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2 1Z TECUM

Part 1. Lecture
1. RESOLUTIONS AND REGULARITY

This section relates minimal free resolutions, regular local rings, and Koszul homology.
Throughout, assume [[1., 16} I8]]

(R, m, k) commutative noetherian local, m = the maximal ideal of R, k:=R/m.
mod(R) := {N : N finitely generated over R}, M € mod(R).

1.1. Minimal Resolutions.
Definition 1.1.1 (Minimal generators). For M € mod(R), set
tg(M) = dimg (M /mM) S yp (M) = min{n>0: M =Rm; +---+Rm,} .
Example 1.1.2 (Standard presentation). For a field k, set
O :=k[x1,... %], ni=(xq,...,X), 1Cn?, R:=Q/I, m:=n/l.
R/m >k, m/m?=n/(n>+1) =n/n> 2 k° LL] Ur(m) = e.
Definition 1.1.3 (Free resolution). For M € mod(R), let

0 0 0 )
F=(3Fh3F 5 Fk—0), F, >R, r < oo.
. 0 J .
F afree resolution of M &= - — B 23 F S FSM—0 is exact.

F a free resolution of M £ Hy(F)=M, H(F)=0 (i>1).
F minimal <= J;(F)CmF_; (i>1), d(F) CmF.
Definition 1.1.4 (Successive syzygies). For M € mod(R), choose [}, §1]
QR (M) =M, F = R“R(Qf(M)), 7« F; — QF(M) minimal (i > 0).
Fori > 0, set
QR (M) := ker(m), ker(m;) C mF;, €=M,
1 QR(M) — F_y, d;:=vom (i>1).
0i(F)) CmF;_; LLY £ £ M is a minimal free resolution.
The recursive factorizations assemble into the following exact diagram.

% 5 2 A )
N4 A AN A
Qf(M) Qf (M) Qf (M)

Theorem 1.1.5 (Existence and uniqueness). Every M € mod(R) admits a minimal free resolution.
For minimal free resolutions F,F' of M and every free resolution G of M,

F>F, G=F®C, C contractible.

- —> F Fo -5 M—0

The comparison is represented by the following commutative diagram.

ZBased on lectures by Eloisa Grifo, Benjamin Briggs, and Josh Pollitz [4] .
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23 £ 0
| | 1
I i e
. . ¢
!/ !/
2

Proof. Let F,F’ be minimal resolutions of M, let G be any free resolution, and choose comparison maps
¢©:F — F' and y : F’ — F lifting idy;; minimality makes the comparison homotopies invertible modulo
m 1,13} §1].

M € mod(R @ M admits a minimal free resolution, F,F’ minimal Q OF Qrk=0=0p Qpk,

o, wliftidy =" yop ~idr,  @oy~idp,

Ir Ork=0=0p @pk 25 (y;@rk)o (@iOrk) = idpag,  (@®rK)o (Y ©rk) = 1dF/ g ks
@; @ k invertible "= ¢; invertible (i>0), (0, 2r k) = y; @k,

1l §11, [T6 .
G free resolution "3 G ~ Fain ®©C, Foin £ F, C contractible.

Thus Nakayama’s lemma upgrades the inverse comparison maps over k to a degreewise isomorphism over

R, and every nonminimal cancellation remains in C. O

Proposition 1.1.6 (Minimality criterion). For a free resolution F of M,
F minimal <= d @rk =0 <= every entry of every 0; lies in m.

For everyi > 0,

F; — QR(M) minimal 22 rankg (F) = ur (QR(M)).
Proof. Fix bases of F; and write A; := [d;]; reduction modulo m detects both minimality and the number
of generators.

F minimal =2 0i(F;) CmF;_ <— (F/mF —>F /mFi,l) =0 < J;®rk=0 (i>1),
a,-®Rk: 0= Ai=0 < (A)pyem (p,q,i),
ker(F; — Q8 (M)) = 91 (Fipr) € mF; "L ranke (F) = g (QR(M)).

Thus vanishing after base change, matrix entries in m, and minimal covers of the successive syzygies are
equivalent. O

Definition 1.1.7 (Betti numbers). For the minimal free resolution F of M, set
BR(M) :=rankg(F;),  F,=RF'M)

pdg(0) := —oo, pdr(M) :=sup{i >0:F;#0} e NU{} (M #0).
By Theorem |[I.1.5] these quantities are independent of F.

Proposition 1.1.8 (Betti numbers via Tor and Ext). For every i > 0,
BX (M) = dim; Torf (M, k) = dimy Ext, (M, k).

Minimal base change is represented by the following diagram.
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dit1 ;i

Fit F; Fi_q
it1 Qrk 0 Fi®rk 5 Fi_1 Qrk

Hi(F ®gk) = Tork (M, k) = kB 1)
Proof. Minimality annihilates the induced differentials over k, so both derived functors are read directly
from the free ranks of F.
F minimal =2 dRrk=0, Homg(d,k) =0, H;(F ®@gk) = F;®gk, Hi(HomR(F,k)):HomR(E,k),
F £ M free resolution " "5 o R (M, k) = Hy(F ®gk), Exth(M, k) = H' (Homg(F, k)),
Fa PO B2 po ko kPO Homg(F, k) kB ™) dimy TorR(M, k) = BR(M) = dimy Extiy (M, k).
Thus the common k-dimension is the minimal free rank SR (M). O

Example 1.1.9 (Residue field). For R = R; := k[x]], the minimal resolution is the following exact
sequence.

0—-R-SRS5k—0
o' (=B =1, pdg(K)=1.
For R = R; := k[[x]] /(x*), the minimal resolution is the following periodic sequence.
SRSRSRS5k—0
ker(Ry 5 Ry) = (x) = im(Ry % Ry) BR(k)=1 (i>0),  pdg, (k) =oe.
1.2. Regularity.
Definition 1.2.1 (Regular local ring). For (R, m,k) as above, set
embdim(R) := ug(m @ embdim(R) = dimy (m/m?).
Rregular :<= embdim(R ):dim(R).
[Krull height theorem] For (R, m, k) as above [10, §13], [6 §2.2],
dim(R) = ht(m) < pg(m) = embdim(R).
[Auslander—Buchsbaum-Serre] For (R, m, k) as above [10, §191, [6, §2.2], [1} §11,
R regular <= pdg(k) < oo <= pdr(M) < e forevery M € mod(R),
R regular ' 1M 2222 AT pdg(k) = dim(R).
Corollary 1.2.2 (First singularity test).
k[[x] regular, k[x] / (x*) not regular.

Proof. The two residue-field resolutions of Example [I.1.9] are distinguished by the finite-projective-
dimension criterion in Fact[T.2l

pdy [x]] = lk ]| regular, P/ xz = oo :!k ) not regular.

Thus finite prOJectlve dimension occurs for the power-series ring and fails for its smgular quotient. [J
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[Cohen structure theorem] For the m-adic completion of R [[10, §29], [6], set
R:= ImR Jm.
n
There exist

(Q,n, k) complete regular local, 1Cn?, R /1.
The completion and its Cohen presentation fit into the following commutative diagram.

R—* 3R

Sk

0 I < 0 "% 0/l — 0

Definition 1.2.3 (Complete intersection). For R Q/I as in Fact [6, §2.3], set
0 — R /1, 1 Cn?, 0 — R a minimal Cohen presentation.
R a complete intersection <= I=(f1,...,fc), f1,..., fe a Q-regular sequence, codim(R) :=c.

Proposition 1.2.4 (Regularity in a minimal presentation). For a minimal Cohen presentation R 0/1,
R regular <—= 1 =0.

Proof. Completion preserves dimension and embedding dimension, while I C n? preserves the cotangent
space of the minimal Cohen presentation. Set
m:=n/l.
R — R dim(R) = dim(R), embdim(R) = embdim(R), R regular <= R regular,
rcn? £ g/ en/(n?+1) =n/n, embdim(R) = embdim(Q) = dim(Q),
R regular "€ R regular =1 dim(R) = dim(Q) L2 dim(Q/I) = dim(Q),
dim(Q/I) = dim(Q) " he(1) =0 "&E¥ 1 = 0.
Since Q is a domain, height zero forces / = 0, while I = 0 gives R 0. U
Theorem 1.2.5 (Conormal criterion). Let Q be regular local, I C Q, and R := Q/I. Then
I generated by a Q-regular sequence <= pdg(I/I*) < .
Forc¢>0,I=(fi1,..-,f;), and a Q-regular sequence fi,..., f., the conormal basis is the following
isomorphism.

c ) . > c
R =P Rei —“1 L )2 = DR(fi+P)
i=1

i=1

Proof. The regular-sequence direction computes a free conormal module, while the converse applies the
finite-projective-dimension theorem of Briggs.

fi,---,f. a Q-regular sequence == I/I>=FR° Lig pdg(I/1?) € {—o0,0}, pdg(I/1?) < oo,
{I —0 L&, generated by the empty Q-regular sequence,

1#0, pdg(I/I?) < L g generated by a Q-regular sequence.
Thus the equivalence is the regular-ambient case of Vasconcelos’ conjecture [3]]. U
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1.3. Koszul Complexes.
Definition 1.3.1 (Regular sequence). For M € mod(R), M # 0, and f € R [6, §1.1],

fregularon M <= fM#M, ker (M g, M) =0.

