorem 4.28, we only talk about zeros, and we do not use a separate index to
record their multiplicities but just list them out.

Before giving a proof, we first observe that it is reasonable to consider the product
i z
H <1 a ) .
n=1 “n

This doesn’t make sense when z,, = 0 for some n, which can be fixed by simply taking all the zero
points out and get

(4.31) 2 ﬁ <1—;>

n=m+1

if we assume z, = 0 if and only if n < m. Conceptually, at least pointwise at a point z, what we

need is the convergence of the sum i i , which, since it should be true for all z, is basically
equivalent to the convergence of e
y L
n=m-+1 2

This is definitely not true in general, so we need to adjust more. Let’s complete it in the proof.
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Proof of Theorem 4.29. To make each term in (4.31) decay fast enough, we consider

bt z
4.32 m, 1 2 ) (2
(4.32) z H ( Zn)e

n=m+1
where each P, is a polynomial and we hope that they will make

5 (2 £ (n(1-2) o)

n=m+1 n=m+1 n

converge so that we can apply Lemma 4.26. To this end, first, we observe that for a fixed radius
R, given any z € Bpr, we have |z/z,| < 1/2 for n large enough by the assumption z, — oco. Thus,
from the expansion (4.7), we have

oo (12— 2 L[z _1(z)"_
& ) zn 2 \zn 3\ zp

Therefore, we consider

k=1
for some m,, to be chosen. For z € Br and n large as above, we can estimate

o (1-2) eneo] =) S HE) et () (- )

k=my,+1
1 1\mntt
< = - 2.
“mp+1 (2)

Thus, if we choose, for example, m,, = n for each P,,, then the series

ngﬂ (1l (1- 2 ) + 1)

converges locally uniformly. This tells us that (4.32) defines an entire function with those prescribed
Z€eros. U

(4.33)

To make notations simpler, we let
En(z):=(1- z)ezg:l 5

Thus, from (4.32), we obtain an entire function of the form

o 1Lm ()

In fact, since given an entire function g(z), its exponential e9(z) is always an non-vanishing entire
function, we obtain a lot of functions of the form

(4.34) H E, ( >

n=m-+1
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satisfying Theorem 4.29. It is good that it has exactly the zero set that we want. A problem is
that we do not have a controlled growth of this function. In the expression (4.34), the growth is
essentially controlled by the growth of g and the n in E,. For the part of E,, from the estimate
in (4.33), one can first see that if the growth of the zeros is controlled, then we can first get a
uniform Ej for all n. We formulate it as a corollary of the Weierstrass factorization theorem here.®*

Corollary 4.35. Let Z = {z,} be a countable set in C. Suppose Z satisfies that z, = 0 if and only
if n <m and

[e.e]

1
i=m+1 7"

If we let d := |/, then for any polynomial g of degree at most d, the function

f(z) =9 . om. 1°_°[ E, <ZZ)

n=m-+1

satisfies that Z(f) = Z and is of order at most «. As before, we allow multiplicities in both the
sets Z and Z(f).

The converse of this corollary is a characterization for entire function of finite order. It is the
Hadamard factorization theorem.

Theorem 4.37 (Hadamard factorization theorem). Let o > 0 and f an entire function of order at
most «. Suppose Z = {z,} is the zero set of f with z, = 0 if and only if n < m. If we let d := |/,
then there exists a polynomial g of degree at most d such that

f(z) = e9®) . om. ﬁ E, (;) .

n=m-+1

4.3. Gamma function and Zeta function.
4.3.1. Gamma function. We look at one example for the Hadamard factorization theorem (Theo-
rem 4.37). Take f(z) = sinmz. We know that
Z(f) =Z ={0,41,42,---}
and all the zeros have order one. Moreover, we have
|sinmz| = % |ei” - e_im’ < emll,

and hence the order of f is at most 1. (Recall how this is defined in (4.15).) Thus, Theorem 4.37
implies that there is a polynomial g(z) of degree at most one such that

s — 9 (E)
sinmz = e z HE1 )
n#0

Since we can switch the order of the terms in the product, we can first calculate
2

()5 (-5) =k (1-3) (D) 15
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That is,

. . - 2?
(4.38) sin7z = e )'z'H (1—n2>.

To find out g, we look at

. [o8) 2
smmnwz z

1 = > log (1- 5

0og P g(Z) +n:1 0g < TL2> )

where the logarithm on the left hand side is a suitable branch. We can look at the Taylor series of
both of the functions near 0. Recall again that we have (4.7). Thus, we know

(4.39) ilog<1_;>:Ti(_;Jr...):_(i;)Zu...’

where we do not need an explicit expression of the second-order term.'® We keep track of the terms
up to second order since we know that the degree of g is at most one. Similarly, we have

; 2,2 2,2
(4.40) logsmﬂzzlog<1_7rz+'”>:k'2m,_7r62+_“’
mZ

3!

where the multiple of 27 comes from the possibility of different branches. Thus, comparing (4.39)
and (4.40) and noting that degg < 1, we know that g(z) = log 7 + k - 2mi for some k, and hence we
know that (4.38) can be now explicitly written as

(4.41) sinmz =7z - H (1 - n2> ,
n=1

the famous Euler sine product formula. Note that comparing the coefficients of z? leads to another
2

proof of Y 0%, 5y = 7.

Another consequence of (4.41) is that any entire function f of order at most one and with
Z(f) = Z is of the form

f(z) = ¥t . sinmz
for some a,b € C. One then can ask what happens if we would like to find f with Z(f) = N.

To follow the tradition, we assume Z(f) to be the set of non-positive integers as simple zeros.
That is,

Z(f) =Z<o=1{0,-1,-2,-3,---}.

If we require, as above, that the order of f is at most one, Theorem 4.37 then implies

_ paztb . E (_E)Z az+b | . —z/n (1 E)
flz)=e z nl;[l (= e z ,];[16 —I-n

for some a,b € C. We first choose b = 0 for simplicity, and we want to find a so that the resulting
f is an “interesting function.”

10We could have used the formula Y = % to get the coefficient.
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Since the zero set is almost translation-invariant (at least in one direction), we first look at how
f(z) and f(z + 1) are related. Recall that we’ve chosen b = 0, and then note that

_ztl z+1
n

_ 2+l z+1

e n—1 1+
n—1

__1 1 __= z
e n—1 <]_ —l— > e n—1 (]_ + 7)
n—1 n

after a change of variables n — n — 1. We compare this with

flz+1)=e¥T(z41) -

e
9]

=™tz 4+ 1) -

s 11

— eaera(l 4 Z) .
n=2
o oo
f(z) =e*z- H e n (1 + E) =e¥z-e*(1+2)- H e n (1 + E) ;
n=1 n n=2 n

where we single out the first term in the product. Notice that most of the terms can be compared
directly, and for the exponential terms, we have

ax __z > z _Zzoo (L_l)
H e n—1 H eiﬁ = e n=2\n—-1 n/ — eiz.
n=2 n=2

Thus, we can write

i n—1
= f(z)-e” H(f% <1 + i)
n=1

Thus, we choose a = v € R such that

a 1 1

. n — | =

e He <1+ n) 1,
n=1

and such a number 7 is called the Euler—Mascheroni constant. A familiar form is

> /1 1 , 1 1
'y:Z(n—log(l—i—n)) ZA}gnoo<1+2+~-+N—log(N+1)> =0.577---.
n=1

With this choice of a = ~, we know that f satisfies zf(z + 1) = f(z). This f then has (simple)
zero set exactly consisting of non-positive integers. The Gamma function is then defined by its
reciprocal; that is,

1

[(z):=f(z) t=e" 271 ﬁ en (1 + %>_ .
n=1

We summarize some properties of I'.

(1) T has simple poles at z € Z<p and is holomorphic and non-vanishing elsewhere.
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(2) The relation of f implies
(4.42) [(z+1) ==2I'(2)
for z ¢ Z<.

(3) The recurrence relation (4.42) implies

o0 o
z z\ 1
— 1i — 15 -z, n _ — 0. 0, —
F(l)—ig%zf(z)—lg%e He <1+n) e He 1=1.
n=1 n=1
Hence, applying the relation (4.42) again leads to
I'(n)=(n—-1)!

for n € N. That is, I'(z) can be regarded as an extension of the factorial function to the
complex plane.

4.3.2. Zeta function and prime number theorem. We now talk about the function that we’ve men-
tioned in the introduction. That is, the Riemann zeta function

) =Y o

n=1

o0

which converges locally uniformly in the half plane!!
H.i:={se€C:Re(s) >1}.

In particular, ¢ is a holomorphic function on H~;. This function is one of the most important
functions in math. We know its value when s = 2 is

which has already appeared before.

In this section, we will relate the function ¢ to a theorem about the distribution of prime
numbers. The theorem says that the counting function

m(x) := the number of primes < z

grows like x/log x. That is, the “density” of primes grows like 1/log .

(x)
» x/logx

Theorem 4.43 (Prime number theorem). As x — oo — 1L

We will mention a heuristic why such a result holds. See the discussion below Corollary 4.46.
First, we can notice a relation between ¢ and the set P of prime numbers, encoded in the following
Euler’s product identity.

Lemma 4.44 (Euler product identity). For s € H~1, we have

(1.45) () = [T —

_ p—s’
peP1 p

In particular, we know that (: H-~; — C is a non-vanishing holomorphic function.

e use the principal branch of the logarithm to define n® := ¢*'°8™ for s € H1.
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A priori, we have to fix an order in P before knowing the convergence of the product. We can
simply write it in the increasing order; that is, P = {p; : j € N} with p; < p;41.

Proof of Lemma 4.44. The proof is basically based on the fundamental theorem of arithmetic.
Recall that it says that every positive integer greater than one can be written as a product of prime
numbers, and the expression is unique up to the order of the factors. That is, for any n € N, we

can write
n = H pan,p
peP

where a,, , = 0 for all but finitely many p € P. Thus, for z > 1 and N € N, we can write
My L-% 2
p<z a=0 P n n’

where the sum is running over all n with a,, < N for p € z and a, ), = 0 for p > . When s is
real with s > 1, letting N and x tend to infinity, we see that the right hand side is monotonically
converging to ¢(s) and hence

=1 1
C<8>:HZEZH 1_p—s'

peEP a=0 peEP

For a complex s with Re(s) > 1, one can use

= 1
IC(s)] < ZT(s)
n:ln

and the dominated convergence to conclude the same formula. O

By looking at the formula (4.45) as s — 1, one can get the following consequence which is a
well-known fact first proven by Euclid.** This is a sign that the study of ¢ can help us understand
the distribution of prime numbers, and this is a reason why we intentionally avoid using |P| = oo
in the proof of Lemma 4.44.

Corollary 4.46. |P| = co. That is, there are infinitely many prime numbers. In particular, we
have 7(x) — 0o as © — 00.

Let’s now briefly mention why we should believe the asymptotics in Theorem 4.43, as now we
know that m(x) — oo. This is not a formal argument, and the symbol ~ means nothing in this
paragraph. A very rough idea is that by the idea of removing composite numbers, we have

r(z) ~ - <1—;>.
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where the sum is running over n with a, , < x. When z is large, in the sum, one can imagine that
those terms with n > x will contribute (relatively) very little. If so, then we get

xr
T 1
7z2 — =~ log .
m(x) —in

To make this rigorous, one crucial step is to prove that ¢ has no zeros on the line 14+ iR = H_;.
This is also related to the infamous conjecture of Riemann (see Riemann hypothesis).

5. Introduction to Riemann surfaces

In the second part of this semester, we will talk about topics related to different aspects of Rie-
mann surfaces. It will mainly be about harmonic functions, conformal mapping, and the uniformiza-
tion problem. All of these topics require techniques of taking limits of a sequence of holomorphic
or meromorphic functions, and hence we will start from this.

5.1. Normal families in function spaces.

5.1.1. Normal families of continuous functions. We will talk about compactness properties of a
family of holomorphic functions on an open set U. This question already appears in the study of
real-valued functions (for example, the Arzela—Ascoli theorem), and, as expected, will have many
interesting applications. We will see again that because of many nice properties of holomorphic
functions, compactness may hold under much weaker conditions.

We first recall some properties for families of continuous functions. They can be discussed in a
very general situation, but we just focus on functions on an open set U in C. For simplicity, we will
let C(U) be the set of (real-valued) continuous functions on U.

Definition 5.1. Let F be a family of continuous functions on U; that is, F C C(U).

(1) We say F is equicontinuous on a set S C U if given any ¢ > 0, there exists § > 0 such
that for any f € F and z,w € S with |z — w| < , we have |f(z) — f(w)] <.

(2) We say F is normal if any sequence f, € F has a subsequence which converges locally
uniformly on U.12

This may remind us of the sequential compactness properties for metric spaces. Remember it
says that in a metric space X, a subset K is compact if and only if it is sequentially compact.®
Thus, a natural question is whether we can find a “reasonable metric” on the space C(U). If so,
then it may give us good criteria to check property (2).

There is a natural norm that one can put on the space C(K) when K is a compact subset of U.
That is, the sup norm, defined by

(5:2) 1 fllecx) -= sup|f]
K

for f € C(K). This is a well-defined complete norm when K is compact, and we know that con-
vergence with respect to || - [[¢(x) means uniform convergence on K. However, we would like to
work with C(U) where U is an open set, so not necessarily (and mostly not) compact. An idea we

12Note that the limit does not have to lie in F.
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can use is to try to write U as a union of compact sets K;’s. Then try to connect the convergence
property we want to a combination of metrics on these K;’s. We divide this idea into three steps.

(a) Exhaustion. We suppose there exist compact sets K;’s such that

U=|JEK;
j=1

with K; C intKjy; for all 5 € N. This then tells us that knowing how to control a family F in
each Kj is enough for us to control it in an arbitrary compact set K C U. This is because given a
compact set K C U, the assumptions above then allow us to find some j € N such that K C K;.**
Such an exhaustion always exists, and one possible construction have been used before; see (4.23)
in the proof of the Mittag-Leffler theorem.

(b) Normalized norms. For f,g € C(U), we can naturally view them as elements in C(K) for
any j by restricting them to K; C U. Thus, as in (5.2), we can consider

d](fag) :=sup |f - g|7
K;
well-defined on C(U) (though not a metric yet). Since we are going to combine all information from

K;’s, we first normalize a single d; by considering

_ _4i(f,9)
5j(fa9) = m

A few simple consequences of this normalization are listed below.
(1) 6;(f,9) <1and 6;(f,9) < dj(f,g)-
(2) d;(f,g) <1if and only if 3d;(f,9) < 6;(f,9) < 5.

(c) Locally uniform convergence property. For f,g € C(U), we now combine all §;(f, g)’s by
taking

=

pu(fs9) = p(f,9) = Z 79i(7,9),

Jj=1

[\)

which is always finite by property (1) above. One can show that p defines a metric on C(U).** Our
desired convergence property is summarized in the following lemma.

Lemma 5.3. Let U be an open set in C and f,,’s and f be elements in C(U). Then the following
are equivalent.
(1) In the metric space (C(U), pv), fn — f as n — oo.

(2) On any compact subset of U, f, converges to f uniformly.

