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2 1Z TECUM

Part 1. Exotic Manifold
1. EXOTICA FROM SEIBERG—WITTEN THEORY

All manifolds are connected, oriented, smooth, and closed unless a boundary is displayed. Homology
has Z-coefficients, and

Ox: Ho(X) x Ho(X) = Z,  o(X)=b"(X) ~b™(X), HZ(? 5)

CP’ = -CP%,  #M=#_M.

1.1. Formal Structure and Seiberg—Witten Obstructions. For a cobordism W : Yy — Y}, write Yy ~;, Y}
when both inclusions Y; < W are homotopy equivalences. A product h-cobordism identifies its ends,
while diffeomorphic ends need not make a prescribed /-cobordism a product.

Definition 1.1.1 (Exotic manifolds and surfaces, [21]). A four-manifold X and a surface S C X are exotic
when
X ghomeo Xl? X %sm Xla
(X,8) Zhomeo (X,5), (X,S) % (X,5).
The operation—auxiliary—obstruction scheme is

(X,S) operation (X,S,)
auxiliaryl jauxiliary Zx S € {X \int(VS), )Y} (X 7S )}
Zx s SW.HE Zx s,

Theorem 1.1.2 (Classification, cobordism, and stability, 32, 36} [10, (11}, [18]]). For simply connected
closed oriented four-manifolds,

Ou = O = M Zhomeo M, M~=M — M~ M.

Every form isometry is realized, and its realization is unique up to topological isotopy:
fe=8s: Hy(M) — Hh(M') = f ~isor.op &-
For a smooth h-cobordism with simply connected ends of dimension at least five,
W:Yy—=Y = W=, Yyxlrell.

If X, X' are also indefinite and ¢ : Qx — Qx: is an isometry, then for k > 0,

D Xt (S x §) /2 X't (S2x S2), B, = ¢ Didyy.
Fact 1.1.3 (Dimensional contrast, [26, 36]).

27 =homeo S7a 27 %sm 57,
x4 > omeo X/4, x* Zim X" g X ~, X' through no product h-cobordism.

Proposition 1.1.4 (Stable h-cobordism, [36, 21]])). Homeomorphic simply connected, closed, oriented,
indefinite four-manifolds are smoothly h-cobordant.

2Based on lectures by Tye Lidman and Lisa Piccirillo [21].
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Proof. Attach and cancel the hyperbolic stabilizations supplied by Wall realization.
X Zhomeo X' 22 Oy =2 Oy T2 p: Xt (8% x 52) g X #e(S2 x 7).

X 2 X#h(S2x $2) — 2 X'#(S2x S?) — X'

N

Wx Up Wy
Wi=WyUsWy, mW)=1,  H,(X)> H.(W)< H(X).
Van Kampen, Mayer—Vietoris, and Whitehead make both end inclusions homotopy equivalences, so W is
the required smooth A-cobordism. U

Lemma 1.1.5 (Surgery on a product sphere, [21]]). Surgery on S? x {pt} C X#(S? x §?) returns X.

Proof. The surgery replaces one standard piece and converts the stabilizing summand into S*.
25 D2 s D3 % SL
§? x §% = (S2x D*)U(S? x D2} 22225564 — (82 % D2) U (D3 x SV)

X#(STx 82) — T xast =, X,
Thus product-sphere surgery cancels one S? x S? stabilization. U

Theorem 1.1.6 (Stable exotic sphere links, [21]]). If X is simply connected, closed, and exotic, then for
k> 0, X#(S? x §?) contains an exotic link

S=SU---US, S8

Proof. Transport the standard product-sphere link across a stable diffeomorphism to an exotic copy X’ of

X.
k

Ly = |(S*x{pt})i, M:=X#(S’xS?),  &:X#(S*xS*) Zm M.
i=1
k

S:=®(Lx), Ly:=|](*x{pt})i,  (M,S) Znomeo (M,Ly).
i=1

(M,8) -T2y (M, Ly)
surgeryl lsurgery

By Lemmall.1.5} a diffeomorphism of the upper pairs would descend to X =, X', so the sphere link is
exotic. O

Together with Theorem [I.1.13] Theorem [I.1.6|produces exotic surfaces [6] 21].

Proposition 1.1.7 (Exceptional-sphere transfer, [21])). Suppose X,X’ are closed, simply connected, and
exotic, and
frx Shmo xl o X#TPS s X'#CPC, g, = f. ®id.

——2 . .
Then X#CIP” contains an exotic sphere.
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Proof. Compare the standard exceptional sphere with the pullback of the exceptional sphere in the exotic
blow-up.
M:=X#CP°, EcCM, E CX'#CP’, S:=g '(E).
(MuE) ghomeo (M7S) [11]-

blow downJ lblow down

X —-mmmmmmm e > X/
%Sm

A diffeomorphism of the upper pairs would descend to a diffeomorphism of the lower manifolds, so E
and S are exotic. U

Witten’s invariant and its basic set are [37, 128, 130]
SWx : Spin‘(X) — Z, HB(X):={s € Spin“(X) | SWx(s) #0}.
The affine action, characteristic classes, and sign assumptions are
s+a € Spin‘(X), ci(s+a) =ci(s)+2a, c1(s) =wa(X) (mod 2), bt (X)>2.

The remaining conventions are
m(X)=1 = c;: Spin°(X) — {c € H*(X;Z) | c=wr(X) (mod 2)}.
m(X) #1 = ¢ need not be injective or surjective.
0 € Spin‘(X) only for spin X, a homology orientation fixes the sign of SWy.
Theorem 1.1.8 (Seiberg—Witten package, [37, 19, 28| 30, 33]). Let b*(X) > 2. Naturality and finiteness
give
fiX 2 X = SWx(s) =SWyi(fis), #B(X) < oo.

Fors € (X ) and a connected, oriented, non-torsion surface F C X with F 2>0,
(SW-A) [{e1(s), [F)| + F* < 2g(F) - 2.
Vanishing and symplectic nonvanishing are

X = X1#Xo, b (X)bt(X2) >0 = SWx =0,

X admits a metric with positive scalar curvature =—> SWx = 0.
(X, w) symplectic = SWx(s4) = £1.

For the exceptional class E,

<C1(5i),E> = :|:1, wa#@z(ﬁ#ﬁi) = SWX(E),
s € B(X) < sts. € B(XHTP").

For simple-type X, these are all basic structures on the blow-up.

Fact 1.1.9 (Moduli dimension, simple type, and wall crossing, [37, 28,30, [15]). Let .# (X ,s,g,1) be the
perturbed monopole moduli space. For by(X) =0,

d(s) = 01(5)2_3655() “20 Swy(s) £0 — d(s) € 220,

Ifd(s) =0, then

c1(s)? =30 (X) +2x(X), SWx(s) =#.#(X,s,8,M).
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The simple-type conjecture and the b+ = 1 chamber formula are
br(X)>2,  d(s)>0 =% SWy(s) =0,
bi(X) =0, b (X)=1, d(s)=0 = SWj (s) —SWx(s) = £1.
X=CP’,  ci(s)=3H = {SW/u(5),SWp(s)} = {0,+1}.
Example 1.1.10 (The K3 surface, [28]]).
Ok3 = 2(—Eg) ®3H, Cl(ﬁo) =0, SWK3(5()) ==+, ,%(K:S) = {5()}.
Fork > 1,
e <93(K3#k@2)> = {e1Ey + -+ &E | & € {£1}},
#B(KMTP) =2, SW,_ 220,  SWegyep =0.