For n =0, set
f:=0, M/(E)M:=M, f regular on M.
Forn>1andf:= (fi,...,f,) € m", set
M0::M7 Ml:M/(flahfl)M (lglgn)
fregularon M = M, #0,  fiM; | #Mi 1,  ker(Mi, 55M, ) =0 (1<i<n).
[Regular parameters] For a minimal generating set xy,...,x, of m [6, §2.2], [10, §14],
R regular <= xy,...,x, an R-regular sequence.

Definition 1.3.2 (Exterior algebra). For an R-module E, set

TR(E):=E@E®™,  N\E:=Tr(E)/{e®e:ecE), /\E:@/\E.
R

i>0 R i>0 R
For homogeneous a,b € A\, E,
anb=(—Dpra,  |a|odd B2 ara=0.
[Exterior basis] For E = R" with basis e, ...,e, [6, §1.6], [16, §4.5],

d d n
E= Reil Ny ), rank E)= .
/; P (ei A---Nej) a R(Q ) <d)

1<ii<-<ig<n

Definition 1.3.3 (Koszul complex). For f:= (f,...,f,) € R" and E := R" with basis ey, ..., e,, set
d
KR(f)q := \E, d(e) = fi, a,b homogeneous, d(anb):=d(a) Nb+(—=1)14anad(b).
R

d
dei Ao Ney) =Y (=177 fi ceiy Ao A& N+ N,
j=1
These maps assemble into the following augmented complex.

0 > KR(E) = ApR" % KR (£) = A 'R ™S" o o KR()) = \2R" 5 KR®) =R* & KRE) =R 5 R/(fi,.... /o) » 0

Proposition 1.3.4 (Square zero). For the differential of Definition[I.3.3]
9% =0.

Proof. Fix u :=e; \---\e;,; deleting e;, and e;, in opposite orders produces the same wedge with
opposite signs. For 1 < p < g <d, set

Upg = ey N---Nei) N---Nej, N+~ Nej,,

. -1 -2 -3 D . -1 — -2
chi = (=D =0T fiy = (SO fiy e = (ST DT S, = (DR
e = ()7 + 1) =0,
2 ; , _
9% (u) = Z (cgqq+c;1,;) “Upg = 0.
1<p<q<d

Thus every unordered pair cancels, and the differential squares to zero. U



SINGULARITIES IN COMMUTATIVE ALGEBRA 7

Example 1.3.5 (Small Koszul complexes). For f € R,
KR(f):0 — Rey LR — 0.

For fi, f> € R, the two-element Koszul complex is the following sequence.

32: 7f
0 — R(ej Nea) J; el@Rez 4 f?% R/(f1,f2) —
dod B2 (fi fo)- [ffz] =0.

Proposition 1.3.6 (Degree-zero homology). For every sequence f = (f1,..., fn),
HO(KR(f)) = R/(fl yeee 7fn)

Proof. Degree zero has no outgoing differential, and the image of 9 is the ideal generated by f.

KR(®)o=R,  KR(f)_1 =0 B2 Hy(KR(f)) = coker(R" L R),
m(R [I——}_)R):(flaafn) @ COkeI‘(Rn[l———)R) R/(fla 7fn @HO KR ) R/(flv afn)
Thus the degree-zero homology is the quotient by (f). O
Theorem 1.3.7 (Koszul criterion). For f= (fi,...,f,) € m",

f an R-regular sequence <= KX(f) a free resolution of R/ (f) <= H;(K®(f)) = 0.

Proof. Koszul homology rigidity reduces acyclicity to degree one, and degree-one vanishing detects
regularity.

H(K*(£)) =0 B0 H(KR(£)=0 (i>1) KR(f) a free resolution of R/(f),

f an R-regular sequence 03K 1(KR(£)) =0.

Hence regularity, degree-one vanishing, and exactness of the augmented Koszul complex are equivalent.
n

Corollary 1.3.8 (Betti numbers of a quotient). For an R-regular sequence f = (fi,..., f.),
B /) = (

Proof. For a regular sequence, the Koszul complex is the minimal resolution and its free ranks are the
exterior ranks.

f regular 132 K®(f) a free resolution of R/(f), f e me 2L kR (f) minimal,
0= AR /) ~ ()
i
R

KR(£)i=0 (i>c), KR(®).= AR =R#0 L pdy(R/() =c¢
R

c

) O0<i<c).  pdg(R/(0) =

1

The nonzero top exterior power occurs in degree ¢, so the projective dimension is exactly c. g

Corollary 1.3.9 (Koszul resolution of the residue field). For a minimal generating set x1,...,x, of m,
R regular <— KR(x1 ,+ -y Xe) a free resolution of k.

In this case,

BR(K) = () C pdglk) = e = dim(R).

1
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Proof. The minimal generators of m form a regular sequence precisely when R is regular, so their Koszul
complex controls the residue field.

R regular L X1,...,X, an R-regular sequence, X1,...,X, regular L3 kR (x1,...,%.) a free resolution of k,
BR(k) = < ) CZLA 54, (k) = e = dim(R).

Thus the exterior ranks give the Betti numbers, and Auslander—Buchsbaum—Serre identifies the terminal
degree with dim(R). O

2. DG RESOLUTIONS
DG resolutions retain multiplication while successively killing homology. Throughout, assume
(R, m,k) commutative Noetherian local, Ai=0 (i<0), 9] = —
2.1. DG Algebras.
Definition 2.1.1 (Differential graded algebra). Let A = P>, A; be a graded R-algebra. A DG R-algebra

structure on A is
R—}Ao, r|—>r-1A, 8(r-1A):0, 31'114,'—)141'_1, 31'_1(91':0, Ai-AngH_j, 1,4 EA(),

a,b € A homogeneous, a-b=(—1)llp.q4, |la| odd = a*> =0,

d(a-b)=d(a)-b+(—1)a-9(b).
For a graded A-module M, a DG A-module structure is
&MIM]'—>MJ;1, BIZW:O, Ai'MngHj,
Iy(a-m)=d(a) -m+(—1)1%a- oy (m).
For DG algebras A, B, set
¢@:A — BaDG-algebramap < |¢| =0, o¢(14)=15, ¢@(a-b)=0¢(a) - ¢(b), P = Qoa,
¢ a quasi-isomorphism <= H;(¢) : H;(A) = H;(B) (i>0)
(L, §2].
Proposition 2.1.2 (Homology algebra). For a DG algebra A, set
Zi(A) :=ker(d;),  Bi(A):=im(d41), Z(A):=EPZ(A), B(A):=EPBiA)
i>0 i>0
Then
Z(A) C A a graded subalgebra, B(A) C Z(A) a graded ideal.
H(A)=Z(A)/B(A) a graded-commutative Hy(A)-algebra.

Proof. By Definition [2.1.1] the Leibniz rule sends products of cycles to cycles and products with bound-
aries to boundaries.

I(14) =d(1a-14) B2 9(14) =20(14) = a(1A)=o, d(a ): b)=0 2L 9(q.b) =

aEZ(A) b=29(c A) B 9(b) = 9%(c) =0,
acz,(4), b=0d(c) %‘iaac )pab:>ab (—1)P(a-c) € Bpiq(A),
bEBq(A)_Zq(A), ab=(— 1)!’% a = B(A)Z(A) = Z(A)B(A) C B(A),
][] :=[a-b],  [a]-[b) = (=1)“"'[p] [a],  |a| odd = [a]* =0.

Thus the quotient multiplication is well defined and has coefficient ring Hy(A). U
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Example 2.1.3 (Koszul complex as a DG algebra). For f= (f1,...,f,) € R", set
A::KR(f):/\R(el,...,en), |€,’|:l, 8(e,):f,
By Definition[I.3.3] the differential is the unique extension satisfying Definition 2.1.1][6, §1.6], [1} §2].

Definition 2.1.4 (Tensor product). For chain complexes A, B of R-modules and homogeneous a € A;,
b € Bj, set

(A®rB)y:= D Ai®rB;,  d(a®b):=0d(a)®@b+(-1)"a®d(b).
i+j=n

For DG R-algebras A, B, set
(a®b)-(d ©b) = (=) a-d) & (b-b).
The signed total differential is represented by the following anticommuting grid [[1} §2], [L6, Chapter 2].

da®1 da®1
Ait1 ®gBj1 ——— Aj®gBj1 ——— Ai1 ®rBji1

(—=1)*1®dp (=1)'12ds (=1)"11®dp
04®1 0a®1

Ais1@rB; — 220 A@pB; — 22 5 A @pB;

(=" 12dp (=D1®ds (=) '1®d

1 Q1
t+l®RBj | —— A ®RBJ 1 —>Al 1®RBJ 1

Proposition 2.1.5 (Tensor differential). For the differential and product of Definition
9’ =0, d(uwv) = du)v+ (—1)"ud(v)  (u,v homogeneous).