Proof. First, we prove (1)=-(2). Given a compact set K C U, we can take j large enough such that
K C Kj. Since p(fpn, f) — 0, in particular, we have 0;(fy, f) — 0. This implies d;(fy, f) — 0. Thus,
fn converges to f uniformly on K, and hence, on K.
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Next, we prove (2)=-(1). By the assumption, we know that f, converges to f on every K;. To
show that p(fn, f) — 0, we are going to bound it in two parts as follows. For some J € N to be
chosen, we write

o £) =D 503 )
j=1
J 1 <1
Jj=1 j=J+1

using §; < 1 in property (1) of §;’s. To this end, given any £ > 0, we find J so large that 277 < /2.
After fixing this J, using the uniform convergence on K j, we can find N such that for any n > N,
07 (fn, f) < e/(2J). In particular, §; (fn, f) < e/(2J) for all j < J and n > N. Putting these into
the decomposition above, we have

J 1 )
plfni £) <Y 5505 D+ Y 55
j=1 j=J+1
J € £ 1
o) YN
<29ty
Jj=1 Jj'=1
T2 2
for n > N. This proves p(fy, f) — 0. O

This characterization also tells us that the metric py is a complete metric. This follows directly
from Lemma 5.3 and the the completeness of (C(K), | - [lc(x)) for a compact set K.

Corollary 5.4. Given an open set U in C, the metric space (C(U), prr) is complete.

Now we can rephrase the definition in (2). That is, a family F C C(U) is normal if and only if F
is compact in C(U). What we are looking for is “good description” that guarantees normality. We
mention two equivalent conditions here. The first one is through the notion of total boundedness.

Definition 5.5. A subset S in a metric space (X, d) is called totally bounded if given any ¢ > 0,
S can be covered by finitely many open balls of radius . That is, there exist z1,--- ,zxy € X for
some N € N such that

N
- U B.(xp
n=1

Recall that a metric space is compact if and only if it is complete and totally bounded. As in
Lemma 5.3, we may expect that we can translate this equivalence to the local setting, that is, a
description on a compact set.

Proposition 5.6. Given an open set U in C and a family F C C(U), the following are equivalent.

(1) F is normal.
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(2) F is totally bounded in (C(U), py) -

(3) For any compact K C U and € > 0, there exist finitely many fi,---, fxy € F such that for
any f € F, there exists fy with

sup |f — ful <e.
K

Note that (3) may appear to be a straightforward reformulation of (2). As in Lemma 5.3,
however, the connection is more subtle due to the openness of U. We leave the proof, which uses
the compactness of F ((1)<(2)) and the same idea as in Lemma 5.3 ((2)<(3)), to Assignment 6.

One consequence of Proposition 5.6 is the famous Arzela—Ascoli theorem.
Theorem 5.7 (Arzela-Ascoli). Let U be an open set in C and F C C(U). Then F is a normal
family if and only if the following conditions are true.

(1) F is equicontinuous on any compact set K C U.

(2) For any z € U, the set {f(2) : f € F} is bounded.

Proof. First we show that the normality of F implies (1) and (2). For (1), given a compact set

K C U and a positive number ¢, we can take fi,---, fy such that for any f € F, there exists fy
such that

€
(53) sup|f — il <

K
by Proposition 5.6 (3). Now, since each of f,,’s is uniformly continuous on K, we can find 6 > 0
such that for any £ =1,--- N and z,w € K with |z — w| < §, we have
€
(5.9) |fe(2) = fe(w)| < 3
Combining (5.8) and (5.9), we get (1), since for any f € F, we first find f; with (5.8), and hence
e € €
7(2) = Fa)] < 1F() = fe2)| 4 1felz) — felw)| + Lfelw) — F)l < S+ 5 + 5=,

so (1) follows.

For (2), given z € U, one can apply Proposition 5.6 (3) again to a small compact ball around z
and a positive number €, to get finitely many fi,---, fr. Then for any f € F, we have

|f(2)| < max{|fn(2)| +e:n=1,--- ,{}.
This shows the boundedness of the set.

In the rest of the proof, we show that (1) and (2) imply F is normal. Let @ be the set of rational
points in U, and hence @ is a countable dense set. We number these rational points by

Q@ ={qk: k €N},

Now, suppose we are given a sequence f, in F. We look at ¢;. By condition (2), we know that
fn(q1) is a bounded sequence in C, so the Bolzano—Weierstrass theorem implies that it admits a
convergent subsequence. This gives a subsequence f,; of f,,. Next, we look at this new subsequence
at g2, that is, the sequence f,1(g2). This is again a bounded sequence, so we can find a further
subsequence fpa of f,1 such that fn2(g2) converges. Iteratively, for each k, we can find a sequence
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Jnk, a subsequence of f, such that f.; is a subsequence of f,;_1) and frk(qr) is a convergent
sequence.

We take the “diagonal subsequence” f,,, and we claim that this is a subsequence we desire. Let
K C U be a compact set. Given € > 0, by condition (1), we can find § > 0 such that for any f € F
and z,w € K with |z —w| < ¢,

€
(510) 7(2) — Sl < 5
Since K is compact, we can cover it with finitely many balls Bs(x1), - - , Bs(xy) with radius 0. For

eacu zj, we can choose a rational point g, € Bs(xj). We know that the sequences fyn (qkj) are
convergent, and hence Cauchy, for each j. Thus, we can find ng € N such that

(5‘11) ’fnn(QkJ) - fmm(ij)‘ < %

for any j = 1,---, N and n,m > ng. Combining (5.10) and (5.11), we can conclude the proof. In
fact, using the uniform number ny above (only depending on K and ¢), given any z € K, we can
find some j =1,---, N such that z € Bs(x;), and hence

| frn(2) = frm (2)] < | fan(2) = fan (@) + | fan(5) = fmm (@) + | frnm(25) — fmm(2)]
cELELE .,
-3 3 3 7
for n,m > ng. This shows that f,, is a Cauchy sequence in C(K') and hence finishes the proof. [

5.1.2. Normal families of holomorphic functions. Now, as promised, we will look at families of
holomorphic functions. To this extend, we let H(U) be the set of holomorphic functions on U.

Because holomorphic functions behave much more rigidly than continuous functions, one should
expect a (pre)compactness result with a weaker condition than the Arzela—Ascoli theorem. The
condition we will look at is the following.

Definition 5.12. Let F C H(U). We say F is locally bounded if given any compact set K C U,
there exists C'x < oo such that sup |f| < Ck for any f € F.
K

Note that if a family F of functions satisfies (1) and (2) in Theorem 5.7, then F is locally
bounded.®® This is a much weaker condition then (1) and (2), especially for families of continuous
functions. However, we will see that it is sufficient to guarantee normality for families in H(U).

Theorem 5.13 (Montel). Let U be an open set in C and F C H(U). Then F is normal if and only
if F is locally bounded.

We remark that once we have a normal family 7 C H(U), then given a sequence in F, after
taking a subsequence that converges locally uniformly on U, Weierstrass’s theorem (Corollary 2.23)
implies that the derivatives of this subsequence also converges locally uniformly on U.

Proof. The only if part is based on Theorem 5.7 and the exercise above that (2) in Theorem 5.7
imply local boundedness. In the rest, we assume F C H(U) is locally bounded.
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By Theorem 5.7, it suffices to show that F is equicontinuous on any compact K C U, which is
equivalent to show that F is equicontinuous on any small open ball.”* At a point 29 € U, take 6 > 0
so small that Bss(zg) C U. Since F is locally bounded, we can find M < oo such that sup |f| < M

Bss(zo)
for all f € F. Now, for any f € F and z1, 22 € Bs(zp), we can then estimate

D (55750

21 — 22

dz

|f(21) — f(22)| = <M

OBas(z0) 12 — 21| - |2 — 22

|21 — 2|

This implies the equicontinuity, and the proof is done. O

5.1.3. Normal families of meromorphic functions. Montel’s theorem has many applications, as we
will see later. The first application we will see is its application after being extended to the case of
meromorphic functions.

Recall that given an open set U C C, we let M(U) be the set of meromorphic functions. It
collects functions that are holomorphic away from a discrete set of points, at which the functions
have poles. We now introduce a new notion for looking at them, serving as a precursor to our
introduction to Riemann surfaces. We consider a new space

C:=CU{oc}

by “adding an infinity point” to the complex plane. We have seen this construction in Section 1.2.2,
and now we can give it more structures. This space is called the extended complex plane or the
Riemann sphere, and by viewing it as the one-point compactification of C, we get an induced
topological structure on it (cf. Exercise 6 in Assignment 2).

A natural way to look at the space is to use the stereographic projection from the unit two-
sphere S2. That is, we look at the map P: S? — C defined by

P(x’va): L+ Y

= 7
l—w 1—w

where we view S? as a unit sphere centered at the origin in R3. Note that when we look at the
north pole (i.e., when w = 1), we naturally get P(0,0,1) = oo € C. One can show that this map is
a homeomorphism and hence C is homeomorphic to the two-sphere S2.6%

- L

/ NN /

/ / (2,9, 2) \\\\\ /
/ / N /
/ / o [N /
/ [ - - \\{’(m‘y. :)//
/ }f‘*\\, ]
/ \ T - / /
/ \ / /
// \ / //
/ /
/ \ / y

o g

FIGURE 11. A homeomorphism between S2 and C maps (0,0,1) to oco.
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We want to view a meromorphic function f € M(U) as a “usual map” into C. To this end, we
pull make the metric structure on S2 to C. Note that given z € C, one can compute™

=

2z |z 1
5.14 P l(z) = , € CxR~R3.
(514 ® (1+|zr2 |z|2+1> -

Therefore, if we define dg (21, 22) by dguc (P_l(zl), P_1(22)) , we can finally get®™
2|21 — Z2’
VI+ a1+

and we have a well-defined metric structure that is compatible with the topology given by the
one-point compactification on C. The metric de is called the spherical metric on C.

dc(zl, 22)

Before studying families of meromorphic functions, as in the holomorphic case, we first look
at the space C(U,; C) of continuous functions from an open set U to C. The discussion before
Theorem 5.7, as we mentioned, holds for functions valued in a metric space, and therefore, we can
again endow a metric py on the space C(U; C) by the same process, and have the same conclusion
of Theorem 5.7 and all the results before it. Moreover, notice that condition (2) is now vacuous

since (é, dé> is a bounded metric space. With this, we summarize them in the following corollary.

Corollary 5.15. Let U be an open set in C and F C C(U;C). Then F is a normal family (in the
sense of Definition 5.1(2)) if and only if F is equicontinuous on any compact set K C U.

The problem now is that the space C(U 76) contains too many functions. Given a function
f e C(U;C), f~1(c0) may be very large. Thus, to get structural results for families in M(U), we
have to understand possible behavior near infinity along a convergent sequence first. That is done
in the following lemma.

Lemma 5.16. Let U be a connected open set in C and f,, be a sequence in M(U). If f,, converges
to a function f locally uniformly, then f is either meromorphic on U or identically oo. For the first
case, if f,, € H(U), then f is holomorphic.

Note that the locally uniform convergence is equivalent to the convergence in the metric py.
Also, note that M(U) C C(U; C) by the blow-up characterization of poles. The lemma tells us that
the situation is not too bad, since the only bad case when one has too many singularities is exactly
when the limit is identically infinity.

Proof. First, we know that f is a continuous function in the spherical metric dg. Take zg € U. We
deal with two cases.

If f(z0) # oo, then in a neighborhood of zy, f, # oo for n large. Hence, Weierstrass’s theorem
(Corollary 2.23) implies that f is holomorphic in such a neighborhood of z.

If f(20) = oo, then in a neighborhood of zy, f, # 0 for n large. The sequence of analytic
functions 1/f, then converges to 1/f uniformly in a slightly smaller neighborhood (when using
the spherical metric, and hence when using the usual Euclidean metric), and hence Weierstrass’s
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theorem implies 1/f is holomorphic. If zj is and isolated zero of 1/ f, then f is meromorphic at z.
Otherwise, we know 1/f = 0 and hence f = 0o.1?

For the last conclusion, if f,, € H(U) but f(z9) = oo, then in the neighborhood chosen in the
preceding paragraph, f, cannot be non-vanishing by Hurwitz’s theorem (Corollary 3.38). This
implies f, is not holomorphic, a contradiction. ]

In view of Lemma 5.16, it may be reasonable to allow the function co when considering normal
families of meromorphic functions. Thus, we relax the condition in Definition 5.1(2) and propose
the following definition for meromorphic functions.

Definition 5.17. Let F C M(U) C C(U;C) be a family of meromorphic functions on a connected
open set U. We say F is normal if any sequence f,, € F has a subsequence which, on any compact
subset of U, either converges uniformly to a meromorphic function or converges uniformly to oo.

Lemma 5.16 then tells us that this definition agrees with Definition 5.1(2) if we replace (C, dgyc)
with (C,dg). Moreover, combined with Corollary 5.15, we know that in the new definition of
normality for meromorphic families, we can still use equicontinuity to characterize it.

Corollary 5.18. Let U be a connected open set in C and F C C(U;, C) be a family of meromorphic
functions on U. Then F is a normal family (in the sense of Definition 5.17) if and only if F is
equicontinuous on any compact set K C U.

In the rest of the section, we will see other ways to characterize normality for meromorphic
families. In the following theorem, given a function f € U, we define a new function

()
&)= ee

We use the notation f since, as we will see soon, this is related to arc length on the Riemann sphere
C.

Theorem 5.19 (Marty). Let F C C(U;C) be a family of meromorphic functions on a connected
open set U. Then F is normal if and only if the family

F = {f :fe ]:}
is locally bounded (in the sense of Definition 5.12).

Proof. First, we proof the “if” part. The idea is to try to use the arc length on the Riemann sphere
to bound the spherical distance. To this end, we look at a smooth curve 7: [a,b] — C. Recall that
by (5.14), its trajectory before the stereographic is

N 27(t) B 2
) = (1 ThoP T Ty ww?) |

I3Note that based on Hurwitz’s theorem (Corollary 3.38), the second case necessarily happens when f,’s are
holomorphic.
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To calculate its arc length, we need to know the magnitude of 3'(¢), which can be given by a
straightforward calculation®™

oy 2 ()]
v (@) = TR

Now, to show the equicontinuity in a ball B C U, given z,w € B, we take the straight line
¢:10,]z — w|] = U connecting z and w in B.!* Then for any f € F, the curve we will consider in
Cis f(€(t)). Since the chord is not longer than the arc, we have

|[z—w| ’
de (f(2), f(w)) < Length (f o ¢) = /0 m

using |¢(t)| = 1. By the assumption, we can find a bound M < oo such that for all f € F,
sup | f| < M.
B

dt

Thus, we can further estimate
de (f(2), f(w)) < M - |z —wl.
This proves the equicontinuity.

For the “only if” part, we again fix a ball B C U. For any small ¢, say € < 10719, the equiconti-
nuity gives us § > 0 such that

de (£(2). f(w)) <

F and z,w € B with |z — w| < 26. Let z be the center of the ball B and assume
-

for any f
- U after shrinking § if needed. Then we look at f in Bs(zp).