Theorem 1.1.11 (Donaldson diagonalization, [15]). If X is closed, smooth, and simply connected and Qx
is definite, then
x = by(X)(1) or x = by(X)(—1).

Proposition 1.1.12 (Adjunction consequences, [} 37, 28\ 35]). The K3 surface contains no square-2
torus, and
K3 = Xi#Xo == Xi Zhomeo S* 07 X2 Zhomeo 5
The coordinate tori span Hy(T*), and
%(Tﬁ = {50}, 61(50) = O, SWT4(§0) ==+1.
If X, X' are closed symplectic and m(Y) — G # 1 for finite G, then X#X' and X#Y are not symplectic.
Proof. Apply adjunction and connected-sum vanishing to the unique basic structure of K3.
FT2  F2=2,  c¢1(s0)=0,  SWxs(so) #0 22 2 <.
K3=Xi#%, b (X)b"(X2) >0 & swy; =o0.
bT(X;) =0,  Qy, even definite T Oy, =0 2 X, 240 5%,
The coordinate tori annihilate every basic first Chern class.
SWri(so) =£1,  s€B(T*) T (¢)(s),[Tj]) =0 (1<i<j<4),
([T:j]) = Ho(T*), H*(T*) torsion-free => ¢{(5) =0 = s = s0.
Finally, Taubes contradicts connected-sum vanishing, directly and on the finite cover induced by G.

[0 >0 = b (X),b"(X) > 1 E SWyp =0# SW xix,0) (50),

XHY = VX, |Gl >1 B8 SWigs = 0£SW i o (55).

Thus the three assertions follow. O

Theorem 1.1.13 (Donaldson’s first exotica, [6]). There exist simply connected, closed, exotic four-
manifolds.

Proof. Compare the blown-up K3 with the standard manifold having the same odd form.
X := K3#CP°, X' :=#;CPX,,CP .
Qx =2(~Ey) ©3H & (1) =3(1) $20(~1) = Oy =5 X Zyomeo X'.

SWis(s0) = +1 I sWy £0, X' = CPH#(#,CP*#,CP°) 22 swy =o.
Naturality gives X % X', so (X,X’) is exotic. O
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Theorem 1.1.14 (Negative torus-knot trace obstruction, [21]]). Let X,,(K) be B* with an n-framed 2-handle
attached along K C S°. If K is a nontrivial negative torus knot and SWy # 0, then

n>0 = X,(K)%rsm M.

Proof. By Figure[I] blow up a coherent negative-crossing unknotting sequence and apply adjunction to
the capped core.

Xo(K) > M = Xpoaa(U) < M#,CP°,  u>0, n+4u>0.
S := capped handle core, S8 S? = n+4u.
SWy 20 22 sw 20 T () (s), [S])| +n+4u < —2.

M#,CP
This contradicts n +4u > 0, so the trace cannot embed. O

W -1 -1
/ blow up / //\\ handle slides \
\

)] ———
/

(a) (b) (c)

FIGURE 1. A blow-up and handle slides switch a negative crossing.

Theorem 1.1.15 (—Eg-replacement obstruction, [21]). Let P_g, be the simply connected negative Eg-
plumbing with
Y =0P g, =S8 (T 23),
and let Z complement two disjoint copies of P_g, in K3. Then
3
~ -2 1
0z= 691 ( | 0> :
1=
Choose sphere—torus bases (S;, T;) for these summands, so
$2=-2, T*=0, S-T=1.
The replacement

Ppg~X 1(Ta3)
K3 = Z Uy P_58 Uy P—Eg — s X*":=ZUy P—Ex Uy X4 (T_273)

satisfies B(X*) = @.

Proof. The dimension formula and adjunction impose incompatible squares on a basic class.

o(X*)=-9, x(X=17, d(s)= s B(X*) = ci(s)*>7.

TP =(T+8)7=0,  g(T)=g(T+5) =152 (c1(s),T) = (c1(s),8) =0.
ci(s)=2w+(2k+1)e, we(—Eg), e&=—1, ci(s)=4>—2k+112?<-1<7.
Hence X* has no Seiberg—Witten basic class. O
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The same obstructions yield minimal-genus, geography, triangulation, contact, surface-singularity, and
Dehn-surgery consequences [31} 12, 23, 22, 29, [17].

X,0),  [Z]=[Zo] = g(Z)2¢(0),
5
X spin and indefinite = b,(X) > Z|G(X)\ +2,
S3K) Ze S'xS? = K=U, r#0, S(K)=Z;S(U) = K=U.

1.2. Torus, Knot, and Rim Surgery. Write E(M) = X \ int(vM), choose peripheral bases (uk, Ax) and
(ur, @, B), and reverse boundary orientation in every gluing [21} 27,7, O]

Definition 1.2.1 (Torus surgery, [21]). For a framed square-zero torus T C X*, a primitive triple (p,q,r),
and

g:0D*) = pur +qa+rB,  ged(p,q,r) =1,

set
Xp.qr(T) := E(T) Uy (D x T?).
The slopes (p,q,r) and (—p,—q, —r) determine the same unoriented filling.
Proposition 1.2.2 (Slope and product formulae, [21). Write X,(T) := E(T) U, (D* x T?). For gluings
8,8 andT =K xS' C §3 xS,
8:[0D%] = g.10D?] = X,(T) Zn Xy (T),
(8 x 8"y q0(K xS =8, (K) xS

Proof. The common meridian image reduces the first claim to an extending boundary map.

1 m n a b
h=g¢"log, goh=g, h.=10 a D], <c d> € SLy(Z),
0 ¢ d
H(I’eie,l‘l,l‘z) — (rei(6+"’t1+nt2),all —|—bt2,ct1 —|—dlz) , H|T3 = h’

E(T)Ug (D> x T?) — 4 E(T) Uy (D? x T?).

(8° % 8")p g0 (K x S') = (E(K) Uppergag (D* xS1)) x ST =83 (K) x S".
Thus the slope and product formulae follow. (Il
Every logarithmic transform preserves Euler characteristic and signature:
X(D*xT*)=0(D*xT*) =0 = (%,0)(Xpqr(T)) = (x,0)(X).

Theorem 1.2.3 (Baykur—Sunukjian, [[1]). For closed oriented smooth four-manifolds, with one endpoint
simply connected,

X(X) = X(X/), G(X) = G(X’), Sfinitely many log transforms _,
1X)=1lorm(X') =1 = x X

Open Problem. Realize the sequence in Theorem[I.2.3]on one disjoint torus link [1}, 21].
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Write Tw,, _,, for the generalized twist knot obtained from the n-twist pattern J, by the displayed
1 /m-Rolfsen twist.

S x D?

—m twists
_—

E(Twn,—m)

FIGURE 2. A Rolfsen twist gives (S' X D?);/,,(Jn) = E(Twn,—m).

Proposition 1.2.4 (Twist-knot torus surgery, [14, 21]). For T, = J, x S' C (§' x D?) x S,
((8"xD*) x 8", (L) = ((S" X D)y u(Jn)) x ' 2 E(Twy ) x S".

Proof. The zero third coefficient and Figure 2] give the complete replacement.