Proof. Fix homogeneous a,b,d’,b’ and set p = |a|, g = |b|, and r =
Koszul interchange sign control the calculation.

*(a®b) B2 92(a)@b+(~1)""9(a) ®d(b) + (—1)Pd(a) ® d(b) + a® d*(b) =0,
I((a®b)-(d b)) B (—1)"(a-d)@(b-b)+(=1)" " (a-d)2(b-b'),
Ly:=(-1) q’(a(a)-a'®(b-b’) (—1)Pa-3(d) @ (b- b’))

Lp = qr”’”( d)® bl—l-(—l)q(a-a')@b-a(b’)),
d((a®b)-( ®b’)) =La+Lg,
da@b)-(d@b)=(-1)7"d(a)-d @ (b-b)+(=1)PT"V"(a.d Y29 (b)- b
(=D (a@b)-d(d @) = (=1)"""a-d(d") @ (b-b")+ (=) (a-a')@b- (V).

Since p+ (¢q— 1)r = p+gr+r (mod 2), the last two lines sum to the expanded differential of the
product. ([l

and the

(
)

Corollary 2.1.6 (Koszul tensor decomposition). For f= (fi,...,f,) € R",
KR(f) =2 K®(fi)@r---@rKX(f,) as DG R-algebras.

On generators, the isomorphism is the upper edge of the following diagram.
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D(e;)=10--®e;@-@1

KR(f1,.- 0 fn) = KX(fi) @ QR K*(f,)
9 2.1.4)

(Ag(er,...,en),d(er) = fi)

Proof. The one-variable factors successively adjoin the exterior generators, and Definition [2.1.4] supplies
exactly the Koszul signs.

KR (f)orK"(g ”/\R (ef,eq), d(ef) =, d(ey) =g,
/\R(efaeg)v a(ef) :f7 a(eg) :gKR f7

KR(f1yoos f) R KR () 2 KR (S, fr) BN KR ®ﬂﬁ

Thus induction identifies both the product and the differential on every exterlor mononnal. U
2.2. Tate Models.

Definition 2.2.1 (Adjoining a variable). Let A be a DG algebra and z € Z;_1(A) homogeneous. Set
Ak|OW =1,  hl=d )=z
with the differential extended by Definition [2.1.1] The underlying graded algebra is
dodd = Ax]|=A®A-x, x*=0.
For even d, set
Alx] polynomial, Ay =j-z-x71, A(x) divided-power, d (x(j)) = z-xU~,
L) @) (P + q) L)

p
Throughout, use the conventions of [15]], [[1, §6] and write

A[X] for exterior odd and polynomial even variables, A(X) for exterior odd and divided-power even variables

Proposition 2.2.2 (Killed class). For A[x|d(x) =1z],
[zZ] =0€ Hy_1(Alx]).
If d is odd, there is a short exact sequence of complexes
(ZA), :=An_a,  Ovas(Za) :=X%4(a), 00— A— Ax] — L4 —0,

and its connecting map is multiplication by [z] up to the suspension sign. The two maps occur in the
following exact diagram.

0 At S Ax|d(x)=7 —2—» x4 0

Furthermore,
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Proof. By Definition [2.2.1] the new generator bounds z, while the odd-degree decomposition identifies
the quotient with a shift of A.

z=10d(x) 227 [z] =0, d odd @;A =ADA-x, Alx]/A =2 XA,
d(a-x) 21 d(a)-x+(—=1)la.9(x @ d(a (=1)llg. 2,
d(a) =0 = d(a-x) = (-1 )'“‘a-z — 5([ I = (— )‘“'[a'Z] = =£[z] - [d].
Hence the extension kills [z], and the connecting morphism records precisely that multiplication. ([l
Definition 2.2.3 (Even filtration). For an even polynomial variable x, set

v :=EPA-x, AxJ<oCAN<i S+, A= (JAR)<w
= N>0

Then h
I(Al]<n) CAM<y,  (AlJ<n/Al<n—1)' = (ENA),
and every fixed homological degree stabilizes for N > 0 [[1} §6].

Theorem 2.2.4 (Universal extension). Let ¢ : A — B be a DG-algebra map and Z C Z(A) homogeneous.
For

X:={x;:z€Z}, [xe| = [z] + 1, d(x;) =z,
there is a unique DG-algebra map
¢:AX[d(x;) =2 — BIX|d(x)=0@), Ola=¢,  obx)=x.
The extension is the unique dashed arrow in the following square.
A 9 B
AX |dx=2] -----=----» B[X | dx = ¢(2)]

Moreover,
© a quasi-isomorphism = @ a quasi-isomorphism.

Proof. The prescribed values force the graded-algebra map, and the boundary assignment makes it a chain

map.
’ I(P(x:)) =0(x:) = 9(2) = 9(2) =9(d(x2)),  Pla=9,
0—A—Alx,] — 24 —0, 0 — B — Blx,] — 2B —0,
;| odd,  H(¢) bijective 2L 1(G) bijective,
el even,  Ale]en/Alx]en—1 2 EMEA Blx]on/Blx]<n-1 = ZNIB,
H(@) bijective 28" F (A[x.]y) — H(B[x]<y) (N >0).
Filtered colimits over N, then over finite subsets of X, preserve the quasi-isomorphism [1, §6]. U

Corollary 2.2.5 (Prescribed boundaries). Let ¢ : A — B be a DG-algebra map and Z C Z(A) homogeneous.
Assume

b, € B\Z\Jrlv a(bz) = (P(Z) (Z € Z)-
Then there is a unique DG-algebra map

Vv AX|d(x;) =2z — B, Via=0, V(x;) = b;.
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Proof. The graded-algebra map is forced by the values on A U X, so only compatibility with the differential
must be checked.

I(y(x) =9(b:) =0(x) =v(z) =v(d(x;)), dy(a)=0d¢(a)=@d(a) = yd(a),
dy(u-x;) B2 a(y(u)-b) = w(u) b+ (—1)"y(u)-d(b;) = w((u-x,)).

Thus Definition [2.1.1]extends the generator check to every monomial and gives uniqueness. g

Definition 2.2.6 (Semifree extension). An extension A — A[X] is semifree when X admits a well-ordering
[L, §2] satisfying
d(x) € A[X<y], Xeri={yeX y<x} (xeX)

Lemma 2.2.7 (Lifting lemma). Let
7 : C — B a surjective quasi-isomorphism, O[X| semifree over Q, f:0[X] — Ba DG-algebra map.
If flo lifts to C, then the dashed map exists in

O[X] B

and satisfies

The lift is unique up to Q-linear homotopy [1, §2].

Proof. Order X as in Definition and assume the lift has been defined on Q[X_,]; acyclicity of the
kernel removes the obstruction at x.

7 : C — B a quasi-isomorphism " =5"' 0 —s ker(7) — C %> B — 0, H (ker(m)) =0,

(RS C|x|, 71'(6()) = f(x), u:.= 8(6‘0) —f(&x) € ker(n)|x|,1,
d(u) = 9*(co) — f(9*x) =0,  H(ker(m)) =0 = u=09(h), heker(m)y,
f)=co—h,  wfx)=f(x),  If(x)=0(co)—d(h) = f(Ix).

The same well-ordered induction applied to two lifts constructs the relative Q-linear homotopy. U
Definition 2.2.8 (Tate resolution). Let (Q,n,k) be Noetherian local, I C Q, and R = Q/I. Choose

I=(fi,...,f,) minimally, X, :={e1,....en}, le)] =1, d(e;) = fi,

and set

OX1] :=K2(fise -, fu)-
For d > 2, choose cycles zy € Z;_1(Q[X<4-1]) such that
{[z«] : x € X4} minimally and finitely generates Hy_1(Q[X<q4_1]) over R, x| =d, d(x) = zy.
Set
Xy = U X;, X = U X4, d odd = X, exterior, d even —> X, polynomial.

1<i<d d>1

This semifree DG algebra is the Tate resolution Q[X] — R [15]], [, §6]. Its stages and killed homology
are recorded by
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Q 7, 01 =KO(f) — - OlX<) X QX<d]
- Hy(Q[X<2]) =R, Ho(Q[X<d]) =R,
H Q=R o)) =0 H(QX=a) =0 (1<i<d)

R, i=0 ~

’ ’ X] —R.
0. i>1, 0[X]
Hence the underlying complex of Q[X| is a free Q-resolution of R.

Proof. The variables in degree i 4 1 kill H;, and variables of larger degree change neither chains of degree
i nor boundaries entering that degree.