EQ&(ZO)

Suppose |f(z0)] < 1. Then we have |f(z)] < 1+¢ < 2 for 2 € Bas(20). For z € Bs(z), we can
estimate

€
B

N f(w) 2 4
lf'(2)] = QM/aB%(ZO)(w_Z)de §25-§_5.
Thus,
sy 2 (2) 8/6 8
TO=12TF0E ST ~ 5

Suppose |f(z0)| > 1 on the other hand, including the case f(zg) = co. Then |f(2)| > 1—¢e > 1/2
for z € Bas(20). Notice that if we consider g := 1/f in Bas(20), we get
T T
/e T R

Moreover, we have |g| < 2 in Bas(20), so the previous case implies §(z) < 8/d for z € Bs(z).

Na)Y

Combining the two cases, we get f(z) < 8/d for f € F and z € Bs(p). This proves the local
boundedness. 0

1We can take ¢ in such a way that it has unit speed, e.g., £(t) = —t—w + (1 #) z.

T z—w| T Te=w]
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Marty’s theorem will later be used to get another result of Montel. To achieve that, we want
to understand what happens when we are given a “non-normal” sequence. That is, a sequence f,
without a convergent subsequence. Note that by Marty’s theorem, this means that the correspond-
ing sequence fn is not locally bounded, so we can always find a “blow-up sequence” in a compact
set. By normalizing the sequence using this blow-up phenomenon, we can produce a rescaled limit,
and it captures the “singular structure” of the original sequence. This will be implemented in the
following result, and we remark that this technique has been extremely successful in the study of
singularities in many areas of geometry and analysis.

Proposition 5.20 (Zalcman’s lemma). Let U be a connected open set in C and let f,, be a sequence
of meromorphic functions on U. If the family {f, : n € N} is not normal, then there exist a sequence
zn in U converging to zp € U and a sequence of positive numbers M,, — oo such that the functions

ga(w) = fi ( " ﬁ)

converge to a non-constant meromorphic function on C with § <1 = §(0).
Proof. Since the sequence is not normal, by Marty’s theorem (Theorem 5.19), there is a compact
set K C U and a sequence w, € K such that

lim f(wy) = o.
n— oo

After rescaling and translating U, we may assume B1(0) C U and w,, € B1(0) with w,, — 0. Instead
of using wy, and f,(wy,) to rescale, we take another sequence of points z, such that!®

max(1 — |2[) fu(2) = (1 = [2a]) fu(zn)-
z€B,

Note that z, & OB; when n is large as f, diverges. Since fn(wn) — oo and w, — 0, we know the
maximum sequence above diverges. In particular, we also have

lim fn(zn) = 00,

n—oo
and we let M, := fn(zn) be the blow-up scale.

Now, we use z, and M, to define g, as in the theorem. Then we have that for each n,

~ fn(zn)
5.21 0) = 22 — 1
and for |w| < (1 — |2,|) M, we can estimate
f (Zn + #) 1 1|z
(5:22) gulw) = 0TI Ll
n no1— |z, + Mln’
1 — |zn] B 1
- |w]
L= feal = || 1= e

15Directly using wy, to get gn := fn(wn + w/My) does not allow one to control g



COMPLEX ANALYSIS NOTES 85

where the first inequality uses that (1 — |z,|)M, is the maximum of (1 — |z|) f,(z) in B;. Hence, for
a given R < oo, by taking N so large that %(1 — |zn|)Mpy > R, we have g, is uniformly bounded
on Bp for n > N. Hence, Marty’s theorem implies the conclusion. The bounds on g follow from
taking the limits of (5.21) and (5.22). O

We can now state Montel’s theorem for meromorphic families.

Theorem 5.23 (Montel). Let F be a family of meromorphic functions on a connected open set
U C C. If F omits three values in C, then F is normal.

Proof. By applying a rational linear transformation (see Assignment 2), we may assume JF omits
the three points 0,1, and oo in C. That is, F is a family of non-vanishing holomorphic functions
that omit the value 1.

We prove the theorem by contradiction. Suppose F is not normal. Then by Marty’s theorem,
we can find a small ball B C U, a sequence f, € F, and points w,, € B with w, — 0 € B such that
i ) = oo

We now consider some new families of functions constructed from f,,. Recall that by Corollary 4.9,
we can take the roots of these functions on Bj. Thus, for each k € NU{0} , we consider the sequence

Fr = {f%/Qk:neN}.

None of these families is normal by our choice of f,,. Hence, by Zalcman’s lemma (Proposition 5.20),
for each k € N, we can get a rescaled limit g, a non-constant meromorphic function on C with

gr < 1= g4(0)
Marty’s theorem (Theorem 5.19) then implies that {gx : & € N} is a normal family, so a subsequence

of it locally uniformly converges to a limit g with g(0) = 1. In particular, ¢g is a non-constant
meromorphic function on C.

Now we look at what values these functions omit. Since each element in Fj, omits all 2¥-th roots
of unity, so does their rescaled limit g; by Hurwitz’s theorem (Corollary 3.38). Similar, we know
that g omits all 2°-th roots of unity for all k. By the open mapping theorem (Corollary 3.6 and
Assignment 6), we know that C\ g (C) is closed. Since the set of all 2¥-th roots of unity for all k is
dense in the unit circle, we can conclude that g (C) is disjoint from the unit circle.

If |g| < 1, then the Liouville theorem (Corollary 2.25) implies that h is a constant. This
contradicts g(0) = 1.

If |g| > 1, by looking at h := 1/g, we know that h(0) = §(0) = 1, and applying Liouville to h
leads to a contradiction again. O

As we’ve mentioned, Montel’s theorems (Theorem 5.13 and Theorem 5.23) have many appli-
cations. Now, we can first use Theorem 5.23 to improve the little Picard theorem we prove in
Theorem 4.10.

Theorem 5.24 (Great Picard). If f: By \ {0} — C is a non-constant holomorphic function with
an essential singularity at 0, then f omits at most one point in C.
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Another way to phrase the theorem is that if a meromorphic function omits three values on B (0),
then it extends meromorphically to 0. We know that the little Picard theorem (Theorem 4.10) is
related to Proposition 3.17. Theorem 5.24 is a stronger result than both of them.

Proof. Assume f omits at least two values in C. We will show that f must be a constant function
on Bl :Bl\{O}

Applying a rational linear transformation, we may assume f omits 0, 1, and oo (in é) Thus, f
is a holomorphic function. We consider a family by rescaling f; that is, consider f.(z) := f(ez) and

F:={f(2):e€(0,1)}.

Each f. is defined on a punctured ball larger than Bl, but we only look at its restriction on B.
By Montel’s theorem (Theorem 5.23), F is normal, so there exists a sequence ¢, — 0 such that
f=,, locally uniformly converges to a limit g. By Lemma 5.16, g is either holomorphic or identically
infinity on B.

If ¢ is holomorphic on B, then we can take

M := sup |g| < oo.
831/2

This implies that for large n,

sup |fe,| <2M,
8B1/2

which means that for z € 9By,
£ (en2) | < 2M.
Therefore, we can bound

sup |f| < 2M.
OBl/QUBBEn/Q

Since 0B;/, UdB,, ;5 =0 (31/2 \ Ben/2) , the maximum principle (Theorem 2.27) implies

sup | f] <2M.
B1/2\Be,, /2

Since this true for all n large and &, — 0, we get

sup |f] < 2M.
Bl/2

By the Riemann extension theorem (Proposition 3.14), 0 is a removable singularity of f, a contra-
diction.

If g = 0o on By, we can run the arguments above identically for 1/f, 1/f.,, and 1/g to show
that 0 is a pole of f. This contradicts the assumption again, and the proof is complete. ]
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5.2. Introduction to complex dynamics. We will apply Montel’s theorem to study some simple
situations in the study of complex dynamics. Complex dynamics studies the behavior of iteration of
holomorphic or meromorphic maps. The question is whether these iterations have a “good pattern.”
To be precise, given a map f: U — U, we will look at

n times
fri=Fofo-of

and let n — oo to see the behavior. Let’s see an example.

Example 5.25. We consider f: C — C by letting f(2) := 22. For 2 € C \ 0Bj, the behavior of f"
is well-controlled. In fact, it is clear that if zy € By, then f"(z) — 0 for z near zp; if 29 € C, then
f"(z) — oo for z near zy. However, if |z9| = 1, then the behavior of f™ near zy is not that simple.

We will try to see the different situations mentioned in Example 5.25 for a large class of mero-
morphic functions. The original ideas of Fatou and Julia are to decompose C to two invariant sets
on which f" has different behavior as n — oo, as in Example 5.25. Given a function f: C - C, we
let the Fatou set of f be

Fri= {zo € C: z; has a neighborhood near which f™’s form a normal family} )

and we let the Julia set of f be its complement, that is,
Jp = C \ Fr.

The Julia set is then the set on which the behavior of f may become chaotic. For example, when
f(z) = 22, we see that Jy is the unit circle. The first basic property is that both F; and J; are
invariant.

Proposition 5.26. Given a meromorphic function f € M(C), f(Fy) C Fy and f(Js) C Jy.

Proof. By their definitions J; = C\]:f, it suffices to prove that f(Fy) C Fy and that f~1(Fy) C Fy.
That is, zg € Fy if and only if f(20) € Fs. We assume f is not a constant map (otherwise the
conclusion is obvious).

If f(z0) € Fy, there is a neighborhood V of f(z9) so that {f"} is normal on V. Then f~}(V) is
a neighborhood around 2z and {f"} is normal on f~(V), so zg € F.

If zy € Fy, there is a neighborhood U of zy so that { f} is normal on U. Then the open mapping
theorem (Corollary 3.6) implies f(U) is a neighborhood of f(zp) and {f™} is normal on f(U). O

In the rest of this section, we will focus on the case when f is a polynomial or rational function
on C. We will see that even for polynomial functions, the corresponding dynamics can already be
complicated.

We notice that in Example 5.25, the Julia set of 22 is the boundary of the set of those points
converging to oo. Let’s look at it for the simplest case and assume f is a monic polynomial of degree
f > 2. For such an f, we can find R < oo large enough that®™

|f(2)| > 2|z| for |z| > R.



88 TANG-KAI LEE

We let Ug := c \ER. Then clearly Ur C Fy. Moreover, we define the basin of attraction of co
to be
Ag(o0) := {z eC: nh_}n(:of (2) = oo}

We know that z € Ay(o0) if and only if f"(z) € Ug for some ng (and then for all n > ng). Thus,
Aso(f) = | F(UR),
n=1
where we write f~"(Ug) := (f") "' (Ug). In particular, A (f) is an open set contained in Fi.

Theorem 5.27. Suppose f is a monic polynomial of degree d > 2. Then Af(oco) is an open

connected subset of C with co € A (f). Moreover, 7, = 0Ax(f), which is a non-empty compact
subset of C.

This theorem provides a way to visualize Jy. We look at another example.

Example 5.28. We consider fo: C — C by letting f(2) :== 2% — 2. A trick is to apply a change of
variables given by

1
SD(Z) =z+ ;7

which is a bijective holomorphic map from C\ Bj to C\ [—2, 2].* It gives

1\? 2, 1 2
This implies that the iteration of fo and fy(z) := 22 are basically the same, by the commutative
diagram

é\il L) C\il
l J

C\[-2,2] 2 €\ [-2,2]
In other words, f; is conjugate to fo = po foop~!. In particular, based on Example 5.25, we know
C\ [-2,2] C 'Afz(oo) CFfy-

On the other hand, for z € [~2,2], f2(z) = 22 — 2 € [~2,2], so it won’t escape to co. Therefore, we
have

Ap(00) = C\ [-2,2],
so by Theorem 5.27, Jf, = 0Ag,(00) = [-2.2].
We remark that Examples 5.25 and 5.28 are exceptions, in the sense that for the map f.(z) :=

2% + ¢, its Julia set J t. is contained in a smooth curve if and only if ¢ = 0 or —2. For example,
Jf_o6 18 a Jordan curve that is nowhere differentiable.
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Proof of Theorem 5.27. 1t is clear that f(Af(c0)) € Af(co) and f~!(Af(o0)) C Ay(co). Hence,
f(0Af(c0)) does not intersect A¢(oo) and f (0Af(00)) € 0Af(00). Thus, for any n € N,
(5.29) " (0Af(00)) C 0Af(00).

Noting that oo € Ag(c0), we know that d.Af(c0) is a bounded set and hence that f" is uniformly

bounded on dA¢(co). Thus, if U is a connected component of C\ .Af(co) that does not contain
o0, then the maximum principle implies

5.30 max | | < max|f"| < ma " <  ma zl < 00
(5.30) ax | f"] < max|f !_Mfé)!f |_z€8.Af)((oo)’ \

for all n. Therefore, U cannot intersect As(co) and hence such a component must be in C\Af(oo).
Consequently, Af(co) has only one component (the one containing co) and hence it is connected.

Nest, on each bounded open set U above, (5.30) also implies that f™’s form a normal family
by Montel’s theorem (Theorem 5.13). Thus, U C Fy for all such U, and hence Jy C 0Af(c0). On
the other hand, given zg € 0.A¢(00), by (5.29), {f"(20)} is a bounded set. However, for any open
neighborhood V' near zg, V N Af(c0) # 0 so f"(w) — oo for any w € V N Af(oo). Thus, zo & Fy,
and hence zp € J. This proves Jy = 0.A¢(00). O

Theorem 5.27, as we mentioned, provide a way to find Julia sets. The next result tells us more
refined information about the structure of Julia sets.

Theorem 5.31. Suppose f is a monic polynomial of degree d > 2. Given a point zp € J; and an
open neighborhood U of zg, there exists NV € N such that

N
(5.32) JclJrrw.
n=0
In particular, the union of the inverse iterates
oo
(5.33) U7 (z0)
k=1
is dense in J.
For the second statement of Theorem 5.31, it is about the “fractal” property of Julia sets.
Roughly speaking, it means that shapes in a Julia set reappear infinitely many times at different

scales near any point in the set. Both Theorems 5.27 and 5.31 provide different ways to produce
computer images of Julia sets (cf. [Gam01, Section XII.3]).

Proof. For an open neighborhood U of zyp € Jf, we know that f"’s do not form a normal family
on U. Since each f™ omits co on U, Montel’s theorem (Theorem 5.23) implies that f™’s can omit
at most one more common value in C. We split it into two cases.

If f™’s do not omit any other common value, that is,
o)
U rw=c,
n=1

then the union contains Jy, and (5.32) follows from the compactness of 7, [
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If f™’s omit wg € C, that is,
(5.34) U (W) = ¢\ {wo},
n=1

then f~!(wp) = {wo}. (Otherwise, if there were w # wp such that f(w) = wp, then (5.34) would
imply w = f"(z) for some z € U and n and hence wg = f"*1(2), contradicting (5.34).) This implies
that f(z) — wp is a constant multiple of (z — wp)?, so

f(z) =wo+ (2 — wo)d.

This then implies that wg € Fy. Thus, we again derive that the union (5.34) contains J, and
(5.32) follows from the compactness of J.