((Sl ><D2) % Sl)l, (J X Sl) =0 . (Sl XDZ)]/m(Jn) « g1 Rolfsen twist E(Twy,m) X sl

m,0
Thus one torus realizes the twist-knot replacement. ([l

Proposition 1.2.5 (Unknotted-torus invariance, [21]). If T C X bounds a standard solid torus in a
four-ball and has the induced product framing, then

Xl,q,r<T) Zm X, q,rEZ.
Proof. Standard Kirby slides are supported in the four-ball and fix its boundary.
(34, T) Lar two handle slidg/s (B47 T) 10,0 = B4

Xi4-(T) = (X \int(B*)) Ugs (B*,T)1,4, = (X \int(B*)) Uy B* = X.
Thus the ambient manifold is unchanged. g

Example 1.2.6 (Dolgachev surfaces, [6, 21]). For a regular elliptic fiber 7y C E(1) = C]P’z#9@2,

E(1) 222, gy, E(),y  ged(p.g) =1,
QE(I)p,qgQE(l)a E(l)pﬂ Zhomeo E(l), E(l)p,q %sm E(l) (Paq> 1)-

Theorem 1.2.7 (Morgan—-Mrowka—Szabd, [27]). Let T C X be parametrized and square-zero, assume the
relevant fillings have b™ > 1, and fix t € Spin“(E(T)) with ¢, (t)|73 = 0. Set
ymb,c(t) = Z SWXa‘b,c(T) (5)

s€Spin (Xyp.c(T))
5 |E(T) =t

g-logon Ty

With compatible homology orientations,
Zp.ar(t) = 71008 +970,1.0(t) +7rH0,0,1 ().
The chambered formula holds for b* = 1 after choosing compatible chambers.
For b (X) > 1, write

IWyxi= Y  SWx(s)e'® € Z[H(X;Z)).
s€Spin‘(X)
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Example 1.2.8 (Borromean calculation, [28, 27, 23]). Let Y = #,(S? x S!), let B C Y be the remaining
Borromean component after zero surgery on the other two, and set

X=YxS", T=BxS'.
Let N, 1 — T2 be the oriented circle bundle of Euler class n, and let 7y denote Turaev torsion. Then
Xi00(T) =X, Xo,10(T) =T, Xu1.0(T) = Ny1 xS, e(Nyy — T?) =n,

SWx =0, SWnu@) =1, .0 22 pAoo+aForo=4a,
G=Y Wy wsi(V). IV ya =t gD % pr = bi(Xpqu(T)) < bi(X).
t

Here = means equality up to sign and a group-ring unit.

Definition 1.2.9 (Fintushel-Stern knot surgery, [9]). For a parametrized framed square-zero torus T C X,
set

X(T,K):=E(T)Ug (E(K) xS"),  gu(Ax) = pr,  ge(lx) =, g[S"]=B.
The peripheral parametrization is part of the data [9} 21]].
Theorem 1.2.10 (Knot-complement theorem, [13]]).
E(K) =y E(J) = K=1.
Example 1.2.11 (Product knot surgery, [9]). For T = pt x T? C §? x T2,
(S x T*)(T,K) = ((D* x §") Uypasp, E(K)) x S = S§(K) x S*.
Proposition 1.2.12 (Topology of knot surgery, [10,9]). For every knot K,
H.(X(T,K);Z) = H.(X;Z), Ox(r.x) = Ox-

If ;i (E(T)) =1, then
mX)=mX(T,K))=1, X(T,K) Zhomeo X -

Proof. Choose a degree-one peripheral-preserving map of pairs ¢ : E(K) — E(U). Its homology isomor-
phism identifies the Mayer—Vietoris sequences.

H(T?) — Hy(E(T))©Hy(E(K) x S") — H(X(T,K)) — H;_(T?)
H gl(ided)xid)* % H

H(T?) — H(E(T)) ®H(E(U) x§") ——— Hy(X) ——— H;_((T?).

H.(X(T.K);Z) 2 H.(X;Z),  F:=idgq)U(9 xid).
EX(T,K)]=[X],  F':HX) = H (X(T,K)) = Ox(r.x)(F*a,F’b) = Ox(a,b),
(ue) =m(EKK)),  g(m)=a=1, gls|=p=1,
MET) =1 = mX)=mX(T,K) =1 Z2 X(T,K) Zhomeo X.
Thus homology, form, fundamental group, and homeomorphism type are fixed. (Il

Theorem 1.2.13 (Fintushel-Stern knot-surgery formula, [9]). Let X be closed and simply connected with
b*(X) > 1, and let T C X be a homologically essential c-embedded square-zero torus, meaning a regular
fiber in a cusp neighborhood, with mi(E(T)) = 1. For the normalized symmetric Alexander polynomial,

(KS) yWX(T,K) = 5’7/;( AK(I)7 = eZPD([T]).
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Theorem 1.2.14 (Elliptic-fiber knot surgery, [9]). Every regular fiber T C E(2) = K3 — S? is m-null:
EQ\VT — D, oo = (taty)"?,  m(EQ)\VT) =m(T?)/{{a,b)) = 1.

Consequently,
K3(T,K) Zhomeo K3, Ax #1 = K3(T,K) %sm K3.

Proof. The two vanishing cycles normally generate the fiber group.

m(T2) = (a,b | [a,b]) —=2=1 m(EQ)\vT)=1 K3(T,K) Zhomeo K3.

IW k3 =12 Y srx = Ac( @Dy 21 BB g3(7,K) 2, K3,
Thus Ak # 1 changes only the smooth structure. g

% X

FIGURE 3. (—1)-surgery changes the enclosed crossing.

Proposition 1.2.15 (Crossing-circle realization, [9)]). If disjoint crossing circles cy,...,cy € E(U), with
coefficients &;, turn U into K, then
cixS'CEWU)xS'=D*xT?  [eixS=0,

- xSt
E(U) % Sl {&i-log transforms on c;xS'} E(K) % Sl,

X=X x5 % xy=X(T,K).

Proof. By Figure[3] crossing changes become commuting product surgeries.

€;-surgery on ¢;

(E(U),U) (E(K),K)

/s Jrs

(E(U)xS",UxS"Y ——— (E(K) xS',K xS

g;i-log on ¢; xS
[eix S =[c]x[$']1=0, (cixSHN(c;xSHY=a (i#)).
Thus knot surgery is a sequence of log transforms on disjoint nullhomologous tori. O
Fact 1.2.16 (Open knot-surgery problems, [9 21,33])). Write X(T,K;g) when the peripheral gluing is g.
For simply connected X and mi(E(T)) = 1, the assertions
X(T,K;g) Zm X(T,K;8'), Ax=1= X(T,K) =X

remain open; the second fails for ) (X) = 7 [20]. For a cusp neighborhood C, it is also open whether
unrelated K ,J satisfy
C(T,K) =g C(T,J).

Proposition 1.2.17 (Single-torus realization and exotica, [14]). Let S, C VT be the image of J,, x S' under
VT = D? x T2, Then
Ximo(Sn) ZX(T, Twnp,—m).

Consequently one torus surgery can preserve homeomorphism type and change smooth structure.
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Proof. The marked local replacement is exactly the knot-surgery gluing.
Vn,m,O(Sn) :E]> E(Tan_m) X Sl, (.u'TW7A‘Tw7S) — (a7“T7ﬁ)7
Xl,m70(Sn) @ X(T, Twm_m),

ghomeo K 37

Zm K3.
Thus a single torus detects exotic smooth structure. ([l

A, o # 1 ZE K31,,0(80) {

Theorem 1.2.18 (Topological surface classification, [34,[3]]). Let Fy,Fy C X be locally flat closed surfaces
of equal genus and homology class in a simply connected closed four-manifold. If
m(X\F)=Z,  b(X)=]oX)+6,

then Fy ~p Fi. More generally, let Fy, Fy be homologous oriented surfaces of equal genus with infinite-
cyclic exteriors, and let 7LE(F,-) denote their equivariant intersection forms. A boundary-compatible
isometry satisfies

ARy o Ae(r) over Z[t*'] = (X, Fy) Ziop (X, FY).