OX|i=0X<ili,  OWX|it1 = QX<ipi]iv1,  Hi(QX]) = Hi(Q[X<iv1]),
{0(x) : x € X1 } generates H;(Q[X<]) @ H(QX<i+1]) =0 (i>1),
Ho(QIX1)) =2 Q/(fiio ) =Q/I=R._ OXJo=0Q[Xilo,  Q[X}i =QlXili,
Hy(Q[X]) =R, Q[X]* free over O LI Q[X] = R a free resolution.
Thus the direct-limit DG algebra is acyclic in positive degrees and resolves R multiplicatively. O
Corollary 2.2.10 (Stopping criterion). For a minimal generating sequence £ = (fi,..., f) of I,
O[X] = 0[X1] = K2(f) <= fa Q-regular sequence.
Proof. The construction stops at stage one precisely when the first Koszul stage already has no positive
homology.
0[X] = 0[Xi] 223 g, (K9(f)) =0, H(K9(f) =0 REE Ay Q-regular sequence,

fregular =2 H(K2(F) =0 (i>1) 2 x,=0 (d>2).
Hence stage-one termination is exactly the complete-intersection case for the quotient map. O

Definition 2.2.11 (Minimal model). Let (Q,n, k) be local. A semifree resolution Q[X] =5 R is a minimal
model if

(X):=Q[X]-X,  9(X) C nQ[X]+ (X).
For the linear part, set
d"(x)=ad(x) (mod (X)?) (x e X).
The variables grouped by homological degree form the following linear spine [1, §7].

S P P PorH 0S5 R—0

XEX3 x€Xo xeX)

Proposition 2.2.12 (Tate models are minimal). For the Tate resolution of Definition assume
1Cn?, {f1,---, fu} minimally generates I, { [Q(x)]:x€e Xd} minimally generates Hy_1(Q[X~4]).

Then Q[X] = R is a minimal model.
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Proof. The initial boundaries lie in n?, and at each later stage Nakayama forces every linear coefficient of
a new boundary into n.

(0(x1)) =1Sn*CnQlX],  I(X<q) CnQX]+(X)*,  yEXapr,
dly)=w+ Z aX, we(X<d)2, a, €0, a,:=ay,+1€ER,
XEXd
0=23%(y w)+ Y ad(x) = Y @[d(x)] =0 inHy (Q[X4)),
xeXy x€Xy
{[0(x)]:x€ Xd} minimal =g, en  (x € X,),
A(y) € nQ[X]+ (X) B 9(Xeur1) S n0lX] + (X )
Induction therefore gives the mlmmal—model containment for every Tate variable. U

[Model versus resolution] Let Q be regular local and R = Q/I not a complete intersection. Then
Q[X] — R a minimal model = #X = oo, pdy(R) < eo.
Thus the underlying complex of a minimal model need not be the minimal free Q-resolution of R [1} §7];
the second assertion follows from Fact[L.2l

2.3. Deviations.

Definition 2.3.1 (Koszul complex of a ring). Choose a minimal generating set x = (xi,...,x,) of m, and
set
e := embdim(R), KR .= KR (x), H(KR) := EBH,-(KR).
i>0
By Proposition [2.1.2]and Proposition[I.3.6] one has [6, §1.6]
Ho(K®)=R/(x1,...,x.) = R/m =k, H(K®) a graded-commutative k-algebra.
Proposition 2.3.2 (Independence of generators). For minimal generating sets X = (xi,...,x.) andy =

(V15---53e) of m,
K®(x) = K®(y) as DG R-algebras.

Hence Definition 2.3.1|is independent of the chosen minimal generators [0, §1.6], [ §2].

Proof. The two generating sets determine bases of m/m?, so a change-of-basis matrix lifts to an invertible
matrix over R.

2 — y=Ux, U € M,(R), det(U) #0,
det(U) #0 = det(U )eRX = U € GL,(R),

(I):KR(Y) —>KR(X)7 ey, ZUljex,7 ey, ZUUXJ Yi,

X,y bases of the k-space m/m

dP(ey,) = Dd(ey,), U € GL,( ﬁ@ a DG-algebra isomorphism.
Thus every change of minimal generators 1nduces an isomorphism of the corresponding Koszul DG

algebras. g
Example 2.3.3 (Three quotients). For
Q:: k[[x,y]], I = (XZ_y2)7 L= (X27y2>, L= (xz,xy),
one has
2.2 2 .2 23 : :
x~ —y~ Q-regular, x°,y" a Q-regular sequence Q/I, Q/I, complete intersections,

Uo(B) =2, VI = (x), ht(l3) = 1 12623 Q/Iz not a complete intersection.
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[Completion invariants] Set

R:= l'glR/m", M= mR, M := @M/m”M (M finitely generated).
n n

Then
R —> R flat and local, m" /m" 2 mrmett M®rR>=M,

dim(R) = dim(R), depth(R) = depth(R), embdim(R) = embdim(R)
[LOL §8], 6L Chapter III].

Lemma 2.3.4 (Completion quasi-isomorphism). Let M be a complex of finitely generated R-modules.
Assume
lr(H;(M)) <o (i>0).
Then the natural map
Ny :M— M Qg R
is a quasi-isomorphism. Set

~

T],'ZH,'(M) —)H,(M) ®RR\, ﬁ,‘ZH,‘(M) ®R§i)HL(M®RR)
These maps form the following square.
H;

—

) -

HI(M) T E— Hl'(M®RR)
nl: :lﬁ;l
Hi(M) g R =——— H;(M) ®x R

Proof. Flatness commutes completion with homology, and finite-length modules are already complete.
R flat over R 22 H;(M @z R) = H;(M) @z R,
(R(Hi(M)) < 00 => mMH;(M)=0 (N;>>0),

mMH; (M) = 0 =2 Hi(M) ©p R 22 Hi(M) @ v R/mVR = Hy(M),
H;(Mm) = Binis 7; bijective, Bi bijective = H,(n) bijective.
Therefore completion preserves every homology group of M. U

Proposition 2.3.5 (Koszul complex and completion). For x = (xy,...,x.) as in Definition m
KR(x) @g R Kﬁ(xl, ...,xe) as DG R-algebras,

and

H(K®) = H(K®) as graded k-algebras.
Set

nK:KR—>KR®R§, ar—a®l, a:KR®R1/€\iKR.
The two identifications are the horizontal maps in

KR le:a:a@l KR ®R I/?\ Kﬁ

IR

H(otonk) R

H(KF) H(KF)
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Proof. The images of the minimal generators remain minimal after completion, and exterior multiplication
gives an explicit null-homotopy for the maximal-ideal action on Koszul homology.

m/m? = m/m? = X1,...,X, minimally generate m,
KRx) @rR= N(er,..nee),  de)) =x; B2 KR(x,...,x.),
R

thKR—>KR, hj(a) =ejNa, 8h]+h]8 :Xj-lKR,
(xX1,...,%) =m = mH;(K®) =0, H;(K™) finitely generated = (z(H;(K")) < oo,

Cr(Hi(KR)) < 0 222 H(KR) =5 H(KR @ R) — H(KF).
Thus completion preserves both the Koszul DG algebra and its graded homology algebra. U
Theorem 2.3.6 (First Koszul homology counts equations). Let (Q,n,k) be regular local and set
R:=Q/I, ICn’
Then
rank; Hy (K®) = po(I) > ht(I) = embdim(R) — dim(R).

Proof. Choose a regular system of parameters of Q; after base change its Koszul complex computes
Tor? (R, k), whose first group is the space of minimal equations of /.

X = (x1,...,X,) minimally generates n, e = embdim(Q) = dim(Q), 1 Cn?,
m=n/l, m/m?>=n/(n*+1) =n/n®> = embdim(R) =,
KR KO(x)@gR,  K2(x) =k B2 H (k%) = Tord(k,R),

0—1—0—R— 02510 — Tord(k,R) — I/nl — k,

[Cn? = I/nl — kzero = Hj(K®) = 1/nl = rankiH,(K®) = o (1),
po()>ht(l),  ht(I)=dim(Q)—dim(Q/I),  dim(Q) =embdim(R)™Z2E5" ht(1) = embdim(R) — dim(R).

Hence degree-one Koszul homology counts the minimal defining equations and dominates their codimen-
sion [1} §71, [6, §1.6]. 0

Theorem 2.3.7 (Complete-intersection characterization). Let
Ag /\kH1 (K®) — H(K®), 2] A Azg) — [z1 ... 24)
Then
R complete intersection <= Ag an isomorphism <= rank;H;(K®) = embdim(R) — dim(R).

Proof. Completion preserves the Koszul algebra, and a minimal Cohen presentation converts the numerical
condition into equality between the number and height of the defining equations.

H(K®) %H(Kﬁ) 233 Jg an isomorphism <= Az an isomorphism,
0 — R= Q/I a minimal Cohen presentation, Q complete regular local, I1C nz,
0—»R=0/1, 1Cn* Z2 rankH (K®) = pp(I),  embdim(R) — dim(R) = ht(I),
rank; H; (K®) = embdim(R) — dim(R) <= uo(I) = ht(1),

Q regular local, Uo(I) =ht(I) PLENy generated by a Q-regular sequence R complete intersection,
I generated by a regular sequence O[X] = Q0[Xi], k[X,] = /\ (k1) R A an isomorphism,

Ag an isomorphism LBy, = o (d>2) 221 generated by a regular sequence.
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Thus the exterior-algebra structure and the equation count detect exactly the complete-intersection
case. g

Definition 2.3.8 (Acyclic closure). An acyclic closure of k over R is a semifree DG divided-power algebra
RY) =k  Y,:={yeY:|y=n},
built by minimally adjoining variables that kill the surviving homology. For y € Y»;, set

+ .
o1 oy ey = (qu>y<p+q>, () = a(y)yle).