For the second assertion, we note that the first assertion implies that given an open set U of
Jr, there exists N € N such taht (5.32) is true. Thus, given 2y € Jf, we have 2y € f"(U) for some
n € 40,---,N}. This means that

[ (=) N U # 0.
We can find such a number n for any open set U in J;, which means that the set (5.33) is dense

in J;. O

We have used complex analysis to get some structure theorems for F; and Jy. Now, we will
see that how they are related to some important objects in a dynamical system. Given a map
f:U — U C C, a central object in the study of dynamical systems is the behavior of “orbits.”
Given z € U, the orbit of z is the set

Of(z) ={f"(z) : z € NU{0}}.
Clearly, all the orbits form a partition of U. Based on this definition, we mention a few terminologies.
Definition 5.35. Given f: U — U C C, a point 29 € U is called periodic if f™(20) = 2o for some

n € N. The smallest number n such that this holds is called the period of zy. The multiplier of z
is defined to be

A= () =[] F (2)
7=0
where z; := f7(29)’s are the elements of Of(z9). When zj is periodic, Of(2¢) is called a periodic
orbit. Moreover, given such a periodic orbit O¢(zp),
(1) we say Oy(z) is attracting if |A| € (0, 1);
(2
(3

)
) we say Of(z0) is superattracting if A = 0;

) we say Of(z0) is repelling if || > 1;

(4) we say Oy (zo) is indifferent (or neutral) if |A\| = 1.

In Case (4), if A is a root of unity but f* # idy for all k, then the points in Oy (29) are called
parabolic periodic points. In Case (1), the basin of attraction of O¢(zy), denoted by A¢(O¢(20)),
collects all z such that f7"(z) — 200 as j — oo for some zo € Of(20).
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We do not have to remember these names, though some of them are pretty self-explanatory.
The definition of A;(Of(zp)) may be viewed as a generalization of A¢(co) we have encountered. It
is straightforward to see whether each of them belongs to Fy or J;.%*

Lemma 5.36. Let f: U > U C C and suppose zg € U is periodic.
(1) If Oy (20) is attracting or superattracting, then Of(z9) € Af(O¢(20)) € Fy.
(2) If Oy(20) is repelling, then Of(z9) € Jy.
(3) If 29 is a parabolic periodic point, then Of(zy) C J.

A generalization of the concept of orbits also involves preimages under f. Given f: U — U and
zp € U, the grand orbit of z; is the set

Qf(zo) ={z€U: Of(Z) N Of(Zo) # @}
={z€U: f™(z) = f"(20) for some m,n € NU{0}}.

When |Gf(20)| < oo, we say zg is an exceptional point of f. The set of exceptional points is
denoted by £;. As its name suggests, a point in £ can rarely be approached by f, say, if one starts
iterating f from a generic point in U. We can show that this does not happen for many points when
f is a rational function.®™

Proposition 5.37. If f: C — C is a rational function of degree d > 2, then £ + contains at most
two points. Moreover, each element in £y is superattracting and hence lies in Fp.

The importance of the exceptional sets of rational functions can be seen in the following transi-
tivity property.

Theorem 5.38. If f: C — C is a rational function of degree d > 2, then given zy € Jr and an
open neighborhood U of zq that is disjoint from &, we have

U o) =C\é;.
n=0

One can compare Theorem 5.38 with Theorem 5.31. Theorem 5.38 says that J; is “transitive,”
in the sense that f “expands” any small neighborhood of points in J; to the whole Riemann sphere
except at most two points (Proposition 5.37).

Proof of Theorem 5.38. Assume f is not a constant map. Then the set V := 7", f™*(U) is open.
On V, f™s do not form a normal family, so by Montel’s theorem (Theorem 5.23), we know that

f™’s omit at most two points. Since f(V') C V by its definition, this implies C\ V contains at most
two points.

On the other hand, f(V) C V means C\V C C\ f(V), so given z € C\ V, we have z € C\ f(V)
and hence f~!(z) € C\ V. Inductively, we get f~"(z) € C\ V for all n > 0. That is,

f(é\v) CE\V.
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Thus, in particular, Gr(z) C C\ V, which is a finite set (having at most two points). This implies
z€e& f-

Conversely, if z € &7, then since U does not touch £f, we know G¢(2) NU = 0 so z does not lie
in V. Hence, z € C\ V and the proof is done. O

This tells us more properties about Julia sets of rational functions. We again list them here and
refer to Milnor’s book [Mil06] for reading.®*

Corollary 5.39. Let f: C — C be a rational function of degree d > 2.
(1) Jy has an interior point if and only if J; = C.
(2) Jy does not contain an isolated point.

(3) Given zy € C\ &, the iterated preimage |J;>, f~" (20) is dense in J}, which we see in
Theorem 5.31 for zg € Jy.

(4) For all but finitely many zg € J¢, the set {z € J; : (Jt, #) is locally biholomorphic to (Jf, 20)}
is dense in Jf.

Property (4) can be viewed as “self-similarity.” What one can actually show is that if zy € J;
with f’(z0) # 0, then (Jf, f(20)) is locally biholomorphic to (J, 20) -

We can only briefly look at some aspects of complex dynamics. This is a fruitful subject which is
later related to ergodic theory, hyperbolic geometry, and Teichmiiller theory. For interested readers,
a good starting point is Milnor’s book [Mil06], on which some content in this section was based.
(e.g., One can find Lemma 5.36 and Proposition 5.37 in Milnor’s book.)

5.3. Conformal maps and harmonic functions. We will now turn to the topics about confor-
mal maps and harmonic functions.

5.3.1. Conformal maps and harmonic functions. A map f: U — C is called conformal if it “pre-
serves the angles.” To be precise, let f: U — C be a C' map on U C C. As before, we can
write

f(2) = [z, y) = u(z,y) +iv(z, y)
by viewing z = x + iy € U. Then the tangents in the  and y directions will be sent to

ou Ov
1 s [ 22 22
( 70) <8$’ 8.%') ) and

Thus, if we let
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be the Jacobian matrix of f, then the conformality condition means

(v,w)  (Jv, Jw)

(5.40) -
ol - Jw|  [Jv] - [Jw|

given any v,w € R%\ {0}. By this, we can see that holomorphic functions are included when their
derivatives do not vanish.

Proposition 5.41. If f: U — C is holomorphic at 29 € U with f'(z9) # 0, then f is conformal at
20-

Proof. By the Cauchy—Riemann equation (1.7), the Jacobian matrix of f at zg is

Ou  Ou u  Ou
_ [ 0z O _ ox 0
J=1o o |=| u ul>

dor Oy dy Ox

which is a rotation matrix when f’(zp) # 0. Thus, (5.40) holds. O

One can similarly show that the converse statement is also true. That is, a conformal map is in
fact a holomorphic function with a non-vanishing derivative.®*

When Riemann originally studied conformal maps, he was trying to find conformal maps using
harmonic functions. For example, if one is able to solve the system

Ay — .
(5.42) { u=0 inU

u=f ondU

for a domain U with a suitably given f on QU, then it is possible to relate it back to finding
conformal maps into a disc. We will go back to this in Section 5.4.

Besides the usage related to conformal map, the boundary value problem (5.42) is also important
in many other geometric questions, and even physics. The problem of solving the boundary value
problem (5.42) is called the Dirichlet problem. Our goal in the following two sections is to see
whether we can solve it for a general class of domains and boundary data. On the other hand, we
will also see that (5.42) is not always solvable, depending on the given U and f. See Remark 5.60
and Assignment 8.

Before studying harmonic functions in a systematic way, we can already use the most fundamen-
tal property of them to solve the Dirichlet problem for a disc. Recall that harmonic functions satisfy
the mean-value equality based on Corollary 2.30. One can also prove this fact by starting from the
definition (Au = 0) directly.** In fact, we can get a slightly stronger version than Corollary 2.30
by approximating the boundary values. We list it as a lemma here.

Lemma 5.43. Let u: B; — R be a continuous function that is harmonic in B;. Then

27
u(0) = 217r/0 u (eit) dt.
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The Dirichlet problem for B; is then related to generalizing the mean-value equality above to
an arbitrary point in B;. To achieve, we recall again that in Assignment 1, we study some good
properties of the function

zZ0 — %

hz(2) ==

1 —z2’

which, especially sends 0 to zp. Thus, given a continuous u: B; — R that is harmonic inside By,
for any 2y € By, using h,,, we can consider

~ Z0 —w
) = () = u (252,
which is still harmonic in B;.* We can then calculate
B 1 27 B " 1 2 20 — eit

2o—eit
1—Zpe’t

Note that 22=¢" is still on the unit circle by the property of h,, and by writting =: €', we

1—zget
can get
) ) 20 — eis
e = hyy () = ——.
20 ( ) 1 —Zpets
Thus, differentiating leads to

) _is 2 _eis _zeis
e”dtz( ¢ —I—(O ) 0 )ds.

1 —Zge's (1 —Zpeis)?

Dividing both sides by e = 20-¢" e get

T 1—zge's?

eis E(]eis 1— |ZO|2
A=\ T T 200 ) ¥ = o —o 2%
e’ —z9 1—7%e lers — 2|

Putting this back to (5.44), we derive
I e
A4 = — ) —————ds.
(5.45) u(20) 5 /0 u (e) - s

That is, the value of u in Bj is completely determined by its value on dB;1. The equality (5.45) is
called the Poisson formula.

On the other hand, formula (5.45) actually can be used to produce harmonic functions with a
prescribed continuous boundary datum. Thus, it provides a solution to the Dirichlet problem for
B;.

Proposition 5.46. Let v: dB; — R be a continuous function on the unit circle. Then if we define

u(z) _ i 027T v (eiS) ‘ilzl_zjz ds if z € Bl
v(2) if 2€ 0B,

then u solves (5.42) for U = By and f = v.
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Proof. 1t is relatively direct to see the harmonicity in the interior. In fact, we can write®™

el I A
‘ezs _ Z|2 ets — 4

so, on By, u is the real part of the holomorphic function

1 w+z 1
—_— v(w) - - —dw.
2mi Jop, w—z w

(5.47)

This part in fact does not require the continuity of v.
For the boundary continuity, we do need the continuity of v. For simplicity, we write
1 2m ) 1— | 2‘2
P, (z):= — vo (%) —————=ds
UO( ) 277'/0 0( ) |67'5—Z|2

be the Poisson integral constructed from vy, which makes sense for any integrable function vy and
z € By. Thus, viewing P as a map from the space of integrable functions on 0B; to the space of
harmonic functions on B, we can derive some basic properties of P, including the linearity and
the preservation of non-negativity. Based on this, to prove the boundary continuity, that is,

lim P,(z) = v(20)

Z—r20

for any zp € 0B7, we may assume v(zg) = 0 by possibly adding a constant to v.

Now we start to estimate and fix an arbitrarily small number ¢ > 0. By the continuity of v, we
can take § > 0 such that |v| < &/2 on B; N Bs(zp). For the part in the arc Cy := 9By N Bs(2p), we
will make use of the smallness of v, and on the rest Cy := 9B; \ Bj(29), we will estimate directly.
We consider

v; == v - idg,
where id¢; is the characteristic function of C;. The pointwise bound |vi| < €/2 then implies

(5.48) P, | < % on By.

On the other hand, since vy vanishes on C1, if we write 2y = €**0 and
Cy = {eis s € (so—d,so+d)}

for some d > 0, we have, when z is close to zy,

1 2T ) 1— |Z|2 1 so—d+2m ) 1— |Z|2
P, () = |— sy 1B gl = | = isy 121 g
| U2(z)’ 271'/0 U2 (6 ) ‘625 _ 2‘2 § 2 /so+d U2 (6 ) ‘67’5 _ Z|2 §
L 2r—2d o] 11— 2%
S — .Su /l] - —_—
=" On 20?2

where C3 = 2 — 2cos(2d) = |’ — 1| is the minimum of |e* — zo| on C5. Hence, this implies that
£

2

when z — zp. Combining (5.48) and (5.49), we get the continuity of u at zg. O

(5.49) | Py, (2)] <
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The question we want to answer by the end of next section is to what extend we can solve (5.42).
We will use Perron’s method of approximation by subharmonic functions to achieve in some general
situations. We will first study properties of harmonic functions in this section, and then introduce
subharmonic functions and Perron’s method in Section 5.3.3.

First, we can use the mean-value property (the equality in Lemma 5.43) to derive the maximum
principle. Note that this is also what we’ve done for holomorphic functions. What we can do more
here is, we can instead start from the mean-value equality. For a continuous function u: U — R
on an open set U C C, we say that u satisfies the mean-value property if for any B, (z) C U, it
satisfies

1 21 )
u(zp) = 277/0 U (zo + Te”) dt.

We know that harmonic functions satisfy the mean-value property by Lemma 5.43. As in Theo-
rem 2.27, it implies the strong maximum principle, and similarly the strong minimum principle.

Lemma 5.50. Suppose U is a connected open set in C and u: U — R satisfies the mean-value
property. If supy; v or infyy w is achieved at a point in U, then u is a constant function.

The proof is the same as that of Theorem 2.27 and we do not repeat it here. As a result, we
can see that the mean-value property in fact characterizes harmonicity. Note that the mean-value
property does not assume C? regularity.

Corollary 5.51. Suppose U is an open set in C and u: U — R satisfies the mean-value property.
Then u is harmonic.

Proof. We fix a ball B,.(zy) C U. Since u is continuous, we can use it to produce a harmonic function
by the Dirichlet problem for B;. That is, Proposition 5.46 implies that there is a continuous function
u: By(z9) — R which is harmonic in B, (z0) and equals v on dB,.(2g). Thus, u — v is identically zero
on 0B, (zp) and the maximum principle (Lemma 5.50) implies u — v is identically zero in B, (zp).
This implies that u = v, and hence u is harmonic near zy, and this argument applies to any zg. [0

Thus, functions satisfying the mean-value property are automatically harmonic. Note that the
regularity then suddenly becomes much stronger (from C! to analytic).

Finally, we prove an important estimate for harmonic functions. It is called the Harnack in-
equality. It allows us to compare harmonic functions at different points.

Theorem 5.52 (Harnack inequality). Let uw: U — R be a positive harmonic function. Given a
compact set K C U, there exists Cx < oo such that

supu < Cg - inf u.
K K

The crucial point is that the constant C'x does not depend on the function itself. Thus, the
estimate can be applied to a large class of harmonic functions, and thus can be useful when we
want to get a uniform bound from a family or a sequence of harmonic functions.
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Proof. We first deal with the case when K is a ball. Recall that we have the Poisson formula (5.45),

so for any z € By, we have
12 1=z

To estimate the integrand, for r € (0,1) and z € B,, the triangle inequality implies
L—r<le—z| <14
Thus,

1—r  1-—72 1—|z)? 1—r? L4
I+r = (14+r)?2 " et =22~ 1—-r)2 " 1—1r

This and the usual mean-value property then imply

1—r 147
< < .
1 +7qu(O) <u(z) < 1 _ru(())
This is true for all z € B,, and hence we get
147 1+r\? 1—7r 147r)2
5.53 3 < 0) = . 0) < inf
b e P (1) s (222

for any r € (0,1).

We sketch the idea for the case of general compact sets. When we are given a compact K C U,
we can assume K is connected by looking at each of its connected components. Then we can find
zpm and z,, such that

u(zpr) = supu and u(zy,) = inf u.
K K

Take a curve v joining zp; and z,,, and cover the curve by finitely many balls. This curve can be
bounded by at most N balls with radius r < dgu.(K,0U), where N only depends on K and U.
The inequality (5.53) can be applied to each of the balls, and combining them leads to the desired
estimate on K. U

Harnack’s estimate, as expected, has many applications. We end the section by mentioning a
direct application about monotone sequences of harmonic functions.