Theorem 1.2.19 (Hoffman—Sunukjian, [14]]). Let T C K3 be an elliptic fiber, let S = S, C VT be the twist
torus, and let S’ be the unknotted torus. Then
T (K3\S) 2w (K3\S)2Z,
and S, S’ are topologically unknotted nullhomologous tori which are not smoothly equivalent.
Proof. The pattern quotient computes both complement groups [[14]].
P,:=(S'xDH\VvJ,,  K3\VS,=(K3\VT)Uyzs (P, xS"),

K3\ vS,) = BB ) B g

((Ha,25,5))

For A7y, . # 1, the two local surgeries distinguish the smooth embeddings.
K31mo(S) ZE K3(T, Two, ) 5 K31,0(S) Zem K3,
K31mo(S) B2 k3 = St S,
[S]=[81=0, g8)=g(8)=1, m(K3\S)=m(K3\S)=12,
by(K3) =22 = |o(K3)|+6 2T 5~ S
Thus S, S’ form an exotic topologically unknotted pair. U

Definition 1.2.20 (Rim torus and rim surgery, [7]]). For £ C X and a homologically essential circle o C ¥,
set

Lemma 1.2.21 (Bounding-torus knot surgery, [7]). If T = d(S' x D?) C X has its induced parametrization,
then
X(T,K) 2 X.

Proof. The product parametrization reduces the replacement to meridional filling.

meridional filling
E——

(S'x D*)(T,K) =——= S"x ((D*\ V&) Upys .. posa. E(K)) S'x D3,

Thus the local pair, and hence X, is unchanged. U
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Theorem 1.2.22 (Fintushel-Stern rim surgery, [[7, 18, 124]). Let X be closed symplectic and let ¥ C X be a
positive-genus symplectic surface with

m(E(Z) =1, >0, [0]#0€H ().
If Ax # 1, then topological surgery and relative Seiberg—Witten theory give [2,[1,[8]]
2(T5,K) ~op X, X(T5,K) #sm X
The same conclusion holds under Mark’s hypotheses
¥2>2-2¢(%), Ag()#Z1 (mod?2).

G I GPCo S

FIGURE 4. Knot surgery replaces the core arc by a knotted arc.

Proposition 1.2.23 (Kim’s tangle model, [16l]). For
(VA,A) = (D* x I x S*, {0} x I x S), T, =uxS",

Sl knot surgery on Ty
—_—

{0} xI'x K° x S'.

The ambient manifold is fixed and g = Z(T# ,K).
Proof. The S'-equivariant replacement is displayed in Figure
(D* x I x S")(Ty,K) = (D* x I\VH)UE(K)) x §' = (D* xI) x §',
{0} xIxS'— K°x §' = X+ X(T};,K) = k.
Thus Kim’s tangle and rim-surgery models agree. g
Proposition 1.2.24 (Surface-neighborhood regluing, [21]). Write
D(vX) = VL, S(VEL) = JVX.

Nonextension can occur only in the following regimes:

Y | S(VE) | potential obstruction
§2, X2 =0 5% x ST 71 (SO(3)) =7Z/2
T2, =0 T° | AeSLs(Z), Alu) # (W)
RP?, e=+2 | S(VRP?) Price
Klein bottle, e=0| S(VE) Klein-bottle

These are the Gluck, logarithmic-transform, Price-twist, and Klein-bottle regimes.

Proof. Base maps and fiber rotations extend radially over the disk bundle.
Dy (x,e) = (f(x)yei(%p(x))), Op(x,re’®) = (f(x),rei(eer("))),

S(vZ) — 2 §(vy)

l l

D(vY) —5 D(VY).

ker(Hl(T3) — Hy(T?* % Dz)) =(u), A extends over T2 x D* <= A(u) = (u).
Thus the radial classes extend, leaving the four possible regimes displayed above. U
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Open Problem. Construct a higher-genus surgery with a relative Seiberg—Witten formula which preserves
simple connectivity for 7;-null surfaces [21]].

2. CORKS AND FLOER-THEORETIC EXOTICA

Fix a closed, connected, oriented three-manifold Y, put F = Z /2, and require every boundary map to
preserve orientation.

2.1. Corks and Exotica with Boundary.

Theorem 2.1.1 (Cork theorem, [21]]). Let X,X' be compact, simply connected, homeomorphic, and
nondiffeomorphic, with the boundary identification fixed in the relative case. Then

JCCX,  C contractible, 7: dC — 9C, 7 € Diff" (9C), 2 =idyc.
X' =gy (X \int(C)) U; C.
Definition 2.1.2 (Involutive cork, [21]). A T-cork is a compact contractible four-manifold C and an
orientation-preserving involution 7: dC — dC such that
T extends homeomorphically over C, T does not extend diffeomorphically over C.
For C C X, set
X" := (X \int(C)) U C.
Theorem 2.1.3 (Topological extension, [10} 11, 21]). If C is compact and contractible, then
V7 € Homeo™ (9C), 37 € Homeo ™t (C), Tloc =71,

hence every cork twist satisfies
X" Zhomeo X -

For a slice disk Dy C B* of K C 3, write
E(K):=$\int(vK),  E(Dg):=B*\int(vDg),  9E(Dg)=S}(K).
Proposition 2.1.4 (Slice-disk contractible, [21]). Let Cp, be obtained from E(Dy) by attaching a (—1)-
framed 2-handle along k. Then
dCp, = S3,(K),  Cp, =pt,
and Cp, is the (—1)-framed surgery on Dk.

Proof. The handle attachment simultaneously changes the boundary framing and kills the normal genera-
tor.

E(Dg) —= Cpy S5 _1(KUpg) —2oi™ s, §3 (K)

[core] > [ux]

Hy(Cp,,E(Dk)) = Z H\(E(Dk))=Z,  Hi(Cp)=0 (i>0),

7 (Coy) = m(E(Dx))/ () = 17" Cp 2 pt,
Dk C B* ! boundary thStDK(— 1) C Cpy === (—1)-framed disk surgery
Thus Cp, has the asserted boundary, homotopy type, and disk-surgery description. (|

Proposition 2.1.5 (Strong inversion after surgery, [21]). A strong inversion 1: (S, K) — (S*,K) induces
1: 83,(K) = dCp, — S, (K).
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Proof. Invariant peripheral coordinates fix the unoriented (+1)-slope.
Uz, ) =(ze ),  n(uk)=-pmx, (k) =—A,
l*(,LlK-l-kK) = —(,uK—i—lK), {i(,Ll[(-F)L]()} is fixed,

oE k)

JE(K) JE(K)

! |

E(K) Upeia (D> x 8') ———— E(K)Upeip, (D* x 8"

Hence 1 extends across the filling solid torus and induces 7. U

ES

FIGURE 5. The strong inversions of the stevedore knot 6;[21]].