Odd variables are exterior, and acyclic closures are unique up to DG divided-power algebra isomorphism

(9% §11, [} §6].

Theorem 2.3.9 (Minimality of the acyclic closure). Every local ring admits an acyclic closure satisfying
d(Y) CmR(Y).

Its underlying complex is the minimal free resolution of k over R.

Proof. The Tate procedure chooses minimal homology generators at every stage, so all new boundaries
lie in the maximal-ideal multiple of the preceding free algebra.

R{Y<,—1), {[zy] : ¥ € ¥} minimally generates H,— (R{Y<u—1)), 2(y) =2y,

0(Y,) CmR(Ye, 1) 2 9(Y) CmR(Y),
H(R(Y))=0 (i>1), HyRY)) =k =2 R(Y) =5k,
d(Y) CmR(Y) = J(R(Y);) CmR(Y); 1 22 R(Y) minimal.
Thus the multiplicative closure and the minimal free resolution have the same underlying complex. [
Definition 2.3.10 (Deviations). For a minimal acyclic closure as in Theorem set
&(R):=#Y, (n>1).
These numbers are independent of the chosen closure [[1, §7].

Theorem 2.3.11 (Deviations from a minimal model). Fix a minimal Cohen presentation and a minimal
model
0 —»R= /1, (Q,n,k) complete regular local, I1Cn?, oX] = R.
Then
€1(R) = embdim(R), &+1(R)=#X, (n>1).
After replacing R by R, write R = Q/I and fix

er:R—k & :RY) =k  &:0X]—R, & k[X]—k
The acyclic closure and the closed fibre occupy the following diagram.
R~ R(Y) ox] 25 R
NNJSY k®Ql iER
k k[X] -k

For a regular system of parameters X of Q, the intrinsic Koszul complex and the derived fibre are compared
by

KR (x) = K2(x) 9o R 425 K2(x) @9 QX] 25 ko O[X] = k[X]
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Proof. The comparison identifies the minimal-model indecomposable counts with the shifted acyclic-
closure counts, while the first closure stage records the generators of m.

Y] < Xg, #Y) = ug(m) = embdim(R),
K (x) = K9(x) @0 Q[X] — k®g Q[X] = k[X],
OX] =5R,  RY) k" Eux — e (R) =#Y,1 (n>1),
R— RELY ¢ (R)=¢€,(R) (n>1).
Hence the degree-n variables of the minimal Cohen model count the (n+ 1)-st deviations of R. O
Corollary 2.3.12 (Deviation criteria). For a local ring R,
R regular <= €,(R)=0 (n>2), R complete intersection <= €,(R)=0 (n>3).

Proof. The regular case stops the acyclic closure after its degree-one Koszul stage, while the complete-
intersection case stops the minimal Cohen model after degree one.

RregulargKRik@Y:Yl @s,,(R):o (n>2),
R complete intersection BTy _ x, &(R)=0 (n>3),
&R)=0 (n>3) Elly, = o (d>2) 220 complete intersection

. Thus deviation vanishing detects regularity one stage earlier than complete-intersection singularities [1,
§71, [9]. O

3. HoMOTOPY LIE THEORY

Homotopy Lie theory records the quadratic differential of a minimal model through derivations and
Ext. Throughout, fix

¢:(Qnk) > (Rmk), R=Q/I, A=Q[X]—Rminimal,  my:=nA+(X).
3.1. Ext and Differentials.
Definition 3.1.1 (Semiprojective modules and Ext). For a DG A-module P, set

P semiprojective <= Homy (P, —) preserves surjective quasi-isomorphisms.
Then
P semifrec =3 P semiprojective, P — M semiprojective = Ext}(M,k) := H* (Homy (Pk)).

Proposition 3.1.2 (Yoneda action). For f: M — N, the resolution-independent Yoneda action is con-
travariantly natural.

Ext) (k, k) @ Bxt} (N, k) ———— Ext,”/ (N, k)

@fﬂ l :

Extl, (k, k) @ Ext) (M, k) ———— Ext, (M, k)
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Proof. Choose semiprojective resolutions Py, Py, Py, representatives «, 8, and a lift f: Py — Py.
a:P.— LP, B:Py — YP, [a] - [B] = [Zjaoﬂ],
a~dao, B~ pBELES S yig 6B~y o,
F(B):=[Bofl, f=f = [Bofl=[Bof],
(o] [B]) = [HaoBof]=[a]- f([B])-
Thus comparison maps and homotopy invariance give a well-defined natural action [1, §1,§10]. ([l
Definition 3.1.3 (Connected covers). Forn > 1, set
Xy :={xeX:|x| <n}, X>p i ={x€X:|x| >n}, Ay = 0[Xo),
A" =A@ k=A/(n, X)) Zk[Xs,), AV =kX]~ Rk
[ §7], [S].
mod (X))

A= QX] ™ 40) — kx] ™ GVA@ — ks, "G L K Y )

= k[in]

Proposition 3.1.4 (Models and complete intersections). For the minimal model A = Q[X] = R,
A the minimal free Q-resolution of R <= I generated by a Q-regular sequence.
Proof. The construction stops at its Koszul stage exactly for a regular sequence.

I=(f), f (Q)-regular SRR S 2(f) L% 4 the minimal free Q-resolution of R,

A the minimal free Q-resolution of R ELUp g X 220, generated by a Q-regular sequence.

Hence the multiplicative model is the minimal underlying resolution precisely in the complete-intersection
case. U

Example 3.1.5 (A finite DG algebra resolution). Let

Q:=k[xy], I:=(x), R:=0Q/L
%=[7] A= m),. ¢
0 0ob Qei ®Qey — Q ——» Q/(x*,xy) —— 0

Set

’61‘:‘62’:1, ‘bl:z’ 8(61):)62’ 8(62):xy7 a(b):_y'€1+X'327
ej-ep=x-b, e1-b=ey-b=b*=0, d(ey-ex—x-b) LAR x2-ez—xy'el—x~(—y-el+x-ez):0.
Thus b realizes Corollary [2.2.5]for the cycle —y-ej +x- e5.

Example 3.1.6 (The corresponding minimal model). For Q,I,R as in Example set
Xi:={T1,Ti2}, O(Na)=x, 9(Tia)=xy, Xo:={Twa},  9(Ta1)=—y-Tii+x Ty,
X3 :={T5,}, A1) =-T1-Tip+x-Toy,  Xe:={T41,Tu2},
ITh))=-To hi+y Tz, I(Tup)=-Ti1-To1+x-T31.
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0
aT]J = X2
T2 = xy
O[T<]

0T =—yT,1+xT1 2

o [7:<2]

0T3,1=—T1,1T12+xT1,1

Q|T<s]

8T471 =TT +yT5,
0T, =T 1Th1 +xT3,

O[T<4]

I not generated by a (Q)-regular sequence ELE .y — oo,
Definition 3.1.7 (DG derivation). For a DG Q-algebra B, a DG B-module M, and r € Z, set
Derly(B,M) := {9 € Homy(B,M) : 0(a-b) = 0(a) b+ (—1)"a- e(b)} ,
Derg(B,M) := (P Dery(B,M),  9(8):=0u0—(-1)°095, 6 achain derivation <= 9(8) =0

reZ

(1L §71, [5].

Definition 3.1.8 (Universal derivation). For B as in Definition[3.1.7, let d : B — Qg satisfy
Homg(Qp/0, M) i>DerQ(B,M), fr— fod

for every DG B-module M [3].
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Proposition 3.1.9 (Differentials of a semifree algebra). For A = Q[X],
Q40 = PAdx, |dx| = |x], d(dx) = d(dx), Derp (A, M) = [ ] My,
xeX xeX

2 Pady —2— Padx —2— PAdx — 0

x€X3 x€X) xeX)
Proof. The free graded-algebra structure reduces a derivation to its values on X.

(m)eex € [T Mg r 225 310 € Dery(A, M), 6(x) = m,
xeX

Hom, (@Adx,M> = [ My 22 Q0= PAdx,

xeX xeX xeX
ddy = dod —> d(dx) = d(dx).
Hence the universal derivation identifies both the semifree basis and its differential. O
Proposition 3.1.10 (Semifree flatness). For a semifree DG A-module F,
M-—N = M@yF —N@uF
[, §1].
Theorem 3.1.11 (Differentials of a minimal model). Ser
LR/Q = R®A QA/Q
Then

Qa0 —>Lrjg,  Lrjo = EPRdx, d(Lrjg) CmLgjg,  Hi(Lgjo) 21/
xeX
5.

o
(Q4/0 ®aR)y ——— (Qu/0®aR):

OJ lq(dyj)—fjﬂz

0 1/1?