Corollary 5.54. Let U be a connected open set in C and suppose u,, is a sequence of harmonic
functions on U. Suppose u, is an increasing sequence, in the sense that for vy < uwg < --- . Then
Uy, either locally uniformly converges to a harmonic function on U, or locally uniformly converges
to oo.

Proof. We may assume Up > 0; otherwise, we can replace u,, with u,, —u; + 1. Fix 2y € U and
take 0 > 0 so small that Bs(z9) C U. We look at the limit L := lim, o un(20), which exists by the
monotonicity.

If L < oo, then for n large, we have u,(z9) < 2L. We can apply Harnack’s estimate and get a
constant C' < oo (independent of n) such that for all n large as above,

sup uy, < C- inf wu, <2CL.
E(;(ZO) B(S(ZU)
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This finite bound and the monotonicity then imply u, converges to a limit u. The monotone con-
vergence theorem implies that u still satisfies the mean-value property, so u is harmonic in Bgs(z).

If L = oo, then given any M < oo, we have u, > M for n large. We can apply Harnack’s
estimate and get a constant C’ > 0 (independent of n) such that for all n large as above,

Cinf u, > C’ sup u, > C'M.
Bs(=0) E(;(Zo)

This implies u,, — oo uniformly on Bs(zo).
By the two cases above, we know that the two sets

{z eU: nl;n;oun(z) < oo} and {z eU: lim up(z) = oo}

n—oo

are both open. The connectivity of U then forces one of them is empty, and hence exactly one of
them holds for all z € U. O

We remark that by assuming the functions in Corollary 5.54 are positive, one can drop the
monotonicity assumption by using the Harnack estimate directly.

5.3.2. Subharmonic functions. The goal of this section is to study the Dirichlet problem (5.42) for
a general domain.

The method we will study was first employed by Perron, and it is based on the approximation
idea using “subharmonic functions,” which are subsolutions to the Laplace equation. In the one-
dimensional case, harmonic functions are just straight lines, and then subsolutions to the Laplace
equation are exactly convex functions (functions with v” > 0). Perron’s method in the (simple)
one-dimensional case can be illustrated in Figure 12, which motivates the definition of subharmonic
functions.

FIGURE 12. When the boundary points are fixed, the straight line, the graph of a
harmonic function, maximizes the value at each point among all convex (subhar-
monic) graphs.

Definition 5.55. Let U be an open set and v: U — R be a continuous function. We say v is
subharmonic if for any B, (z9) C U, it satisfies the mean-value inequality

1 2w )
v(z0) < 277/0 v (20 + re’) dt.

Clearly, different from the mean-value equality, subharmonic functions are much less rigid, and
we do not expect the regularity can be upgraded as in the harmonic case. We will still see in As-
signment 8 that subharmonic functions can be related to the Laplace equation, as mentioned above,
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when they are assumed to be C?. In general, we can use the maximum principle to characterize
subharmonicity.

Theorem 5.56. Let v be a continuous function on a connected open set U C C. Then v is
subharmonic if and only if for any connected subdomain U’ C U and any harmonic function u on
U’, v — u satisfies the strong maximum principle on U’; that is, if v — u achieves its maximum at
an interior point p € U’, then it must be constant on U’.

Proof. The argument for the “only if” direction is the same as the proof of Theorem 2.27, and we
go through it again as we did not repeat it for Lemma 5.50. Suppose the maximum M of v — u is
achieved in U’. We then consider

(v—u) ' (M)={2z€U :v(z) —u(z) = M}.

Since v satisfies the mean-value inequality and u satisfies the mean-value equality, for any zyp €
(v —u)~Y(M), we can take r > 0 such that B,(z9) C U’ and hence for any ¢ € (0,7),

1 27 )
M =v(z0) —u(zg) < / (v —u) (20 +e€").
2 0
The maximality of M then implies v — u is constantly M in the ball. This implies (v —u)~1(M) is
open, and hence (v —u)~Y(M) = U".

For the “if” part, we will use the Dirichlet problem for balls. Fix a ball B,(z) C U. Since v is
continuous, by Proposition 5.46, there is a continuous function u: B,(29) — R which is harmonic in
B, (20). The assumption implies that the maximum of v — u is achieved on the boundary 0B, (zp).
However, we know that v —u = 0 on the boundary, so we have v —u < 0 on the whole ball B,(z).
Using the mean-value equality for u, we get

1
2

1 2w

27
/ u(zo +re)dt = — v (20 + re't) dt,
0

v(z0) < ulzp) = o7 ),

and the proof is done. O
Example 5.57. Although subharmonic functions do not have much rigidity, this means that it
may be easier to construct them. We mention two main sources here.

(1) Any harmonic function is obviously a subharmonic function.

(2) If f(z) is holomorphic and non-vanishing, then |f(z)| is subharmonic and log |f(z)| is har-
monic. Thus, we have a large class of examples from holomorphic functions. See Assign-
ment 8.

Next, we list some basic constructions for subharmonic functions.

Proposition 5.58. Let v and v; be subharmonic functions on an open set U C C.
(1) kv (k > 0) is subharmonic.

(2) max {v,v;} is subharmonic.
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(3) Given B,(z9) C U, replacing the values in B,(zp) with the Poisson integral leads to another
subharmonic function. That is, the function

- o(2) if z € U\ B()
EITAL 2 (s orett) Dl f 2 € B(2)

[rett—(z—=zo)|

is subharmonic on U. This is called the harmonic lifting of v in B, (zp).

Proof. It is not hard to see from the definition of the mean-value inequality that kv is subharmonic
for k > 0.

For s := max{v,v1}, we look at a connected subdomain U’ C U and a harmonic function u
on U. Suppose s — u achieves its maximum at zg € U’, say s(z9) = v(z9). Then for any z € U’,

v(z) —u(z) < s(z) —u(z) < s(z0) —u(zo) = v(z0) — u(20).

Thus, v — u also achieves its maximum at zy € U’, so v — u is constant on U’. This implies that the
inequalities above are all equalities, and hence s — u = v — u is also constant.

For v9, first we know that v < vs. We again look at a connected subdomain U’ C U and a
harmonic function u on U’. Suppose vy — u achieves its maximum at zg € U’. We consider the two
situations.

If 29 € U\ Br(20), then va(z0) = v(20), and hence for any z € U’,
v(z) —u(z) <wva(z) —u(z) < wa(zo) — u(z0) = v(20) — u(zp).-

Thus, v — u also achieves its maximum at zg € U’, so v — u is constant on U’, and the inequalities
above are equalities.

If zo € By (20), the harmonicity of ve implies vo — u is constant in U’ N B,.(zp). We can then run
the same argument in the preceding paragraph to a point on U’ N dB,(2g), on which vg = v. O

5.3.3. Perron’s method to solve the Dirichlet problem. Now, we start to set up for Perron’s method
of solving the Dirichlet problem. Let U be a bounded and connected open set in C and f be
a function on OU. We first do not assume f is continuous, but we assume it is bounded, say
lfl <M < oo.

As we mentioned, we want to use subharmonic function to approximate the solution to the
Dirichlet problem (if exists). Thus, we consider

S(f) :=={veC(U) : v is subharmonic in U with v|sy < f}.
Note that by the bound |f| < M, any constant functions less than —M belong to S(f).
Perron’s strategy consists of the following two steps.

(1) Since subharmonic functions are bounded by harmonic functions (with the same boundary
data), it is reasonable to approximate the solution from below. Thus, we define a function
Pf on U by letting

(5.59) (Pf)(2) := sup v(z)
veS(f)

for each z € U. Is Pf: U — RU {oo} harmonic?
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(2) Does Pf satisfy the boundary condition? That is, is it true that
lim (Pf) (2) = f(p)
Z—p
for p € OU?

Remark 5.60. . We can’t hope to get both of (1) and (2) for all U’s. For example, if one lets
U= B;\ {0} and sets f =1 on 0By and f(0) = 0, then one cannot solve the Dirichlet problem for
such data. We will work on this example in Assignment 8.

As mentioned in Remark 5.60, it is not always possible to have the nice boundary behavior as
in (2). However, we can first see that (1) is in general true.

Theorem 5.61. The function P f constructed in (5.59) is harmonic in U. That is, (1) is correct.

The function Pf is called the Perron solution on U with boundary f.!® Note that when the
Dirichlet problem (5.42) is solvable, the solution must equal P f by the maximum principle.

Proof. First, for each v € S(f), the maximum principle (applied to v —0) implies v < supy; f < M.
As a result, we first know that Pf: U — R is a bounded well-defined function. We write u := Pf
and will prove that it is harmonic.

Given any B := B,(z) with B C U, by the definition of u, we can find a sequence of subharmonic
functions v, € S(f) such that

(5.62) lim vy, (20) = u(z0).
n—o0
We will now produce a harmonic function from these v,’s, and show that it agrees with wu.

We may assume v, is an increasing sequence (i.e., v; < wy < ---) by replacing v, with
max {v1,- - ,v,} inductively. The new sequence is still in S(f) by Proposition 5.58 and still pro-
duces the same limit (5.62) at zg. We then consider v, the harmonic lifting of v, in B. Since
vn, < Uy, and vy, is still in S(f), we have the (monotone) limit (5.62) is still preserved; that is,

(5.63) lim 0, (20) = u(z0).
n—oo
Moreover, for any z € B, the maximum principle implies
(5.64) Un(2) = Upt1(2) < max (Up — Upt1) = max (U —Vpt1) <0
by the monotonicity of v,’s. Thus, v,|p is an increasing sequence of harmonic functions that are

uniformly bounded by M. Harnack’s compactness theorem (Corollary 5.54) then tells us that v,|s
locally uniformly converges to a harmonic function v on B with v(zg) = u(zo) by (5.63).

We are going to prove v = u on the whole ball B. Given another point z; € B, we can do
a similar process as above, with v,’s added in the construction. This allows us to compare the
corresponding limit with @. To be more specific, we can take w, € S(f) such that

(5.65) lim wy,(z1) = u(z1)

n—o0

16T his is a bit misleading since we do not know any actual boundary information about Pf.
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and by replacing w, with max {vj, w; : j < n} inductively, we get an increasing sequence w, with
the same limit (5.65) and w,, > v,. Then again, consider w,, the harmonic lifting of w,, in B. The
same reason implies

(5.66) lim wy,(z1) = u(z1)

n—o0

and wy, is increasing. Harnack’s compactness theorem then implies that w,|p locally uniformly
converges to a harmonic functions w on B with w(z1) = u(z1) by (5.66).

Now, we compare w and v. Since w,, > v,, the same argument in (5.64) implies w,, > ¥, in B. In
particular, v, (z0) < Wy, (20). Moreover, we have wy,(z0) < u(z0) = v(z0) by (5.63). Combining these
two, we get w(zp) = v(zp). On the other hand, w, > v,, implies w > v in B. Thus, the maximum
principle implies w = v. This implies

U(z1) = w(z1) = u(z1)

by (5.66). This is true for any zg € B, so we get v = v on the whole ball B. In particular, u is
harmonic near zg, and the proof is complete. ]

Note that we do not use much explicit information of f in the construction of Pf except the
bound |f| < M. Thus, Theorem 5.61 is true for very arbitrary f, and we may need more to
achieve (2). To understand what really happens on the boundary, we first try to find some necessary
conditions for (2) to be true. To this end, we say py € U is a regular boundary point if given
any bounded function f: QU — R that is continuous near pg, we have

(Pf) (2) = f(po)-

That is, (2) is true at po when f is continuous. We will see that this boundary regularity is related
to some “barrier property” near the boundary point. We start with the following observation.

lim
Z—Po

Suppose py € 9U is a regular boundary point. We look at the continuous function f(p) := |p—po|
for p € OU and get its Perron solution u := P f. The boundary regularity implies

lim u(z) = f(po) = 0.

Z—Po

Note that by Example 5.57(2), the function |z —pg| is subharmonic and hence in S(f). This implies

u(z) > |z — po| for all z € U. Hence, the function u satisfies the following properties.
(1) w is harmonic on U.
(2) uw>1(-) = pol on U.
3) li =0.
(3) lim u(z)

This means that u has a limit at pg that is strictly less than its limit sup as z tends to other
boundary points. A relaxation of this necessary condition is recorded in the following definition.
Definition 5.67. A harmonic barrier at py € U is a continuous function w on U such that

(1) w is harmonic on U,

(2) w>0onoU\{po}, and

(3) w(po) = 0.
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We remark thata we will only need local barrier functions for the purpose of solving the Dirichlet
problem. The definition above can also be localized.

Example 5.68. In a few important situations, such a harmonic barrier function exists.

(1) When U = By, one can check that w(z) := 1 — Re (pgz) is a harmonic barrier for pg € 0B;.

(2) Suppose that at pg € OU, there is a line segment I C C\ U with pg € 9I. We claim that
there is a subharmonic barrier at pg. To see this, after a rotation and a translation, we
may assum pg = 0 and I = [—1,0] is contained in the real axis. Then one can check that

o .. : :
w(z) := Re, /%7 is a harmonic barrier.

(3) Based on (2), if U is a union of finitely many paths (see Definition 2.1), then every point
on QU admits a harmonic barrier.

Po

FiGURE 13. When the boundary of an open set is a path, in particular, every
boundary point admits a harmonic barrier.

The existence of subharmonic barriers, as we know, is a necessary consequence of boundary
regularity. It turns out that it characterizes boundary regularity and hence gives us a general
condition to answer (2) and solve the Dirichlet problem.

Theorem 5.69. Let U be a bounded, connected, open set and let pg € QU. If there is a harmonic
barrier at pg, then pg is a regular boundary point on 9U.

The idea is that Pf can be almost bounded by f near its continuous point. This boundedness
can be achieved with the help of a barrier function.

Proof. Let f be a bounded function on QU that is continuous near pg and let v := Pf. Let w: U — R
be a harmonic barrier at py. Given any € > 0, we will prove

(5.70) limsupu(z) < f(po) + ¢
Z—Po

and

(5.71) liminfu(z) > f(po) —e.
Z—Ppo

Clearly, they imply u(z) — f(po) as z — pp, which is what we want.
To see (5.70), we first take § > 0 such that
[f(p) = f(po)| < e for p € OU N Bs(po).
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We take

wo = min w,
OU\Bs(po)

which is positive (by (2)). Then we consider a continuous function

)+ M = J{po) _w‘z(po)w(z) + ¢,

which is still harmonic in U. Note that for p € OU N Bs(po),
wi(p) > f(po) +€ > f(p),

w1 (2) :== f(po

while for p € OU \ Bs(po),
wi(p) = f(po) + (M = f(po)) + = f(p)-

Hence, given v € S(f), the maximum principle (Theorem 5.56) applied to v — w; implies v < w;
also in U. Taking the supremum over v € S(f), we get u(z) < wi(z). Thus,

limsup u(z) < limsup wi(z) = wi(po) = f(po) + €.