Theorem 2.1.6 (Heegaard Floer functoriality, [21]). For (Y,s),
HF (Y,s) is an F[U]-module, ~ HF (§%) = F[U].
A connected Spin‘-cobordism (W,t): (Yo,s0) — (Y1,81) induces
Fy: HF (Yo,50) — HF (1;,5)),

and for composable cobordisms,

If an orientation-preserving diffeomorphism ®: Wy — W) restricts to ¢g, @1, then

HE (Yo, 50) — 4 HE~ (¥, (d0).50)

FW()&J l V‘71 Dt

HF ™ (Y1,s;) T HE (Y], (¢1).51).

Definition 2.1.7 (Relative invariant, [21]]). For compact, connected, oriented W with connected boundary
Y, remove an interior ball and define

We: S =Y, r(W,t):=Fy. (1) €HF (¥ t]y).
Proposition 2.1.8 (Relative naturality, [21]]). If ¢ : Y — Y extends to an orientation-preserving diffeomor-

phism ®: W — W, then
O.r(W,t) = r(W,d,t).
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Proof. Fix the puncturing ball and apply naturality to W°.

HF (5?) i HF (%)

Fwo’i lFWo Dt

HE (7, ly) ———— HF (1, (®.0]y)

1— Fye (1) = r(W, ), 1— Fyo g, (1) = r(W,D.1),

(P*FVEOJ(I) = Fv;o@*t(l).
Thus evaluation at 1 € F[U] gives the asserted identity. O

ForY = S? (61), the Dai-Hedden—Mallick computation is [4]
ti=x+Yy, h:=x+z, HF*(Y)%F[U]-)/@IF‘-I]@IF-IZ,
Uty =Ut, =0, T*(y):y—l—tz, T*(l‘l):ll, T*(l‘z):tz.

T o
x?z XWZ

FIGURE 6. The U-action and the involutions 7,6 on HF~(S3(61))[21]].

Theorem 2.1.9 (Contractible relative invariant, [21]]). For every compact contractible four-manifold C,
r(C) generates an F[U]-summand of HF~ (dC).

Proof. Localization and the absolute grading detect the primitive free-tower coefficient.

HF ($%) _ e | HF(Y)

l J (¥ =3C).

HF(8%) ——=—— HF*(Y)
CO

H,(C°,8%) =0, F{ is a degree-zero isomorphism, d(Y)=4d($%) =0,
Ty (Y) :={x € HF (Y) | UNx = 0 for some N},
HF (Y)=F[U]-y& Jy(Y), r(C)=Fa(1)=y+t, te JyY),
HF~ () = F[U] - (v+ 1) @ 75 () = F[U] - r(C) & T (V).
Thus r(C) generates a free F[U]-summand. O

Proposition 2.1.10 (Ordinary Floer obstruction for 7, [4,21]]). The involution T on S% (61) extends over
no contractible four-manifold bounded by S3(61).
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Proof. An extension would fix the relative invariant and contradict its forced free-tower coefficient.
T extends over C 25 7,.r(C) = r(C),

V(C) @ y+atl+ﬁt27 a?ﬁeFa
©.r(C) = 1.(3) + (1) + BT(t) =+ an + (B + Dz = r(C) + 12,
h#0 = 10r(C)#r(C) = L.
Hence 7 has no smooth extension over a contractible filling. g
Theorem 2.1.11 (Strong stevedore corks, [4]). Neither displayed involution
7,6: $3(61) — S3(61)
extends over an integral homology four-ball.

Corollary 2.1.12 (Slice-disk corks, [4] 21])). For every smooth slice disk D of 61, the pair (Cp,T) is a
cork.

Proof. Contractibility supplies the topological extension, while Floer theory obstructs the smooth one.
Cp >~ pt ELY 7 extends homeomorphically over Cp,
Cp ~pt = H.(Cp;Z) = H, (B4;Z) 2L - does not extend diffeomorphically over Cp,
(CD, 77) % cork.
Thus every slice disk of 6; produces a cork. U

Theorem 2.1.13 (Akbulut-Ruberman, [21]). For every cork (C,t), there is an invertible homology
cobordism V leaving dC such that

D=CUyV, D' =CuU.V, D Zomeo D, D% D, D~D ~pt.
Definition 2.1.14 (Surface cork, [21]). An t-surface cork is a properly embedded disk D C B* K :=0dD,
and a strong inversion 1 : (S%,K) — (5%,K) such that
m(B*\D) = Z,
1 extends homeomorphically over (B4,D), 1 does not extend diffeomorphically over (B4,D).

Proposition 2.1.15 (Topological uniqueness of Z-disks, [3, 21]]). Any two Z-disks for the same knot are
topologically ambiently isotopic rel boundary; hence every strong inversion extends homeomorphically
over the pair.

Proof. Extend the inversion over B* and apply uniqueness to the image disk.

1:B* =B, 1g=1, D :=1(D),

dD=0D =K, m(B*\D)=m(B*\D)=7Z,
D' ~isortop D 1el * = JH, € Homeo(B* rel §%), H,(D") =D,

d:=H o1, Dl =1, ®(D)=D.
Thus & is the required topological extension of the pair. (|
Lemma 2.1.16 (Branched cover of a Z-disk, [21]). If D C B* is a Z-disk, then

Wp = 22(34,D) ~ pt.
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Proof. The cyclic cover computation gives simple connectivity and acyclicity.
E=B\vD, m(E)=() =27  m(E)= () =122,
Wp=EUy(D*xD?),  m(Wp)=(u?)/(1) =1,
m(E) =7 = Ajp(1) =1 = Hi(IWp;Z) =0,
Wpp S3, m(Wp)=1,  x(Wp)=2x(B") —x(D) =1"Z=" H.(Wp; Z) = 0 "2 W, ~ p.
Thus the double branched cover is contractible. ([l

Proposition 2.1.17 (Branched-cover cork criterion, [21]). Let D be a Z-disk with ntp: Wp — B*. If a lift
T of a strong inversion 1 satisfies

Lomp|aw, = poT, (Wp, ) is a cork,
then (D,1) is a surface cork.

Proof. A smooth pair extension lifts; compose with the deck involution when necessary to obtain boundary
value 7.

Wp -=====-t=mmaos Wp
EDl J{ﬂp T&WD =T.
(B*,D) ~--1--— (B*,D)

1 extends smoothly over (B*, D) = 7 extends smoothly over W — L,
Dis a Z-disk 2= 1 extends homeomorphically over (B*, D),

1 extends topologically over (B*, D), A .
t does not extend smoothly over (B*, D) (D;1) is a surface cork.

Thus the branched-cover cork obstruction descends to the surface pair. (|
Theorem 2.1.18 (Existence of surface corks, [21]]). There exists an t-surface cork (D,1) C B*.

Fact 2.1.19 (Surface-cork generation problem, [211]). It is open whether every pair of exotic surfaces in a
simply connected four-manifold is related by a surface-cork twist.

Let Kp = dT', where I' is the displayed genus-one Seifert surface, y C I is unknotted, nonseparating,
and zero-framed, and 1 is the vertical strong inversion displayed below.

| Kp =0T

FIGURE 7. The surface I', compression curve 7, and strong inversion 1.
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Lemma 2.1.20 (The positron disk, [21]). Compression of I" along a pushed-in spanning disk for 7y gives a

smooth Z-disk Dp C B* with dDp = Kp.
Proof. The zero-framed compression and ribbon-complement presentation determine the disk.

Y-compression

r Dp + m(B*\Dp) = (1| 2) 2 Z.
Hence Dp is a Z-disk.