! 3:7.. n dvi 4 2
Drdz "~ @ ray" P 0

i=1 j=1

Proof. Choose the degree-one equations and degree-two syzygies of the minimal model.
I=(fi,...fu),  Xi={-omb )=/, XN={u,...u} a(Zi):ilgij')’ja
=
A —R, Q0 semifreemyQA/Q — R®a Q4 /0,
I(X) CnA+ (X)?BEEF 9 (Ly o) C mLg g,
%(dzi) = Xn: dyj, di(dy;) =0, q(dy;) == fj+l2, ker(g) = im(d,),

Hy(Lg)p) = coker(dy) = 1/
Thus the linearized cotangent differential is the minimal conormal presentation. g
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Proposition 3.1.12 (Conormal sequence). By Theorem|3.1.11]
0 —im(dh) — @ Rdx - 1/IF —0,  q(dy) = fi+I*

xeX)

0 —— 1m(82) —> (QA/Q®AR)1 — COkCI‘(82> — 0

T

0 — QK1/P) —— @ Rdx —— I/ 0
xeX)

Il

Example 3.1.13 (Edge ideal of a triangle). Let
Q = k[x7y7z](x7y7z)a I:= (vaxzyyz), R:= Q/I
The minimal model begins with
Xi:={T1,T12,T13}, d(T1,1) = xy, d(Th2) = xz, (T 3) =yz,
X0 :={D1,Try}, d(Tr1)=z-Ti1—y Ty, d(T2)=z2-T1—x-T3,
X3 :={T3,1,T32,T33}, ITs1) =T -Tio+x-Toy,
ITBp)=TipTiz—z2Ti+z Ty, ITB3)=Ti1-Tizg+y Tro,

Z z
s
0 —x

R3
R-L =g 0B P

R[31er[i]

e Ly= D Rdu —2 L= P Rdu —2— Ly = P Rdu — 0
ueXs ueXp ueX

RdT3; ——*—— RdTh} ———— RdT,

RdTs3 ————— RdTyy ———— RdT3

3.2. Homotopy Lie.

Definition 3.2.1 (Graded Lie algebra). Let L = ¢P,~(L" be a graded k-vector space. A graded Lie algebra
structure is

[_7_] ILi ®ij —>Li+j, (_)[2] 2L2i+1 —)L4i+2,
] = = (=DM Mul, ey [y w]) = [ v]ow] 4+ (= 1) [ [, w],
=202, (@) =au?, ()@ =u® 2, W] = [, [, w]]

for homogeneous u,v,w, a € k, and odd |u| = |v| [1} §10].
Example 3.2.2 (Graded commutator). For a graded associative algebra B, set
BY:=B  [abl:=a-b—(—1)"p.a, WP :=u® (Ju| odd).
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Definition 3.2.3 (Universal enveloping algebra). For a graded Lie algebra L, set
Jp = (u-v— (=D)MMy e —uv], w? —wi : w,v,w homogeneous, [w| odd), U(L) :=Ti(L)/JL.
For every graded associative algebra A,
o:L—AY — 9. U(L)—A, Q1=9
[} §10].

N
L ALie

Theorem 3.2.4 (Poincaré-Birkhoff-Witt). For an ordered homogeneous basis {x;} of L,
B, = {xi, - -xi, 101 < -+ <, no odd x; repeated} is a (k)-basis of U(L),
erU(L) = Sym(L™™) @y \4(L°%)
[ §10], [O].
U(L)=T(L)/,

T(L) ——  (uv—(—DMMygu—[u,],
J_< u@u—u?  (|u| odd) )

Sym(L)

grU(L)

Definition 3.2.5 (Homotopy Lie algebra). Set
mpi=m,=(X), ind(A"):=m;/m3, 7 (Q—R):= (Zind(A))", 7'(Q—R)=(kXi_1)".
Minimality induces
02 :ind(AM) — m?/mj, 3P (x):= 9(x) mod m3,
and, foru € 7/(Q — R), v € 1/(Q — R),
W@vE-m) = 0 E) ) + (~ )V @ Ey ), (], €) 1= (—1) e n a2 (E)).
The quadratic dual also defines (_)[2] (1L 8107, [5].

AW =kX] ¢ my) = (X) ——» ind(AV) =m0 /m},
zind(A1) "y (0 = R) = (Tind(AM))

For a minimal acyclic closure R(Y) = k, set
7R) = ()Y, T(R)= (k)Y (2 1),

with bracket and square dual to the quadratic closure differential.
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Theorem 3.2.6 (Ext as an enveloping algebra). There are canonical graded-algebra isomorphisms
U(m*(Q — R)) 2 Ext,(k,k),),  U(m*(R)) = Extz(k,k),
Q regular = ©'(Q — R) = w'(R) (i>?2)
(1} §10], [12].

OX] ———— R
| \\‘\ Yoneda
ind, %, (—)V! BN
+ ittt
T R) 777[]7(;,),4 U(ﬂ;*(R)) — EXt}ke(k,k)

Theorem 3.2.7 (Martsinkovsky’s criterion). For a nonzero finitely generated R-module M,
QR (k) — M, pdgr(M) < oo (n>0) = R regular.
Proof. The nonzero syzygy quotient makes eventual Ext-vanishing detect every positive PBW generator.
OR(k) »M#0,  Exti(M,k)=0 (i>0)BFEEIS 2igy 0 (i>2),
T(R)=0 (i>2) E30ET &(R)=0 (i>2) <= Rregular.
Thus the finite-projective-dimension quotient forces the singular homotopy classes to vanish. ([l

3.3. Radical Detection. Throughout this subsection, assume

pdy(R) < oo.
Definition 3.3.1 (Radical). For a graded ideal a<L, set
a% = q, a1 = gl ql"]], a solvable <= a™ = 0 for some N,
rad(L) := Z a, zradical <= z€rad(L)

a<L, a solvable

(L, §101, [0
Proposition 3.3.2 (Eventual centrality). Forz € n*(Q — R),
zerad(n(Q—R)) < [z, (Q—R)]|=0 for somen
[S]-
Theorem 3.3.3 (Avramov—Halperin).
Q — R a complete-intersection homomorphism <= n*(Q — R) C rad(7*(Q — R))
(2], [5].
[Embedded deformations] Fix
Q—»S=Q/J-»R=0Q/I, JCI, I=J+(f), fem?  f(S)regular.
Then
I/P=RfeC = f'e€Z(n (Q—R),, [f,7"(Q@—=R)]=0
(L, 5].
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RES/()
S=0H vy I=J+(f
JCI
fEmslsSregular
y fof"
I/P=Rf®C fYez(n*(Q—R)),

Definition 3.3.4 (Differentiation along a homotopy class). For z € 7/(Q — R) = (kX;_)", choose
EZ QX,;] —>Q, Z@Qk:Z,

and denote by

d Z| X

D,:=—:A—A, |D,| =1—1i, D,(x) := 2x), x€X 1’_ .

dz 0, xeX;, jEi—1,

the unique Q-derivation with these values. Set
0,:=1[d,D,], |6,| = —i, [0,60,] =0, 0.(A) Cmy.
For |6 <0, set
M A AW g(n,X.,) C (n,Xop).

The class of 6, is independent of Z [3]].
Example 3.3.5 (Quadratic coefficient). For z=y" and
d(x) =y-w+ terms not involving y, D (dx)=w+---, d(Dx)=0 E54 0,(x) =w+---
Thus 6, differentiates the quadratic part of the minimal-model differential along z.
Proposition 3.3.6 (Adjoint action). For chain derivations 0,0’ : A — my of nonpositive degree,

6=0. — 0 =—ad(z)=—[z,—], [0]=[0] =06 =0

(kX)Y —2 s (kx)Y

*(R) g " (R)

Proof. The quadratic differential controls both the bracket and the linear part of 6,.
=Y i uv (modnA+ (X)),  6.(x)=[0,D;)(x) = Zcfmu (mod m3),

u<vy

=Y ci.u (mod m}) @9 = —ad(z),

0-0'=[0,0] 22 (0—0)my)Cmd = 6 ' =0".
Hence the action on dual indecomposables depends only on the derivation cohomology class [5]. (|
Corollary 3.3.7 (Vanishing on a cover). If [0] = [6.] and 6\") = 0 for some n, then z is radical.
Proof. The induced map on the higher indecomposables is the restricted adjoint action.
o1=16], 06" =02 220 -R)]=0E2 scrad(n (0 - R)).

Thus vanishing on one connected cover detects a radical class. U
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Lemma 3.3.8 (Core factorization). For z € 2(Q — R), set

_ 0,
0,:A—my —»m.

Assume

0, =00p, B : A — M chain derivation, o € Homg(M, m),
M finitely generated, pdg(M) < oco.
Then z is radical.

Quo - P ,p &, my
wel@wi :l i
R®A QA/Q B M o mpg

Proof. A finite semifree resolution lifts the factorization, and its finitely many coefficients vanish on a
high connected cover.