Z—Po zZ—po

This proves (5.70).
For (5.71), the argument is similar by considering

M+f(p0)w
wo

wa(2) == f(po) — (2) —¢

and proving we < f on 0U.®* Hence, wy € S(f), so u(z) > ws, implying

liminf u(z) > limsup wa(z) = wa(po) = f(po) — €.
Z—Ppo Z—po

This proves (5.71) and the theorem. O

Combining Theorem 5.61, Example 5.68(3), and Theorem 5.69, we can derive that the Dirichlet
problem is solvable for a continuous function on QU, which is a union of finitely many paths. We
record this as a corollary.

Corollary 5.72. When U is a bounded connected open set with OU being a union of finitely
many paths, given a continuous function f on AU, there exists a unique solution to the Dirichlet
problem (5.42).

Later, we will see how this is related to finding conformal maps between complicated domains.
See Theorem 5.75 in Section 5.4.

5.4. Riemann mapping theorem. We defined a local notion of conformality in Section 5.3. Now,
we look at a global version of it that gives us a way to classify spaces.

Definition 5.73. A conformal mapping f: U — V is a bijective C' map that is conformal at
any z € U. In this case, we say U is conformally equivalent to V.
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Thus, the set of conformal mappings is a more restrictive class, instead of those maps that
are conformal at any point. One can find a map that is conformal at any point but fails to be
injective globally. Note that based on the inverse function theorem (Theorem 2.47), the inverse
of a conformal mapping is also holomorphic, so a conformal mapping is actually the same as a
biholomorphic map.

Example 5.74. We mention examples of conformal mappings that can be written down explicitly.
(1) Any automorphism f € Aut(D) is a conformal equivalence between D and itself.
(2) Let H := {z € C: Imz > 0} be the upper half plane. Then the map
p: H—D
z—1
z+1
is a conformal equivalence between H and D. Its inverse is w +— i‘—zz
(3) The “cylinder” C/Z, which is defined by
{a+bi:acRand beR/Z},

Z =

is conformally equivalent to the punctured plane C* := C\ {0} by the map >,

(4) The exponential map e® defines a conformal equivalence between the (horizontal) strip
{z € C:Imz € (0,7/2)} and the sector {z € C: Rez,Imz > 0} .

We also provide a case when a conformal equivalence does not exist.

(5) The unit disc D is not conformally equivalent to C. Otherwise, there would exist a non-
constant holomorphic f: C — D. This cannot happen because of the Liouville theorem
(Corollary 2.25).

We will see that these examples are not special, based on the Riemann mapping theorem we will
prove in this section. At the beginning of Section 5.3, we mention that this was one of Riemann’s
original motivations to study the Dirichlet problem. When he did this, he was not able to get a
general result due to the lack of some topological facts. Let’s now try to implement his ideas at
least in a very nice and still fairly general situation.

Theorem 5.75 (Riemann mapping theorem, simple version). Let U be a bounded, connected,
open set in C such that QU is a union of finitely many paths. If U is simply connected, then U is
conformally equivalent to the (open) unit disc D.

Proof. After a translation, we may assume 0 € U. Then the function f(z) = log|z| is a continuous
function on OU. Thus, by Corollary 5.72, we can find a harmonic function u: U — R with ulgy = f.
Next, since U is simply connected, by Corollary 4.5, we can find a harmonic conjugate v: U — R
of w on U. We then consider the function

sp(z) =z - e_(’u‘(z)"’_iv(z))7

a holomorphic function on U. Given zy € 9U, we have

(5.76) lim ‘SO(Z)‘ = ’ZO| . e_u(ZO) — ‘20’ . 6—10g|2’0| = 1.
Z—20
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Thus, the maximum principle implies |p(z)| < 1 for z € U. That is, ¢ is a holomorphic map into
the unit disc.

We now verify that ¢ is a conformal mapping. First, we will see ¢ is bijective from U to D.
Notice that ¢(z) = 0 if and only if z = 0. Moreover, given yo € D, using (5.76), we can take £ > 0
so small that

|l > lyol on 9™ (Bi-).
Thus, Rouché’s theorem (Corollary 3.40) implies ¢ and ¢ — yo have the same numbers of zeros in
¢ 1 (B;_.) for any € small enough, and hence in U. Therefore, there exists a unique zg € U such
that ¢(z0) = yo.

Next, note that the injectivity implies that ¢’ cannot vanish. This follows from the local de-
scription of holomorphic functions, see Theorem 3.5. In conclusion, ¢ is a conformal mapping. [J

We see that Theorem 5.75 deals with a large class of domains, but the method can only apply
for bounded domains with nice enough boundaries. In fact, for a simply connected domain, one
can show that the boundary can’t be too bad, but this has not been known in Riemann’s time.

The first proof of the most general form of the Riemann mapping theorem was done by Koebe,
or Osgood, who proved another theorem from which the Riemann mapping theorem follows. We
now state the theorem.

Theorem 5.77 (Riemann mapping theorem). Let U C C be a simply connected open set. Then
U is conformally equivalent to the (open) unit disc D. Furthermore, given zy € U, if we require a
conformal mapping h: U — D to satisfy h(z9) = 0 and h'(z9) > 0, then such an h is unique.

We remark that all the assumptions are necessary. If U is conformally equivalent to the unit
disc, then the conformal equivalence is, in particular, a homeomorphism, so U must be simply
connected. Moreover, we also see that the whole complex plane C is not conformally equivalent to
the unit disc in Example 5.74(5). Thus, Theorem 5.77 actually characterizes those domains that
are conformally equivalent to D.

To motivate the proof, we reinterpret the Schwarz lemma we prove for the unit disc in Corol-
lary 2.29. It can be viewed as a consequence of Schwarz’s lemma.

Lemma 5.78. Let U be a connected open set in C and zg € U. Let
F:={feHU):|f| <1and f(z)=0}.
If F contains a conformal mapping g from U to the unit disc D, then for any f € F,
£(2)] < leo(2)] for all z € U and | f'(20)| < |¢(20)|-

Moreover, if either |f(2)| = |¢o(2)| for some 2z € U or |f(20)| = |¢h(20)], then f = ey for some
teR.

Proof. Given f € F, consider the function f = foyy . D — D. Then f is holomorphic and

satisfies f(0) = f(z0) = 0. Thus, Schwarz’s lemma implies |f(z)| < |z| and |f/(0)] < 1, with
characterizations of the equality cases. After plugging in f = f o ¢y 1 this is exactly what we
want. g
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Based on Lemma, 5.78, we now fix 2y € U and look at the class F defined above. If the Riemann
mapping theorem is correct, then a conformal mapping po: U — D will maximize the value |f/(z)]
among all f’s in F. Thus, we will try to find such an element in F. Practically, we will restrict F
to an even smaller class by assuming each f is injective, and that is the class that we will work on.

Proof of Theorem 5.77. Fix zy € U. The uniqueness follows from the classification of automor-
phisms of D. See Corollary 2.29.

For existence, as we discussed above, we consider the family
Fo:={feHU):|f| <1,f(z) =0, and f is injective} .

First, we show that Fj is a non-trivial family (so that later we can do an approximation argument).
Since U C C, after a translation, we may assume 0 ¢ U. To get a map into D, we want to consider
a function of the form

r
2(z — 21)
for some r > 0 and z; € C, since if U is disjoint from the disc B,(z1), then Inv, is an injection into
the unit disc D. To achieve this, we have to “squeeze® U first. (Otherwise, U may not avoid any
open ball.) To this end, we note that since U is simply connected, by Corollary 4.9, we can find a
holomorphic branch s(z) = v/z of the square root function on U. s is injective since s? is injective.
Moreover, if s(U) contains a ball B,(z1) then s(U) will not intersect B,.(—z21); otherwise s? would
not be injective. We can find such r > 0 and z; € C by the open mapping theorem. Thus, we are
done, and

Inv, ., (2) ==

Inv, ., os € Fo.

Next, by using the map Inv, ., o s, we may assume U is an open subset of D and 2y = 0, and
hence we are going to maximize |f'(0)| for f € Fy. We let

M = sup | (0)].
f

feFo
Since idy € Fp, we know M > 1. Moreover, the derivative estimate, Proposition 2.21, implies that
1
|f/(0)] < —5 - sup |f] <2
1/2 5
1/2

for all f € Fy, so M < 2. Thus, we can now take a sequence f,, € Fy such that
. / _
Jim [ f,(0)] = M.

Since Fp is a normal family by Montel’s theorem (Theorem 5.13), after passing to a subsequence,
we may assume f, locally uniformly converges to a holomorphic function f on U, which satisfies
|f] < 1and f(0) = 0. We are now going to show that f is the desired conformal mapping by proving
that f is both injective and surjective.

To see that f is injective, we note that since f) also converges locally uniformly (Weierstrass’
theorem, Corollary 2.23), |f/(0)] = M > 1. In particular, f is not a constant map, so Hurwitz’s
theorem (Theorem 3.39) implies that f must be injective.

To see that f is surjective, we will use a contradiction argument and use the maximality of M.
Suppose a € D\ f(U). A very rough idea is that the square root function will increase the derivative,
to get which one needs to use the information of a missing point. We take an automorphism
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A, € Aut(D) that sends a to 0. Then A, o f is non-vanishing on a simply connected open set, so
by Corollary 4.9 again, we can take a holomorphic branch h: U — D with

h2:AaOf,
which means
h=soAgof

where s(z) = \/z is a branch of the square root function on A, o f(U) (so it only makes sense
after composing with A, o f). To compare their derivatives, we now take another automorphism
Ap, € Aut(D) that sends h(0) to 0, and consider

f::Ahoh:AhosoAaof.

Then f is also an injective map from D to D with f(0) = 0, and if we let ¢(z) := 22 be the squaring
function, we get

f:A;lotoAglof,

Now, A loto A,:l is a map from D to D that sends 0 to 0 and it is not a rotation (because of t),
so Schwarz’s lemma implies

(47 o to A7) (0)] < 1.
This implies
M= IO = (4, oo 4, (70

7o) <

7).

Since fe Fo, this is a contradiction. Thus, f is surjective, and the proof is done. O

Note that, as in the existence part of the Dirichlet problem, in Theorem 5.77, no assertion about
the boundary behavior of the constructed conformal map is mentioned. In some good situations,
one can extend the map to the boundary; see, for example, [Ahl78, Chapter 6.2]. In general,
Carathéodory’s theorem asserts that this extension is always possible provided the boundary of U
is a Jordan curve; see this page.

On the other hand, from Assignment 9, we know that there does not exist a simple version of
the Riemann mapping theorem for multiply connected regions. It is, however, still possible to find
a list of “standard models.” One can see [Ahl78, Chapter 6.5].

5.5. Riemann surfaces and uniformization. We are now going to talk about what a Riemann
surface really is. Roughly speaking, such an object is a space that locally looks like an open set in

the complex plane. This local structure is based on the notion of local charts, on which there is a
coordinate system from the Euclidean space.

Definition 5.79. Let M be a Hausdorfi'” topological space.

1TRecall that this means that any two different points can be separated by disjoint open sets.


https://en.wikipedia.org/wiki/Carath%C3%A9odory%27s_theorem_(conformal_mapping)
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(1) A holomorphic atlas on M is an open cover U, (o € A) of M and a family of homeo-
morphisms ¢4 : U, — V,, where each V,, is an open set in C such that for any «, 8 € A, the
transition map

g o (pgl: Yo (UaNUB) = ¢ (Us NUg)
is a holomorphic map between subsets in C. With U,’s and ¢,’s, (M, ¢,) is called a Rie-
mann surface. Each U, is called a holomorphic chart.

(2) Suppose M and N are two Riemann surfaces, with holomorphic charts ¢o: Uy — V, (o €
A)and ¢, U, = V!, (o/ € A’). A continuous map f: M — N is called a holomorphic
map between M and N if given any o € A and o/ € A’, the map

w0 fopat oo (FH(UL)NUL) = V2
is a holomorphic map between subsets in C.

(3) A holomorphic map f: M — N between Riemann surfaces is called a (complex) diffeo-
morphism if f~! exists, is continuous, and is holomorphic.

(4) If M admits two holomorphic atlases (M, ¢,) and (M, ¢!,), we say that these two atlases
are equivalent if the identity map (M, ps) — (M,¢!,) is a complex diffeomorphism An
equivalent class of holomorphic atlases is called a complex structure on M.

Example 5.80. We have encountered many Riemann surfaces. Let’s find some holomorphic struc-
tures on them.

(1) The complex plane C is a Riemann surface, and itself can be a holomorphic atlas with a
single chart C. Similarly, any open subset of C is a Riemann surface.

(2) The Riemann sphere C is a Riemann surface. We take an atlas that consists of two charts
Uy =C and Us :C\{O},With
p1: U3 - C,z+— 2z, and

1
po: Uy —>Coz— —.
z

One can then check that the transition map is
_ 1
prowi’s C\{0} = C\ {0}, 2> -,

which is a holomorphic map. Thus, they form a holomorphic atlas and C is a Riemann
surface. Without specification, when we mention C as a Riemann surface, we mean using
the standard complex structure induced by this holomorphic atlas.

(3) A complex cylinder C/Z is a Riemann surface (see Example 5.74(3)). It is topologically
equivalent to S* x R.

(4) Another common example are complex tori. Given two linearly independent complex num-
bers w; and wy, they generate a lattice

A= Zwy + Zws.

Then C/A is a complex torus. Note that all these complex tori are homeomorphic to each
other, but these homeomorphisms may not be complex diffeomorphisms.
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Now after Riemann surfaces are rigorously introduced, we can talk about holomorphic maps into
C. Suppose U is an open set in C and f: U — Cisa holomorphic map between the two Riemann
surfaces U and C with their standard complex structures. Then by definition, this means that f is
continuous and when composed with the local charts in Example 5.80(2), it is holomorphic. That
is, both

prof: {zeU: f(z) # o0} - C,z+— f(z), and

1
w0 f: {zeU:f(z);éO}%C,Zb—)m

are holomorphic functions. By Proposition 3.15, this means that f is either a meromorphic function
on U or identically co. One can similarly treat the case when U is an open set in C.**

5.5.1. Model spaces and maps between them. We now mention one of the most important results in
complex analysis of one variable. It is the uniformization theorem, which classifies all possible
simply connected Riemann surfaces up to complex diffeomorphisms.

Theorem 5.81 (Uniformization theorem). Let M be a simply connected Riemann surface. Then

M is complex diffeomorphic to C, C, or the unit disc D.

As open sets in C are also naturally Riemann surfaces, one can view this as a much stronger
generalization of the Riemann mapping theorem (Theorem 5.77). We will first see how we can
use it to roughly get a whole classification of all Riemann surfaces. This will also be based on
topological theories about covering spaces, and to implement these, we have to understand possible
automorphisms of these model spaces.

Given a Riemann surface M, we define its automorphism group to be
Aut(M) :={f: M — M is a complex diffeomorphism} .
Note that Aut(M) has a natural group structure by composition. We will combine our knowledge

for the automorphism groups of the three model spaces with the following fact from topology about
the universal cover of a topological space.

Theorem 5.82. Let M be a connected Riemann surface. Then there exists a simply connected
Riemann surface M and a covering map 7: M — M.

The non-trivial part is about the existence of M as a topological space and the covering map .
Once such a covering map is found, it can be used to pull back the complex structure from M to
M .®* As a corollary of Theorems 5.81 and 5.82, we obtain a classification result.