FIGURE 8. The positron P with boundary involution 7 and deck involution p [21]].

Theorem 2.1.21 (The positron cork, [21,4]). The displayed handlebody P is contractible and (P, 7) is a

cork.
Proof. The dotted and zero-framed components determine the positron handlebody.
0—GP) =250 (P)=Z—0, mP)={|x)=1, H(P)=0.
mP)=1, H(P)=0""Ep~p  (IP7)=(S3,(61),7) [21],
(9P, 7) = (83,(61),7) 2L 7 does not extend smoothly over P.

P~pt T extends topologically over P.
Thus (P, T) is a cork.
Definition 2.1.22 (Cut-open branched cover, [21]]). For a slice disk A C B*, choose M> C B* and put
OM = AU, T, rCaoB*=8°, Q :=B*\ int(VM), 00 DOMT UM,

(BYA) =0y U Q1 U .
My=M;  M{=M;
For its deck involution pa and projection 7,

Fix(pa) =y '(A),  JFix(pa) = my '(JA).

O
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‘ - @ doume@@ - .

(a) B* (b) 0 (©) Qo0 (d) (B, A

FIGURE 9. Cutting B* along M, taking two copies of Q, and crosswise gluing the exposed
faces produces X, (B*,A).

(a) # (b) P2 X,(B*,Dp)

FIGURE 10. Cross-gluing two copies Q; = S' x B3, adding the O-framed filling curve,
and simplifying equivariantly gives P 22 ¥, (B*, Dp), with deck involution p and boundary
lift 7.

For Dp, the cut-open model and its handles are
= (CxI)Uyhdp 28" xD*  Q=B"\vM L ~p"\vD> = 5" x B,
A (52(B*,0p)) L 4,
where 7 is primitive in I" x /.

Proposition 2.1.23 (Positron handle slides, [21]]). The displayed slides transform the branched-cover
handlebody into the positron handlebody.

Proof. The two equivariant slides determine the terminal handlebody.
A (52(B*,Dp)) = 5 ==+ 4

1 .
{hﬁll’ hgheet} == {hclear’ cross} — {KP7 Kg}

Joew = f1+ 2 £21k(K,K>) =0.
Thus the terminal diagram is P. O

slide slide

— A (P),

Proposition 2.1.24 (Identification of the positron cover, [21]])). There is a projection
mp: P=¥,(B*,Dp) — B*
whose deck involution is p, and T: dP — dP is the boundary lift 1 of 1. Thus

Tpop = Tp, LoTp|yp = Tpo T.
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Proof. The cross-gluing and equivariant slides identify the cover and its actions.

A (2(B*,Dp)) P2 ().

22(34,Dp) % 22(34,Dp)
EJ Jﬂ oP —— 5 9P
p

ﬂpl lTL’P

P 5 P
Tp (S3,Kp) T E— (SS,KP).
p
Hence the identifications are equivariant. g

Theorem 2.1.25 (The positron surface cork, [21]). The pair (Dp,1) is a surface cork.
Proof. The branched-cover criterion applies.

Dp @ m (B4\Dp> =7 @ 22(34,Dp) ~ pt,

z124
(22(84,Dp),7) = (Pr7) 21 (22(34,Dp),7) is a cork 22 (Dp,1) is a surface cork.

Thus (Dp,1) is a surface cork. O
Proposition 2.1.26 (Carving criterion, [21])). Let ¢ be a handle diagram of B* and
K C o7, K unknotted and split from the 1-handles, m(E(Dk)) 2 Z.
Let Dk be the evident disk, let 1: 0. — d I restrict to a strong inversion of K, and let
v': JE(Dk) = S3(K) — Sa(K),  ©": dCpy =S, (K) — S3,(K)

be the induced involution and its meridional-filling extension. If (Cp,,T") is a cork, then (Dg,1) is a
surface cork.

Proof. Carving and meridional filling transfer any smooth pair extension to the cork.

2

+hy
VXL E(Dk) —2 Cp,

(B*,Dx)

1 extends smoothly over (B* D)

7’ extends smoothly over E (D)

7" extends smoothly over Cp,.

m(E(Dk)) =7 ZLE; extends topologically over (B*, D).
Hence the cork hypothesis makes (Dg,1) a surface cork. g
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(a) (B*, Dk) (b) E(Dx) (© (A7)

FIGURE 11. Carving the equivariant slice disk Dx and attaching hiKﬁl yields the

positron cork (P, 7), with 7/ = 1.
glue
—_—

FIGURE 12. The closure X = W/(Y_ ~ Y, ) is obtained by gluing the two boundary
copies of Y in the self-cobordism W:Y — Y.

Proposition 2.1.27 (The carved positron surface cork, [21]). The displayed disk Dk and vertical strong
inversion 1 form a surface cork.

Proof. The diagram verifies both carving hypotheses.

n(E(Dk)) = (x| 9) =Z,  (Cpg,7") = (P1) ZF (Cpy, ") s a cork,
(Cpy,7") is a cork iz (Dk,1) is a surface cork.

Thus (Dk, 1) is the carved positron surface cork. O

2.2. Closed Floer Theory and Explicit Exotica. For a connected nonseparating Y C X, write
W:=X\int(v¥): Y — Y, X=W/(Y_~VY,), Fyec{RT M,

and let @y ,, € [F denote the closed Heegaard Floer invariant.

Definition 2.2.1 (Reduced Floer homology, [21]). For n > 0,

HF,eq(Y,s) :=ker(U": HF (Y,s) > HF (Y,s)),  HFq(Y,s) = {x | U"x = 0 for some N},
Fyy(HFreq) € HFeq
for every IF[U]-linear cobordism map.

Theorem 2.2.2 (Closure trace formula, [20, 211). Let (W,t): (Y,s) — (Y,s) close to X, where b™ (X) > 1.
if

b (W)>0 or  c¢i(s) ¢ TorH*(Y),
then

Z SWy (u) = Lef%r (F VI;}’:/I}HM,ed(Y,s;Z)) ’

Y, = Te( L) €F-
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Proof. The two gluing laws identify closure counts with Lefschetz numbers.

Lef$
(Wt): (Yos) ———— R 2 ¥ SWy(u)

u\W:t

(W,0): (V,5) —— FF — TV ay
u|W:t

—1=1€F = Lefp(F) =Y (—1)'Tx(F; ZTr

4
Thus the monopole and Heegaard Floer trace identities follow. (|

Proposition 2.2.3 (Nonseparating three-sphere obstruction, [21]). If b (X) > 1 and S* C X is nonsepa-
rating, then

SWyx =0.
Proof. Cut X along the nonseparating sphere.
W:s—$8, bW ):b*( )>1,  HYS$*Z)=H*($*7)=0, #u|uw=t}=1,
HM,ea($%Z) =0 222 SWy(u) =LefS(0) =0  (u € Spin°(X)).
Thus every integral Selberg—Wltten invariant Vamshes. ([l

For a framed knot K C Y, put
T:=F[[U], HF (Y):=HF (Y)®py I
Functoriality gives the completed surgery triangle
HF ™ (Y) — HF ™ (Y, (K)) — HF ™ (Y, 14 (K)) — HF " (Y),

whose arrows are the total two-handle maps.

Y
O]
q%
OO \_O 7
FIGURE 13. The pretzel knot K,, = P(3,—3,n), the curves ¥, it, and the n half-twists.