P—M, P finite semifree over A ZHEED B 0,~0:= &ogod,
N
Homy (P,my) = my ®4 Homy (P,A), &:Zaj-cj, aj; cmy, cj:P—A,
j=1

n>max{|x| : xoccursinsome a;} = a; =0 (mod (n,X-,)) = 6" =,

0.~0, 6" =022 ;crad(z*(Q—R)).
Hence every finite-projective-dimension factorization annihilates the adjoint action above a finite degree.
t

Theorem 3.3.9 (Degree-two factorization). There are natural isomorphisms
7*(Q — R) = Homy(QX;,k) = Hom(I,k) = Homg(I/I* k).
72(Q — R) ——— Homg(QX,,k) —— Homg(I,k) ——— Homg(I/I%,k)
For 7 <+ A, : I1/I? — k, assume
A, =Vvoy, 1/r? TN Yok, N finitely generated, pdg(N) < eo.

Then z is radical.

B M
REASe T g <
0=aof la
R

Proof. The degree-one variables identify conormal functionals, and the conormal presentation lifts their
factorizations.
OX; ®@ok=1I/nl,  FFCul,  (I/I*)@rk=1I/nl,
7*(Q — R) = Homy(I/nl, k) = Homy(I,k) = Homg(I/I*,k),
0—M-—F—N—0, F finite free, M CmF, pdg(M) < o,

A =voyPlBlyg _ (A LMLm) B8 . radical.
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Thus finite conormal factorization produces the core derivation factorization. O

Lemma 3.3.10 (Regular elements from finite projective dimension). For a Noetherian local ring (S, my),
0#£JCS, pdg(J) < oo = J contains an (S)-regular element.

Proof. Localization at the associated primes converts a finite resolution of J into a constant-rank calcula-
o 0—F— - —F—J—0, p € Ass(S), depth(S,) =0,
depth(S,) =0 i Jp free, r:=rankg, (Jy) = i(—l)irankS(F,-),
q € Ass(J) C Ass(S), Jg#0 = r>0, Jp<—>SI:O:> r=1, JEp,

JZp (peAss(S)) ey ¢ U » "2 7 contains a nonzerodivisor.

peAss(S)
Hence prime avoidance supplies the required regular element. ([l
Theorem 3.3.11 (Ferrand—Vasconcelos). For a surjective local homomorphism Q — R = Q/I with
pdp(R) < e,
1/ I? free over R <= I generated by a Q-regular sequence
(5]

Theorem 3.3.12 (Briggs). Assume
a:I/I> —N, N finitely generated, pdg(N) < oo, o Qg k injective.
Then I is generated by a Q-regular sequence [J3)].
Proof. Injectivity on the closed fibre makes every conormal functional factor through o.
@ :=a@rk: (I/I*)®rk— N®rk = @ : Homg(N,k) — Homg(I/I* k),

A :1/I> — k arbitrary = A factors through N 833 m*(Q—R)C rad(7*(Q — R)),
m*(Q—R)C rad(7*(Q —R)) 533 QO — R complete intersection I generated by a Q-regular sequence.
Thus the fibrewise injection forces the complete-intersection condition. U
Corollary 3.3.13 (Vasconcelos’ conjecture).

pdy(R) < oo, de(I/IZ) < oo = [ generated by a Q-regular sequence.
Proof. Use the conormal module itself as the finite-projective-dimension target.
N:=1 /12, a:=id;p, o ®p k injective 53, generated by a Q-regular sequence.
Thus Theorem [3.3.12] applies directly. O
Corollary 3.3.14 (Regular ambient ring). For Q regular local and R = Q/I,
R complete intersection <= pdg(I/I?) < .

Proof. Regular sequences give free conormal modules, while regularity of Q supplies the ambient finite-
projective-dimension hypothesis.

238823/

R complete intersection free over R = pdp(I/I?) < oo,

Q regular L2 pdy(R) < oo, pdp(I/1%) < oo 61l (Q)-regular 23 g complete intersection.

Hence finite conormal projective dimension characterizes complete intersections over a regular local
ring. g
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4. HYPERSURFACE PERIODICITY AND SUPPORT VARIETIES

Derived localization identifies Ext, higher homotopies produce hypersurface periodicity, and their
multivariable form records complete-intersection support [[14, 7, [1} 2 [11]. Fix

(Q,n,k) regular local, 0 — (Rm,k) =Q/I, I=(fi,...,f.) Cn’> minimal,
E:=K%f1,....fo)=0ler,...,ec | de)) = fi),  S:=k[x1,--, Xy  |xl=2
4.1. Derived Categories.
Definition 4.1.1 (Homotopy, shift, and cone). For chain maps f,g: X — Y, set [16] §1.5]
f~g < f—g=0dvh+hdx forsomeh:X —Y, |h =1,
(Z"X)i = Xi_n, dsnx = (—1)"0dx, cone(f)i =Y, ®Xi—1, Cone(f) := cone(f),
eone(f) (,%) = (I () + f(x), —Ix (x)).

Cone(f) =Y ¢ XX

dy f}%zx

aCone(f) = [0 —ox

Proposition 4.1.2 (Short exact triangles). For 0 — X LySzo 0, the map p below is a quasi-
isomorphism.

0 X ——vy i z 0
p}
X , Y , Cone(i) ——— XX
i j q

Proof. The cone contracts precisely along the kernel of the quotient map.

p :cone(i) — Z, p(y,x)=p), ker(p) = cone(idy),

cone(idy) ~ 0 = p a quasi-isomorphism AR (X =Y —=Z—3X) = (X =Y — cone(i) = £X).

Thus the short exact sequence realizes the canonical cone triangle. (Il
Definition 4.1.3 (Derived category). Set [[16} §10]

K(R):=Ch(R)/ ~, D(R) := K(R)[quasi-isomorphisms~].

s quasi-isomorphism <= H;(s) isomorphism (i € Z).
Hompr)(X,Y) 3 [X +— X' — Y.

~ ~ ~

Ch (R) > Xo — X1 — X — X3

| Jff

D(R) = Ch(R)[qis~'] > ZXo ZLX;

o

Proposition 4.1.4 (Acyclic factorizations). For H(X) = 0, every morphism in D(R) factoring through X
is zero.
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f=hog

A

X
H(X)=0

0
Proof. Acyclic objects vanish after localization.
HX)=0 = 05X 22 x>~0inD(R) = hog=0.

Thus every such factorization is zero. O

M N

Theorem 4.1.5 (Derived description of Ext). For R-modules M,N, free resolutions Fyy — M, Fy — N,
and n > 0,

Hompg)(M,X"N) = Hy(Homg (Fy, X" Fy)) = Extg(M,N)
[16, §10].

Homypg)(M,£"N) ———— HoHomg(Fy,X"Fy) ———— H_,Homg(Fy, Fy) ——— Ext}(M,N)

Proof. Free resolutions compute both the derived morphism and classical Ext groups.
Fy i}M, Fy i)N @ HomD(R)(M,Z"N) %HomK(R)(FM,Z"FN),

Homg gy (Fy, X" Fy) = Hp (Homg(Fy,X"Fy)),

Fyy bounded below and free 18 510 Homg(Fy, Fy) = Homg(Fy,N),

H_, (Homg(Fy,Fy)) = H" (Homg(Fy,N)) = Ext}(M,N).
Hence derived morphisms recover the usual Ext groups. ([l

Theorem 4.1.6 (Long exact sequences). For a distinguished triangle X =Y - Z % X and M € D(R),
the functor Homp gy (M, —) gives the sequence below; for modules it is the usual Ext sequence [16,
§1.5,§10], [13].

HOI’I]D(R)(M,Z"X) % HOI‘I]D( )(M,ZnY) & HOH]D(R)(M,Z"Z)

[l

(Z"w)s
1 1 1
HomD(R)(M, ZI’H~ X) W HOInD( )(M Zn+ Y) W HomD( )(M,Z:n+ Z) —_—
Definition 4.1.7 (Semifree DG module). For a DG A-module F, set

F semifree <= |[0=F(—1)CF(0)CF(1)C---, F=|JF(i), F@)/F(i-1)=Pr*A
i>0 AEA;

(L, §1].

Theorem 4.1.8 (Semifree lifting). Every DG A-module admits a surjective semifree resolution, and every
map lifts uniquely up to homotopy |1, §1). For f : M — N, choose

Fy, Fy semifree, Fyy — M, Fyy — N surjective quasi-isomorphisms.
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Corollary 4.1.9 (Lifted quasi-isomorphisms). A [ift between semifree resolutions of a quasi-isomorphism
is a homotopy equivalence.