Corollary 5.83. Let M be a connected Riemann surface. Then there exist a model space M €
{C, C, D} and a discrete subgroup I' of Aut(M) such that M is complex diffeomorphic to M /T

Here, the discrete group I' has to act freely on M so that the quotient is still a manifold. That
is, any non-identity element has to have no fixed points when acting on M.'® We will explain more
in Corollary 5.86.

18The group I is the fundamental group of M.
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To say more in this direction, we quickly find out the automorphism groups of these model
spaces. For automorphisms of D, recall that from Schwarz’s lemma (Corollary 2.29), we know that
a—z

Aut(D):{f(z):eit- :tERandaeD}.

1—az

Next, we look at automorphisms of C. For the cases of both C and C, the following lemma will
be useful.

Lemma 5.84. Let f: C 5>Chea holomorphic map. Then f is either a rational function or
identically oo.

Proof. Based on the discussion above, f|c is a meromorphic function or identically co. Suppose f
is not identically oco. Then f~!(00) is a discrete set in C, so it is a finite set (by the compactness of
C.

Let p1,--- ,pr be the poles of f and suppose Pi,--- , P, are the principal parts of f at p;’s (cf.
Proposition 3.15). Then we know that the function

is a holomorphic map between C and is a holomorphic function on C. If h(co) = f(o0) # oo, then hlc
is a bounded holomorphic function and hence a constant by Liouville’s theorem (Corollary 2.25), so
f is a rational function. If h(co) = f(00) = oo, then h has a pole at oo, and hence h is a polynomial
so f is still a rational function. O

We can use this lemma to find out automorphisms of C and C.

Corollary 5.85. An automorphism of C is a Mébius transformation, and an automorphism of C
is a non-constant linear function. That is,

Aut(C) = { () = ZIZ : (Z Z) e SLQ(C)} and

Aut(C) ={f(2) =az+b:a#0}.

Proof. Suppose f € Aut(é). Then by Lemma 5.84, f = 58 where P and () are polynomials.
Assume P and @) do not have common roots. Since f is injective, P and ) must be linear, so we

can write

az+b
f(Z)_CZ+d

for some a, b, c,d € C. As f is non-constant, we have ad # bc. Thus, after rescaling, we may assume

(Z 2) € SLy(C).

For Aut(C), by Assignment 4, we already know that an element must be of the form az + b due
to its injectivity. We include an argument here for completeness. Suppose f € Aut(C). By the
open mapping theorem (Corollary 3.6), f(Bj) is a non-trivial open set in C. In particular, since
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f is bijective, we have f(C\ B1) does not contain the open set f(B;). Hence, f does not have
an essential singularity at oo by the Casorati—Weierstrass theorem (Proposition 3.17), noting that
C\ By is an open (punctured) neighborhood of co. Thus, f has either a removable singularity or
a pole at co. For the former case, f is bounded and hence constant, which cannot happen. Thus,
f has a pole at oo, so f is a polynomial. Since f is bijective, f must be a non-constant linear
function. O

We can now use this information about automorphism groups to get a finer classification result.

Corollary 5.86. A connected Riemann surface is complex diffeomorphic to one of the following
spaces.

(1) (Elliptic type) The Riemann sphere C.
(2) (Parabolic type) The complex plane C, the punctured plane C*, and a complex torus C/A.
(3) (Hyperbolic type) A hyperbolic surface D/G for some G C Aut(D).

We basically do not get anything more specific in the third case. However, we do get cleaner
lists for the other two types.

Proof. Suppose M = C/T for some discrete I' < Aut(C) that acts freely on C. However, in Aut(C),
all the non-identity elements have at least a fixed point (cf. Problem 10(3) in Assignment 1). Thus,
the only possibility of I" is the trivial group, so M = C.

Suppose M = C/I' for some discrete I' < Aut(C) that acts freely on C. Since a non-identity
element cannot have a fixed point, an automorphism az + b must satisfy a = 1, and hence it is of
the form f.(z) = z + ¢. Since I is discrete, we can find f., so that

lei| = min el
fe€T\{0}
After a conjugation, we may assume ¢; = 1 (cf. Problem 10(5) in Assignment 1). We now deal
with three situations.

If T is generated by fi, then I' = Z and hence M = C/Z, which is equivalent to C* as observed
in Example 5.74(3).

If there exists f. that is not generated by fi (so that ¢ € C\ Z with |¢| > 1), then we can
take such a ¢ = ¢y with the smallest length (again using the discrete property) and conclude that
I'=2Z-fi+2Z- f.. In fact, if there were another element not generated by f; and f.,, then I' won’t
be discrete.®*. Thus, M =C/(Z- fi +Z- f.,) is a complex torus (cf. Example 5.80(4)). O

5.5.2. Green’s function on a Riemann surface. We will talk about half of the proof of Theorem 5.81.
The proof is based on Green’s function. This is related to finding harmonic functions on a
Riemann surface. Crucial ingredients include most of the tools we develop in Section 5.3. Many of
them are local, and hence we expect that they also hold in a general Riemann surface. We first talk
about what harmonicity means on M, on which sometimes we will use 2z to represent a holomorphic
chart (when it is not too confusing, otherwise, we will still use ().

Definition 5.87. Let M be a Riemann surface, u: M — R be a continuous function, and p € M.
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(1) We say u is harmonic near p if there is an open neighborhood U of p and a holomorphic
chart ¢: U — V C C such that u o 90_1 is a harmonic function on V.

(2) We say u: U — [—00,00) is subharmonic on an open set U C M if for any connected
compact set K C U with 0K # (), given a harmonic function v on intK with u|sx < v|sk,
it follows that © < v on K.

Importantly, the definition of harmonicity does not depend on the choice of holomorphic charts,
as this is equivalent to having a local harmonic conjugate by Lemma 1.8. Also note that here
we use the maximum principle to define subharmonic functions, which makes sense as we have
Theorem 5.56 in the planar case.

We need a way to produce harmonic functions. In fact, Perron’s method introduced in Sec-
tion 5.3.3 is general enough for a large class of families of functions. To say this, we recall the
harmonic lifting introduced in Proposition 5.58. Let v be a subharmonic function on M. We say
an open set U C M is a coordinate ball if there exists a holomorphic chart ¢: U — B where B
is an open ball in C. Then the harmonic lifting of v in U is defined as in the planar case. To be
explicit, v|yn g = v[pn\v, and for p € U,

L[ r? — le(p)?
[re’ — o (p)]?
if B = B,(0) C C and v|sy > —oo. Thus, we can always find a harmonic lifting of a (non-trivial)
subharmonic function in a coordinate ball.

ou(p) = o /) vop ! (reit) . dt

We say a family F of subharmonic functions on M is a Perron family if it satisfies the following
closure properties.

(1) If v1,v9 € F, then max {vy,v3} € F.
(2) If v € F and U is a coordinate ball, then the harmonic lifting of v in U is also in F.

Then the proof of Theorem 5.61 essentially tells us the following result.

Theorem 5.88. Let F be a Perron family on M and consider
u(p) :=sup{v(p) : v € F}.

Then either u is identically co or w is a harmonic function on M.

This theorem requires Harnack’s estimate and compactness. The proofs of them in the planar
case are local, so the results are still true in the general case on M. We reiterate the results here.

Proposition 5.89. Let u: U — C be a positive harmonic function on an open set in a Riemann
surface M. Given a compact set K C U, there exists Cx < oo such that

supu < Cg - inf u.

K K
As a result, if U is connected and wu,, is an increasing sequence of harmonic functions on U, then

uy, either locally uniformly converges to a harmonic function on U, or locally uniformly converges
to oo.
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Now, we can introduce Green’s function. Such a function is a harmonic function with a singular-
ity modeled on that of log |z| at 0. Given a Riemann surface M and ¢ € M, we take a coordinate ball
U near ¢, and we can talk about the function log |z(p)| for p € 271 (B \ {0}) if 2: U — B = B;(0)
is a holomorphic chart of M near ¢. For simplicity, we may write log |z| = log|z(p)| and view it as
a function on U \ {q} . To get Green’s function, consider

v=0 away from a compact set in M,
v+log |z| is subharmonic on U.

]:q = {’U cC (M \ {q}) : v is subharmonic on M\{q}, and

The collection F; forms a Perron family.®* This family is non-empty since 0 € F,, so we may use
it to produce a harmonic function possibly with a singularity.

Definition 5.90. If there exists ¢ € M such that the function
9(p, q) :==sup{v(p) : v € Fy}

is a harmonic function on M \ {¢} (that is, not identically infinity), then we say Green’s function
exists on M. Otherwise, we say M does not have Green’s function.

When g¢(+, ¢) exists, we will say it is Green’s function with a pole at ¢, or Green’s function based
at ¢. Right now the definition seems to depend on a point, but later we will see that when M
is connected, it doesn’t matter which point ¢ we choose. We start with some basic properties of
Green’s function.

Theorem 5.91. Suppose M has Green’s function g(-,q) based at ¢ € M near which there is a
coordinate ball U. Then

(1) g(+,q) is a positive harmonic function on M \ {¢};

(2) g(-,q) + log |z| is harmonic on U

(3) given a positive harmonic function h on M \ {q} such that h + log|z| is harmonic on U, we
have

(5.92) h(p) = g9(p,q)
for p e M\ {q}.

One can interpret the harmonicity of
1
9(q) +loglz| = g(-,q) — logm

by saying that g(-, ¢) has a logarithmic singularity at q. A particular consequence of Theorem 5.91
is that g(-,q) is the minimal positive harmonic function with the singularity modeled on log |z|.
Especially, if Green’s function with a pole at ¢ exists, then it is unique and is characterized by this
minimality property.

Example 5.93. We look at the Riemann surface M = D = B;(0) C C. Given zy € D, Green’s
function based at zp exists and is

e
9(z,20) = log 2021

zZ— 2
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We look at the case when zg = 0, which leads to
9(z,0) = log L
2|
To show this, suppose h is a positive harmonic function on D \ {0} such that h(z) + log|z| is
harmonic. The maximum principle then implies

h 1 > min (h 1 = minh >
(2) +log|z| > min (h(z) +log|2|) = minh = 0

for any z € D, and in particular, for z € D \ {0} . This implies

1
h(z) = —log|z| = log Il

which means that log |—i‘ satisfies the minimality (5.92). Thus, g(z,0) = log ﬁ

Proof of Theorem 5.91. By the construction, we know that g(-, q) is a non-negative harmonic func-
tion on M \ {¢}. To show that it is positive, suppose U = z~!(Bj) is a coordinate ball given by
z: Uy — By with U C Uy € M and z(q) = 0. Then we consider a function

(p) = {—log 12(p)| ifpeU

0 otherwise ’
which lies in F,. Thus,

(5.94) 9(p,q) > —log|z(p)| > 0 for p € U \ {q}

since |z(p)| < 1. By the strong maximum principle, g(-,¢q) > 0 on M \ {q} . Otherwise, it would
attain its minimum at an interior point.

Next, we show that ¢(-, ¢) + log|z| is harmonic on U. We let

M :=supg(-,q) = sup g(p,q).
U |z(p)|=1

This implies that for any v € F, v(p) < M for p € OU, and the subharmonicity of v+ log |z| implies
that for any p € U,

v(p) +log |z(p)| < sup (v +log|z|) < M +0,
ou

and taking its supremum over v € F; leads to

9(p,q) +log|z(p)| < M

for any p € U. Thus, this and (5.94) imply that g(-,q) + log|z| is a bounded harmonic function on
U, and hence the singularity at ¢ is removable. (The local version is done in Assignment 8, which
also applies for a harmonic function on a Riemann surface.®*)

Finally, we prove the minimality property. Let h be a positive harmonic function on M \ {q}
such that h + log |z| is harmonic on U. Take any v € F,. We know that v — h is subharmonic on
M \ {q} . Moreover, since

v—h=(v+log|z|) — (h+log|z|),
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it is also subharmonic on U. Thus, v — h is subharmonic on M. If we let K be the (compact) support
of v, we get v —h < 0 on M \ K. Thus, the maximum principle implies v —h < 0 also on K. Hence,
we get that v < h for all v € Fy, so g(+,q) < h. d

As a consequence, we know that when g(-, q) exists, it satisfies

5.95 inf g(-,q) = 0.
(5.95) Jnf g(.a)

Otherwise, if it had positive infimum m, then the function h(p) := g(p,q) — m would be a positive
harmonic function that violates (5.92).

We will talk about two more properties of Green’s functions. First, we talk about changing
basepoints of Green’s functions.

Theorem 5.96. Let M be a connected Riemann surface and suppose g(-, q) exists for some ¢ € M.
Then ¢g(-,p) exists for all p € M.

This will be proven by the help of an auxiliary harmonic function. Again, assume gy € U C
U € M where z: Uy — By C C is a holomorphic chart with z(gg) = 0 and U = z~(B;). We
consider a family

F = {subharmonic function v on M \ U : v < 1 and v has compact support} .

This defines a Perron family,®® and the bound in the construction implies v < 1, and hence the
function

w(p) :=sup{v(p) :v e F}

is harmonic on M \ U with 0 < w < 1. Since there is a harmonic barrier at each point of AU, one
can show that

(5.97) lim w(p) =1

P—DPo

for any pg € AU essentially by Theorem 5.69. The strong maximum principle then implies that
either w is identically 1, or

(5.98) O<w<lonM\U.
This second situation in fact characterizes the existence of Green’s function.

Proposition 5.99. Let qg, U, and w be constructed as above. If g(-, qo) exists, then (5.98) holds.
Conversely, if (5.98) holds, then g(-, q) exists for all ¢ € U.

Proof. First we assume the existence of g(+, qo). Consider
m = min
pEBUg(p7 qO)a

which is positive by Theorem 5.91(1). Then for any v € F, the maximum principle implies

1

1 _
<1=—ming(-.q) < — ,
v(p) < — mljng( .q0) < mg(p, qo) forpe M\ U
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Thus, taking its supremum over v € F leads to
1 —
w < —g(-,q0) on M\ U.
m

With this, if inf w > 0, then it would imply
M\U

inf g¢(-, > min< m - inf w, inf 5 > 0,
My 70 ) { e ol ¥ q°>}

which contradicts (5.95). Hence, inf w = 0, and hence w cannot be a constant.
M\U
Next, we assume 0 < w < 1. For any ¢ € U, we want to show that there is a uniform upper

bound for functions in F,. We take Up := 27! (B35) that contains U. For any v € Fy, we let

M :=supw.
oUa

It remains to show that M can be bounded independently of v (which implies that the supremum
of wu is finite on OU3). We take the bounds

Cy = sup |log |z — z(qo)|| , and
oUy

Cy:=supw < 1.
OUs

Since v + log |z — z(qp)| is subharmonic, by the maximum principle, for any p € Us, we have

v(p) +log |z(p) — 2(qo0)| < Sup (v+1log|z — z(qo)]) < M + Ch.
2

In particular, for p € QU, we can estimate

v(p) < M +2C

= (M +2C) - w(p)

where we use w|gy = 1 from (5.97). The maximum principle then implies

v(p) < (M +2C1)w(p)
for p € M \ U, which contains 0Us. Taking the supremum over p € OU,, we then derive

M < (M +2Cy) - Co

Since Cs < 1, we get

2C1C5
M < .
—1-Cy

This proves the boundedness of v, and the existence of g(-, q) follows. O
Using this, we can then prove Theorem 5.96. It follows from the continuity argument again.