Proposition 2.2.4 (Reduced surgery map, [20]). For every displayed knot K,,,
Fiv_ () HFrea(S3(Kn)) — HFea (83 (Kn)).
Proof. Put T =TF[[U]] and take every cobordism map total over its Spin®-structures.
HF ($°)=T, HF (S}(K,))=T*®Ry, HF (S}(K,)) =TSR,
Ro=R = (T/UT),  (T,T2,T) @ F((U)) = (F((U)),F((U))%F((U))).
ri+rmn=2, rm+ry=1, rst+r=1= (r,r,mn)=(1,1,0) :>FWO:T<—>T269R0.

X € Ry, FW,l(/.L)(x) =0,

x = Fw, (y), O:Ux:FWO(Uy)} Y Y
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Fy_,(u)|r, injective, dimp Ry = dimp Ry =2 = Fy_,(,)|r, is an isomorphism.
Thus the two-handle map is an isomorphism on reduced Floer homology. U
The one- and three-handle maps are
HE (Y#(S? x S1)) = HF (V) @p H.(S"), Fi(x)=x®6",
F(x®6")=0, Fx®07)=ux
Proposition 2.2.5 (Product formula, [21]). Let b (Y) > 2 and c(s) ¢ TorH*(Y). For m: Y x S' — Y,
b (Y xS =b" (Y xS") =by(Y),
SWy st g5 = dimp HMeq(Y,5) = dimp HFeq(Y,5)  (mod 2),
tly =s, t#£7n's = SWy, (=0 (mod 2).
Proof. Choose dual bases A; € H>(Y;R), a; € H;(Y;R), and put B; = a; x S'.
Ai-Aj=B;-B;j=0, A;-B;=08; = Qy,g =Zbi(Y)H = b" =b" =b(Y).
Y xSt =cl(Y xI),  Fyx=id,
Y SWyusi() 22 Lef(idm,v.s)) = dimp HFeq(Y,5)  (mod 2).

tly:5
neH' (s";2), acH'(Y;Z), ci1(t)=ci(n*s)+2a—n,
{[y,-]}f;(]Y) basis of H(Y;Z)/ Tor, SWy 1 (t) #0,

SWy st (6) £ 0 Z2 0= [(c1(0.[n x 8| =2l(@.[n)] (1<i<bi(¥)) = a=0.
Thus only 7*s contributes, proving all three formulas. g

2.2.1. The Eleven-Handle Cobordism.
Proposition 2.2.6 (Pretzel surgery identities, [20]). If O denotes the unknot, then
SZﬁl(KnU.u> gSZH(Kn)a S?:,—l(KnUV) = S;(Kn+2)7
S30(KuUY) = SHOM(S xS, 83 (Ka) = S} (Kaa).
S1(K-5) = S{(K1) = S (61).
Proof. The four Kirby transformations are blow-down, splitting, and dualizable-pattern slides.

-blow-down
e

(Kpip+1)

Y-blow-down

(K,U7y;p,—1) (Kng2:p)

ribbon split
E—

(KxU7;p,0) (U;p)U(U;0)

ualizable-pattern slide
(K, —1§imeblepatensider,e 1),

Since S3(U) 22 §? x S', the four rows give the asserted fillings. O
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Proposition 2.2.7 (The self-cobordism, [20]). The eleven two-handles assemble as
2 2 7
S (Ky) =55 S3(K,) 2 8% | (Kyo7) — S} (Ky7) = S (Kp14) — S, (K,).
n=-8 2Z€ w. 53(6,) — $3(61).
Let X be the identity closure and X° the closure by o.

Proof. Each meridional block changes the framing twice, and each y-handle raises the pretzel parameter

by two.

u u ~
S? 1 (Kj) — So(Kj) — S(K;) = 8% (K1),

7
Kn_14 —Y>Kn_14+14:Kn, n=-—8 % a_W%8+W%Sf(61).
Thus the eleven handles form the stated self-cobordism and its two closures. O
Theorem 2.2.8 (Levine-Lidman—Piccirillo, [20]). Write
HF.4(S3(61)) =Fa®Fb,  o.(a)=b, o.(b)=ua.

Exactly two Spin°-structures t,¥ on W act nontrivially on HFq. For good bases (a,b), (d',b") at the

ends,
Fv{/ﬂ’:(a) :a/7 F‘}V{,l’:(b) =0, FvIl/{,l’:’(a) =0, FVI;/I}:’(b) :blv

{d.V}={ab}, v¢{t{} = F|ur, =0

Proof. By Figure[6] o, exchanges the images of the two complementary projections computed by the
eleven-handle reduced triangles.

Fw ¢
Fa®Fb ' Fd ®Fb —>— Fb' ¢ Fd
Fy.y
@p)_ (10 @s)_ (0 0 (01
[FW’t](%b) - (O 0> ’ [FW”‘/](M) o (0 1)’ [o:] = 1 0/)°
Thus precisely the two stated Spin°-summands survive on HF . ([l

i: »l/

T g S

a b a/ bl

HFred(S? (61)) HFred(S? (61 ))

FIGURE 14. The two nonzero maps of the eleven-handle self-cobordism.

Theorem 2.2.9 (Topology and exoticity of the closures, [20]). For A = Z[t,t™"],
ﬂl(X)gﬂ'l(XG)gZ, Ax = Axo g2(1)@9<—1) over A,
X Zhomeo X® Zhomeo (S x S#2CPHICP, X Py XO.
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Proof. Compute the closure groups, equivariant forms, and Floer traces from the eleven handles.

TSI
0

ng7<—1>@2<1 _12>g2<1>@9<—1>, bt (W)=b"(X)=b"(X°)=2.

mX)=m(X%)=(t|)=Z.

H.(S(61)) = H.(S*), 0— @PH W) — H(X) — 0,
keZ
Hy(X) = Hy (W) ®z A = Hy(XO), HY(W)-t/Hy(W) =0 (i # j),
AXgAXGgQw®ZA22<1>@9<—1>.

m(X) =m(X°)=Z,

Ax = Axo, (020 + ~

Ax is odd, = 4 Zhomeo
KS(X) =KS(X°) =0

Y:=8(61), H'(Y)=H*(Y)=0 = Spin‘(X) —> Spin‘(W) +— Spin‘(X?).

X Zpomeo (81 x $3)#2CPH#ICP .

a,b') | Te(Fy) Te(Fyy) | Tr(ouFyt)  Tr(ouFy'y)
(a,b) 1 1 0 0 by Theorem[2.2.8]
(b,a) 0 0 1 1

v {t,t} = Tr(Fy,) =0,
the displayed trace table,
b (X)=b"(X%)=2, 23 {#supp @y, #suppPyxo } = {2,0} = X s X°.
Tr(Fyy) =0 (v & {tt'})
Thus X and X° form the stated exotic pair. g
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Part 2. Exercises
3. EXERCISES

Exercises marked (*) are recommended; (!) marks a suggested starting point.

Exercise 3.0.1 (1.1.4). (*) Let X, X’ be simply connected, closed, oriented, indefinite, and homeomorphic.

(1) By Theorem [1.1.2} show that X, X" are smoothly 4-cobordant.
(2) Alternatively, assuming X, X’ are smoothly A-cobordant, show that

X#(S? X SP)#(SPXS?) Zom X #1(S? x S2)#(S* X S?)
for some k,¢. Hint: trade away the 1- and 4-handles.
Exercise 3.0.2 (1.1.5). (!) Show that surgery on S? x pt C X#(S5? x §?) returns X.