Proof. Semifree lifting and semiprojectivity supply a homotopy inverse.

f:M = N, ]7: Fy — Fy, Fy, Fy semifree,
Homy (Fy, Fi) AN Homy (Fy, Fy) a quasi-isomorphism = 3g: Fy — Fy, fog~idg,,
fo (gof— idg,) ~0, Homy (Fy, Fir) L> Homy (Fyy, Fy) a quasi-isomorphism —> gof: idp, .
Thus fNis a homotopy equivalence. g

4.2. Higher Homotopies and Periodicity. Throughout
c=1, f=hH#0, 1=(f), R=0/(f).

Definition 4.2.1 (Higher homotopies). For a finitely generated R-module M and a finite free Q-resolution
F — M, a system of higher homotopies for f consists of [[14}, 7]

0;: F — F Q-linear (i >0), loj| =2i—1, 0o = JF,
id =1
Y oio;= Sidp, n=1, (n>0)
it7n 0, n#1
>R F ¥3F YF
O] o)
Op=0F 03
F
|G,'| =2i—1
Z O'iGj:fidF
i+j=1
Y 0i0;=0 (n>0,n#1)
i+j=n

Example 4.2.2 (An explicit higher homotopy). Let

Q:=k[xy],  fi=x  M:=0/(xy).
For the resolution in Example [3.1.5] set

a1 (1) = H o m —bx,  o1(FR)=0,

Op 01 + 010F = x*idp, 6l =0 2] (00,01,0,...) a system of higher homotopies.
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=7 h=[ xy]
/\ 5 /_\
0 Q (01)1=[0 4] Q (o1)o=[)] 0 0

00) +010 = xzidp

Definition 4.2.3 (Shamash complex). For a system o as in Definition 4.2.1] set [[14]], [1 §3]

Tr(x) =Pr2Y, x

i>0

() divided-power basis, lx@ =2i, 20 =1, %D =0,

2V = <i+.j>x("+” (i, > 0).

1

~—

i

Sh(F,0), := @Rx(i) ®0 Fu—2is Jsh (%(i) ®Ru) = Z e oj(u).
i>0 j=0

Proposition 4.2.4 (Shamash differential). The map dsp, satisfies 9% = 0.

o2

1

Rx(0)®Fn * R%(O)®Fn71

9]

[
RyW@F,_» —2 5 RyW®E,_;

O]

[

L RX(Z) ®Fn—4 L R%(z) ®Fn—5

Proof. The higher-homotopy identities collapse the square to multiplication by f.

9% (x" @ u) 223 Zx“"’”@( Y O'ng) (u),
m=0

Z X(iﬂn) ® (
m=0

Thus the Shamash formula de

Jj+l=m

y jSé> (u) Vo fu=0 overR=0Q/(f).
Jj+l=m
fines a complex.

Theorem 4.2.5 (Shamash). For F — M and & as in Definition d.2.1][14], [1} §31,

For pdy(M) = 2d, write

Sh(F,6) — M is a free R-resolution.

31
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2d+4 Go 2d+3 o 2d+2 Go 2d+1 o 2d
1 1
RY® @ FBy——>RyP @ Fy — Ry @ Fy—— RV @ Fy_ —:RX(O) ® Fy

Definition 4.2.6 (Matrix factorization). For finite free Q-modules Gy, G, a matrix factorization of f is
GI =+ Go =+ Gi, oy = fidG, Yo =fids,.
Reduction modulo f gives
V=Yg =0
and hence a 2-periodic complex of finite free R-modules [7].
Theorem 4.2.7 (Eisenbud periodicity). For QR (M) as in Definition there exist no > 0 and a matrix
factorization (A,B) of f such that
OF (M) = coker(A), QX (M) = coker(B), O ,(M) = QM) (n> ny)
(71, [ §3].

R B  pgp A  ph_ B . ph_ A

Corollary 4.2.8 (Periodic invariants). For a finitely generated R-module M and n > 0,
Tory o (M, k) = Tor (M,k),  Extz(M.k) 2ExG(M.K), Bl (M) =BF(M).

Tork(M,k) —=— Tork_,(M.k)

Exth(M, k) ——=— Bxty™(M,k)
Proof. Let F — M be minimal; tensoring or dualizing its periodic tail preserves two-step repetition.
F —3 M minimal free @FHZ ~F, Ohi2 =209y, (n>>0),
Fui2=2F,, Oyy2 =0y = Hyo(F ®rk) = H,(F ®rk), H"? (Homg(F,k)) = H" (Homg(F, k)),

TOI’§+2(M,]C) = TOI’ﬁ(M,k), EXt7€+2(M7k) = Extp(M,k) = 5+2(M) = ﬁrlf(M)
Thus Tor, Ext, and Betti numbers inherit the periodic tail. ([l
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4.3. Operators and Support Varieties. Throughout
fi1,.-., fc a Q-regular sequence, k=k.

Definition 4.3.1 (Multivariable higher homotopies). For a finitely generated R-module M, a finite free
Q-resolution F — M, and @ € N¢, set

lo| == a1+ + o, el,...,e. the standard basis of N¢, |ow| :=2]o — 1.
A system of higher homotopies is
{0q : F — F Q-linear}gene, oy = JF, 00Oe, + O¢, 00 = fiidF,
Y 6uop=0 (7>2), c=1F ;=0 (i>0)
a+p=y
Set
Te(x):= @ rR2™,  29=2al, V=1,
oeNe
o+
%(a)x(ﬁ) _ < aﬁ)%(a+ﬁ)’ Sh(F,c:f), == @ R%(O‘) ®0F, ja,
oeNe
dn(x P @u):= Y x“Poogu), 04=0,  Sh(Foif)—M
0<B<a
[7, 12]).
2 1.1 2
Ry @oF R 18" 9o F Ryy @oF
01,0 00,1 01,0 00,1
RV @oF Rpy @oF
01,0 00,1

R®QF

Theorem 4.3.2 (Cohomology operators). For every finitely generated R-module M, the multivariable
Shamash construction induces

Xi  Exty(M, k) — Exts™(M, k), XiXj = XjXi, Extr (M, k) finitely generated over S
[Z, 2]].
Definition 4.3.3 (Cohomological and rank support). For a finitely generated R-module M, set
AS:=Spec(S),  Ag(k):=MaxSpec(S) =k,  0:=(x1,-.-, %) € AS(k),
Ve(M) = Suppg (Exty; (M.k)) CA;, E—>R,  Vi(M):=Vg(M)NAL(K)

[2].
Pm

S=k[x1,---, X End} (Extg (M, k))

Vi (M) = SuppgExty (M, k) ———————— Spec(S) = A{
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For a = (ay,...,a.) € k¢, choose a; +n = g; and set
C
for=Y @ fi,  Qa=0/(f),  Vi&"™M):={0}u{ack\{0}:pdy, (M) =co}.
i=1
This depends only on f, +nl € I /nl [2].

Theorem 4.3.4 (Rank detection and specialization). For nonzero finitely generated R-modules M, N,

V(M) = Vg™ (M), Ve(M)={0} <= pdp(M) <o,  Vr(k)=A{(k),  Vr(M©®N)=Ve(M)UVr(N).
For a finite free Q-resolution F — M, set
Foy := P Fai. Foaa := EP Fois1, No := Fey Qgk, Ny := Foad ®g k.
i>0 i>0
The higher homotopies determine

T := Q[l],...,tc], A(t)ZT®QFéV—>T®QF0dd, B(t)IT®QFOdd—>T®QFeV,

A0B() = BOA®) = (inﬁ) id,
i=1

T—S, iy, Alx)=A(t), B(x)=B(t), A(x)B(x)=B(x)A(x)=0,
a € Vr(M) 2 Al (No M N M N()) not exact

(7, 12].

No Ala) N B(a) No Ala) N B(a)

s S® N % S &k N % S &k No % S & N %

4.4. Koszul Detection. Throughout
fi,..., fc not assumed Q-regular.
Definition 4.4.1 (Koszul support). For M € D'(R), set [ 1]
V(M) := Suppg (Ext; (M, k)) C Spec(S).
fi,..., fe Q-regular, M an R-module = ¥ (M) NMaxSpec(S) = Vr(M).

fiseoos fe Qregular = E=Q[X,]=Q[X], E-—R
Choose

[R— Q[X]]:=[Q[X] — R]”" inD(Q).

0 ———R=0/I

|

Theorem 4.4.2 (Operators over the Koszul stage). For M € D(E) with finitely generated total homology,
the Yoneda action induces a natural graded S-module structure
S < Exty(k,k) — Endj (Ext; (M, k)).
Py semifree, Py — M a quasi-isomorphism, Ext; (M, k) = H* (Homg Py, k)).
M € D'(R) L1 B Exty (M, k) finitely generated over S.



SINGULARITIES IN COMMUTATIVE ALGEBRA 35

Proposition 4.4.3 (Derivations and operators). For a minimal model Q[X] = R, z € 1°(Q — R), and 6,
as in Definition set
6,(E)=0,  x.:=H*(—08,):Extp(R,k) — Ext;"*(R,k).

Homg (Q[X],k) —*— Homp(Q[X].k)

H*J J :

Extg(R,k) ———— Ext;"*(R.k)

Centrality forces eventual nilpotence.
z centralB22 BInsgrem 3.1 X =H"(—00')=0 (n>0).

After taking H® on the left and H*" on the right, the comparison is represented schematically below.

Homg (Q[X],k) — = Homg(Q[X],K)

J f

Hompg) (R, k) — Hompg) (R, Z*"k)
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