Proof of Theorem 5.96. By Proposition 5.99, the set of ¢ such that g(-, q) exists is open and the set
of ¢ such that g(-,q) does not exist is also open. Thus, the theorem follows from the connectivity
of M. g
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Thus, from now on, when we talk about the existence of Green’s function, we will usually say
that g or g(p, q) exists or simply that Green’s function exists.

Finally, we talk about the symmetry property of Green’s function. We state the result, and will
give a rough idea about how to prove it.

Proposition 5.100. Let M be a connected Riemann surface on which Green’s function g exists.
Then for p # q in M, g(p.q) = 9(q,p).

The main idea of the proof is to utilize Green’s second identity, which says that for any C?
functions v and v on an open set U, one has

Au — uAv)dA = — —u—
/U(v u— ulAv)d 8U<Uan u8n>ds,

where % is the directional derivative in the normal direction. The formula basically follows from
integration by parts, but one has to be careful when trying to apply it to Green’s function g for two
reasons: (1) g has singularities, and (2) g does not have compact support. However, if we take it
for granted that it applies to g and also ¢ is the “fundamental solution” to the Laplacian equation,
meaning that

/ f-Ag(,q)dA = —2nf(q)
M

for a smooth function f with suitable behavior at infinity, then we can (formally) derive

—2mg(p,q) = /M 9(9)Ag(-,p)dA = /M Ag(+,9)g(-,p)dA = —2mg(q,p)

for p # q. Based on the positivity of g, Proposition 5.100 then follows.

If one is interested in a rigorous discussion about Proposition 5.100, one can see [Gam01, Sec-
tion XVI.4].

We end this section by mentioning that, in general, Green’s function may not exist. There is a
quick criterion to check this.

Lemma 5.101. Let M be a connected Riemann surface. If there is a non-constant bounded
holomorphic function on M, then Green’s function exists on M.

This gives us another reason why we can find Green’s function on a disc in Example 5.93.

Proof. Fix a point ¢ € M. Take a non-constant bounded holomorphic function f, and after a
translation and scaling, we may assume f(gq) = 0 and |f| < 1 on M. Then given any v € F,, say
with support K, v + log|f| is subharmonic on M with

v+log|fl|<0+logl=0o0n M\ K.
The maximum principle then implies v + log|f| < 0 on M, so

v(p) < —log|f(p)]

for any p € M \ {¢}. Finding a point p such that f(p) # 0, we get a uniform upper bound of v(p)
for all v € F,, and the existence of g follows. O
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In fact, the existence of Green’s function is equivalent to the existence of a non-constant sub-
harmonic function bounded from above.®*!¥ From this, for example, one can deduce that Green’s
function does not exists on C or C.

However, if we allow two poles, then such a bipolar Green’s function does exist in general.
An example on C is the function G(z) = — log|z|, which has poles at both 0 and co. In general,
given a connected Riemann surface M and two distinct points ¢; and g2 in M, we can find such a
bipolar Green’s function. We state the existence result here.

Theorem 5.102. Let M be a connected Riemann surface and U; and Us be two disjoint coordinate
balls around ¢; and g2 in M. Then there exists a bipolar Green’s function G(--- ,qi, g2) with the
following properties, where we let z; and 22 be holomorphic charts on U; and Us.

(1) G(+,q1,¢q2) is harmonic on M \ {q1,q2} .

2 ,q1,q2) + log |z1| is harmonic on Uj.

(2) G(: )
(3) G(-,q1,q2) — log |z2| is harmonic on Us.
(4) G(-,q1,q2) is bounded on M \ (U UUs).

Bipolar Green’s function can be use to prove the uniformization of elliptic and parabolic Riemann
surfaces. We won’t talk about it, and interested readers can see |GamOl, Section XVIL.5] for
discussion on bipolar Green’s function.

5.5.3. Monodromy theorem. Besides Green’s function, another tool we will need in the uniformiza-
tion theorem is analytic continuation, as we have seen many times in this course. Here, we will use
the topological condition to say when such an extension is well-defined.

We first make rigorous what we mean by it here. Let v: [a,b] — U be a path in an open set
U in a Riemann surface M, and suppose a holomorphic function f is defined near v(a). We say f
is analytically continuable along ~ if for any ¢ € [a, b], there exist r, > 0 and a coordinate ball
zt: Uy — By, C C near y(t) with z; (7(¢)) = 0 and a convergent power series P; on B,, such that

(1) P,o Za(')’(a)) = f (7(0’)) , and
(2) for p € Uy, NUy, for some t1,t2 € [a,b], they satisfy
(5.103) Py, 0 2, (p) = Pry 0 215 (p).-

In this case, we can extend the domain of f from a neighborhood of v(a) to a neighborhood of
the whole curve . By the unique continuation principle (Corollary 3.4), we know that such an
extension is unique if it exists.

Analytic continuation is, however, not always possible. In fact, the discussion in Section 4.1.1
essentially tells us that starting from f(z) = log|z| + it for z = €' where t € (—1/10,1/10), this
local function f is NOT analytically continuable along y(s) = €* for s € [0, 27]; see Figure 9. We
want to use a topological condition to rule out this bad situation, and it is called the monodromy
theorem.

90ne can see Exercises 5 and 6 in [Gam01, Section XV1.3].
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Theorem 5.104. Let M be a Riemann surface and p,q € M, and let f is a holomorphic function
defined on a neighborhood of p. Let vp,71: [0,1] — M be two paths with 7(0) = 71(0) = p and
v0(1) = 41(1) = ¢. Suppose the following conditions are satisfied.

(1) ~o and ~; are homotopic to each other through a homotopy ~s := H (s, ) where H: [0, 1] x
[0,1] — M is a continuous map with H(s,0) = p and H(s,1) = ¢ for all s € [0, 1].

(2) For any s € [0, 1], f is analytically continuable along ;.

Then the analytic continuations of f along =y and ~y; coincide at q.

In the monodromy theorem, by saying that the two continuations coincide at ¢, we mean that
there exists an open neighborhood of ¢ on which the two functions are the same. In this statement,
we only care about the “local information” of holomorphic functions, and two functions are viewed
as the same when they coincide locally. This inspires the notion of the germ of a function at a
point, which is useful in many different settings.

We will prove the theorem after some preliminary examinations of the continuation process. We
start with the continuity of the convergence radius in a coordinate ball.

Lemma 5.105. Let M be a Riemann surface and let z: U — By be a coordinate ball near py € M.
Let f be a holomorphic function on U, and for any p € U, we let R(p) be the radius of convergence
of the power series expansion of f o z=! centered at z(p). Then R: U — RU {oo} is a continuous
function.

One can think about the Euclidean case. For example, for f(z) = 1=, we have R(z) = [z — 1|.

Proof. We work on points in By, on which g := f o By is a holomorphic function. For 21,22 € By,
we know that Bp(,,)(22) cannot contain Bp.,)(21) by the definition of R. Thus, this implies

R(ZQ) < R(Zl) + ’21 — 22’.
By symmetry, we also have R(z1) < R(z2) + |21 — 22|, so we can conclude
[R(z1) — R(z2)| < |21 — 22f.

Thus, R is Lipschitz, and hence, in particular, R is continuous. ]

Note that the radius function R does depend on the choice of a coordinate function z. However,
when a holomorphic function can be continuated, the compatibility condition (5.103) guarantees

that there is a well-defined radius function R on the neighborhood U, 4 := |J U of . Based on
tela,b|
this, we can get a preliminary version of the monodromy theorem.

Corollary 5.106 (Baby monodromy). Let «y: [a,b] — M be a path in a Riemann surface M and
let f be a holomorphic function locally defined near y(a). Suppose f is analytically continuable
along v, and let § be the infimum of the convergence radius function R, defined on a neighborhood
U, f, on ~. That is,

0 :=inf R.
v
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If o: [a,b] — M is another path with o(a) = 7y(a) and o(b) = ~(b) such that

(5.107) sup|o — 7| < 0,
[a.b]

then f can also be continuated along o. Moreover, the analytic continuations of f along v and o
coincide at v(b) = o(b).

Remark 5.108. Note that (5.107) has to be interpreted properly since we do not define a metric
space structure on M. Here, (5.107) specifically means that using the coordinate charts z;’s, for
any t € [a,b], o(t) € Uy and

|2e(0(t)) — ze(v (1)) < 0.
Also note that § > 0 by Lemma 5.105.

Proof of Corollary 5.106. For each t € [a,b], since o(t) € U, we can use the same function P, on
B,, directly. To be specific, we can take a neighborhood V; C U; of o(t) and define

wi(p) == 2t(p) — 2t (0 (1))
so that w(o(t)) = 0. Then we define
Qu(z) :=Fi(z+ 2 (o)),
which is well-defined by (5.107). Thus, if p € V;, N V4, for some ¢y, € [a, b], we get
Qt, 0wy, (p) = Py © 24, (p)
= Py, 0 21,(p) = Qn, 0wy, (p),
so we can continuate f along o. Moreover, we have
Qv o wp(a (b)) = Py o zp(v(b)),

so the two continuations agree near y(b). O
We can now repeat this process to prove the monodromy theorem.

Proof of Theorem 5.104. For each s € [0, 1], we let z,4: Usy — B¢ be the coordinate balls used in
the continuation of f along ~s, and let P, ; be the analytic function on B, ;. By choosing z; o to be
the same coordinate ball for all s € [0, 1], we know that P, ’s are the same analytic functions on
B, and hence we get a well-defined convergence radius function R on

v= U Uu
s€[0,1] t€[0,1]
which is a neighborhood of the compact set
K= Uw»®.
s€[0,1] t€[0,1]
By Lemma 5.105, we can take ¢ := i?{f R > 0. Then by the compactness, we can choose finitely
many 0 < 51 < --- < sy < Sy4+1 = 1 such that

Sup ‘75n (t) - fysn+l(t)‘ < 5
te(0,1]
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for all n = 1,--- , N in the sense of Remark 5.108 The theorem now follows from the unique
continuation theorem and Corollary 5.106 since if we let f,1 be the continuation of f along s near

v(1), we get
foa(p) = for,1(p) = = fsn10(p) = fr1(p)
for p near ~(1). O

The monodromy theorem is particularly useful when M is simply connected. We will use it to
deal with one of the cases of the uniformization theorem (Theorem 5.81).

5.5.4. Uniformization of hyperbolic Riemann surfaces. When Green’s function exists on a Riemann
surface M, we say M is hyperbolic. In this section, we will show that a simply connected hy-
perbolic Riemann surface is complex diffeomorphic to D. We know that the existence of Green’s
function is related to the existence of a bounded non-trivial holomorphic function by Lemma 5.101.
This then characterizes hyperbolic Riemann surfaces.

Theorem 5.109 (Uniformization of hyperbolic Riemann surfaces). Let M be a simply connected
Riemann surface. If M is hyperbolic, then M is complex diffeomorphic to the unit disc D.

Proof. Fix a point g € M and let g := g(-,qo) be Green’s function based at gy. We will use g to
define a holomorphic function on M.

By Theorem 5.91(2), we can find a coordinate ball z: U — Bj near qo such that z(qy) = 0
and g + log|z| is a harmonic function on U. Thus, by Lemma 1.8 (applied on Bj), we can find a
harmonic conjugate h of g + log|z| on U. That is, f := (g + log |z|) + ih is a holomorphic function
on U. We then take

gp::z-e_f,

which is a holomorphic function on U that satisfies

(1) |¢| = |2| - e 978l = ¢=9 and
(2) @(qo) = lim |2(q)| - e~(@) = 0.
q—q0

These properties and the finiteness of g away from ¢y imply that ¢o is the unique (simple) zero of
p on U.

Next, we can extend ¢ to the whole surface M. In fact, given any p € M, we can find a path ~
connecting qo and p and finitely many coordinate balls z,: U, — B, for n = 1,--- | N such that
U,’s cover . To be more specific, we may assume U; = U chosen above and we can choose the rest
of U,,’s such that

N
(1) QOEUI\ U Un;

n=2
(2) p e Un, and
3) UyNUpy1 #Oforalln=1,--- /N —1.
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Then by finding a harmonic conjugate of g on each U,, for n > 1, we obtain a continuation of ¢
along v with ¢, = ¢ on U. To be more specific, if the extension to U, has been done, then we
know ¢ = e~97n for some harmonic h,,. (This includes the case when n = 1.) Then on U, 1, we
can find a harmonic conjugate hy,11 of g such that h,4+1 = h,, on U, NU,4+1. This is because of the

uniqueness of harmonic conjugates up to a constant. We then extend ¢ to U,4+1 by defining it to
be e~9~thnt1,

We can now apply the monodromy theorem to finish the extension. Given two paths vy and 71,
both of which connect gy to p, we can find a homotopy =5 such that each v, also connects gg to p.
The argument in the preceding paragraph implies that ¢ (on U) is analytically continuable along
each vs. Thus, Theorem 5.104 implies that ¢., = ¢,, on the intersection of their domains. Thus,
we get a well-defined continuation ¢ on M such that |p| = e79 on M. The finiteness of g away from
go again implies that qg is the unique zero of ¢ on M.

We’ve successfully obtained a holomorphic map ¢ on M. We notice that the positivity of g
implies that |p| = e79 < 1, so we actually obtain a holomorphic map (or, in fact, a holomorphic
function)

p: M — D.

It then remains to show that ¢ is an injective map. If this is done, then we know that ¢ is a
complex diffeomorphism. Moreover, (M) is also simply connected so it is conformally equivalent
to D by the Riemann mapping theorem (Theorem 5.77).

To show that ¢ is injective, given pg € M \ {qo}, we consider?

_ %) = ¢(po)
Y e )

which again defines a holomorphic function from M to D. Clearly 1 (pg) = 0, and the injectivity of
o will follow if we prove that pg is the unique zero of .

We start by relating 1) to Green’s function. Let n be the order of the zero pg of 1. Given u € F,,
by definition, we know that

1
u+ —log |¢|
n

is subharmonic on M. If we let K be the (compact) support of u, we know that u + %log || <0
on M \ K, so the maximum principle implies that

1
u—i—glog]wl <0

on M. Taking the supremum over u € Fp,, we conclude that

1
g(-,po) + - log 9] <0

20Recall that this comes from the automorphism group of D, as our goal is to relate M to D, on which we know
how to move the zeros of a function by composing with those automorphisms.
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on M. Thus, plugging in gy and use the symmetry of Green’s function (Proposition 5.100), we get

1
0 > g(qo,po) + - log [(qo)|

1 —©(po
= g(po, qo) + — - log ‘90( )
n 1

1 1
= g(po) + - log e~9(P0) = <1 - n) 9(po)-

Since py # qo, we know g(po) > 0, so n = 1. Then the (in)equality also implies that the harmonic
function g(-, po) +log || attains a local maximum at an interior point pp, so the maximum principle
implies that

g(-;po) = —log [].

This implies that || = e=9(-P0) has a unique zero at p.

This is true for any pg € M \ {qo}, so the injectivity of ¢ follows. As mentioned, this finishes
the proof based on the Riemann mapping theorem. g
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