Exercise 3.0.3 (1.1.7). (x,!) Suppose
frx Shmo, xl o X#TPS M X'#CPC, g, = f. ®id.
Show that X #@2 contains an exotic SZ.

Exercise 3.0.4 (1.1.12). (x)

(1) Show that K3 contains no square-2 torus.
(2) Show that K3 2 X #X, when neither X; is homeomorphic to S*. Use

0 1
QK3§2(_E8)@3H7 H= <1 O> )
spin, simple connectivity, and Donaldson diagonalization.
Exercise 3.0.5 (1.1.12). Compute the Seiberg—Witten invariants of 74,

Exercise 3.0.6 (1.1.12). Let X be closed and symplectic, so b (X) > 1.

(1) (!) Show that the connected sum of two closed symplectic four-manifolds is not symplectic.
(2) Show that X#Y is not symplectic whenever

Af: m(Y)— G,  1<|G| <,  f#]1.
Exercise 3.0.7 (1.1.14). (x) For X,,(K) := B*Ug h,%, let K be a negative torus knot. Show
SWy Z£0, n>0 = X,(K)% M.

Hint: use the blow-up formula.

Exercise 3.0.8 (1.1.15). (x) Put
c1(5)* =30(X) —2(X)
2 :

Replace one natural —Eg C K3, with boundary $3 ((T—23), by X_1(T-23). Show that the resulting
manifold has no basic classes. You may use

a2 1
Ok3\((~Ex)(-Eg)) = 3 < 1 0) )
with each summand represented by a square-(—2) sphere and a square-0 torus.

Exercise 3.0.9 (1.2.2). (x)
(1) Show that X,(7T') is determined by g.(1,0,0).
(2) ForT =K x S' ¢ §3 x S', show

(8% x 81 q0(T) 2S5, (K) xS

d(s) =
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Exercise 3.0.10 (1.2.4). For X = (S' x D?) x §! and T;, = J, x S', show
Ximo(T) = (8" X D}, (Jn)) X ST (S*\ Tw,, ) x S".
By Figures [2]and [2] verify the identification.
Exercise 3.0.11 (1.2.5). For an unknotted torus 7 C X, show
X1,9.-(T) Zsm X (q,r€Z).

Alternatively, find X, T, (p,q,r) # £(1,0,0) such that X and X, , -(T) have isomorphic fundamental
groups and intersection forms.

Exercise 3.0.12 (I.2.12). Show that knot surgery preserves homology and the intersection form.
Exercise 3.0.13 (1.2.12). Let T C X be m;-null. Show

mX)=1, m(X(T,K))=1
for every knot K C S°.

Exercise 3.0.14 (1.2.14). (Hard without Lefschetz fibrations) Show that a torus fiber T C E(2) = K3 is
1 -null.

Exercise 3.0.15 (1.2.15). Show that every knot surgery is a sequence of torus surgeries. Hint: generalize
Exercise [3.0.10

Exercise 3.0.16 (1.2.19). Let S C K3 be the twist torus from Exercise [3.0.10] and let S’ be the unknotted
torus.

(1) Show
T (K3\S) 2w (K3\S) 2 Z.

(2) Compute the equivariant intersection forms of K3\ S’ and K3\ S.

Exercise 3.0.17 (1.2.21). If T = 9(S' x D?) C X, show
X(T,K) Zm X
for every knot K.
Exercise 3.0.18 (1.2.23). Show that ¥x is obtained by knot surgery along the rim torus
ux st 1 = a meridian of {0} x I.

Exercise 3.0.19 (1.2.24). Determine the genera, orientability, and self-intersections for which regluing
vX can change the smooth structure of X. Hint: use the mapping class groups of S'-bundles over surfaces.

Exercise 3.0.20 (2.1.4). (x) For a slice disk Dg C B*, let
CDK = (34 \ int(VD[()) Uug hz_l .

(1) Show dCp, = $3,(K).
(2) Show Cp, ~ pt. Hint: Hurewicz and Whitehead.
(3) Show that Cp, is also obtained by surgery on Dg.

Exercise 3.0.21 (2.1.5). Let 1 be a strong inversion of K, and assume
1(z,e®) = (z,e7?)
on an invariant neighborhood D? x S! of K. Show that 1| 3\ extends to an involution of dCp.
Exercise 3.0.22 (2.1.8). (1) If ¢: Y — Y extends to ®: W — W, show
O.r(W,t) = r(W,d,t).
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Exercise 3.0.23 (2.1.9). (!) Prove Theorem when C has one 1-handle and one 2-handle. Hint:
double C° along dC and use Theoremm

Exercise 3.0.24 (2.1.11). (*) Prove Theorem[2.1.11|for 7.

Exercise 3.0.25 (2.1.26). (x,!) Let 7 be a handle diagram of B, let K C 9.7 be unknotted and split
from its 1-handles, and let 1 restrict to a strong inversion of K.

(1) Show that K bounds the evident disk Dx C B*.
(2) Show that 1 induces
t': OE(Dy) —> IE(Dy).
(3) Show
7’ extends diffeomorphically over E(Dg) = 7" extends diffeomorphically over Cp, .

(4) Deduce
(Cpy, ") is acork = (Dk,1) is a surface cork.

Exercise 3.0.26 (2.1.27). By Figures[IT]and 8] show

(Cpy, ") = (P,1) = (Dk,1) is a surface cork.
Exercise 3.0.27 (2.1.23). By Figure[10] verify that the two marked slides give Figure

Exercise 3.0.28 (2.1.24). For m: £,(B*,Dp) — B*, verify
(1) Z,(B*,Dp) = P.
(2) The boundary involution is 7.
(3) The covering involution is p.
(4) tor=moTonJdP.

Exercise 3.0.29 (2.2.3). (*,!) Show
$cx nonseparating =— SWy =0.

Exercise 3.0.30 (2.2.4). (x) Using
HF (S}(K,)) 2F[U] @ (F[U)/U)*,  HF (Sj(K.) 2 F[UP & (F[U]/U),
and the completed surgery triangle, show
Fy \(u): HFrea(S3(Ky)) — HFrea(S7 (Ky)).

Exercise 3.0.31 (2.2.5). Let b,(Y) > 2.

(1) (%) Show

b (Y x SY) = by (Y).
(2) (!) For non-torsion s € Spin‘(Y'), show
dimp HF,q(Y,s5) = Z SWy., s (t) (mod 2).
tly (o} =5
(3) Show that only 7*s € Spin°(Y x S') can contribute, and
SWy g1 (7*s) = dimp HFq(Y,s) (mod 2).

Exercise 3.0.32 (2.2.6). Verify

(M (1

S;,—l (K,up) = S;Jrl (Kp).

(2)
Sy —1(KuUY) 2 S, (Kny2).
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(3) (*)
S o(KnUy) = S (0)#(S* x S").

@
21 (Ka) = 87 (Kue7),  S21(K_5) = 53(61).

Exercise 3.0.33 (2.2.9). (x) Show
mX)=2mX°) 27

Exercise 3.0.34 (2.2.9). Compute the equivariant intersection forms of X, X, and show that they agree
with that of

(S! x $3)#2CP*#9CP".
Exercise 3.0.35 (2.2.9). Use Freedman—Quinn classification to show
X Zhomeo X© Zhomeo (! x S #2CP49CP”, X %gm XC.
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