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2 IZ TECÚM

Part 1. Lecture A3

1. MEASURE TRANSPORT

Throughout, µ0 is a base law on Rd that can be sampled and evaluated, µ1 is a target known only
through samples, and µt := Law(Xt) is the law transported by a velocity field bt ; hatted objects b̂, p̂ are
learned. Boldface denotes vectors and vector fields, N(m,C) is Gaussian, Π(µ0,µ1) is the set of couplings,
densities are pt , scores are st = ∇ log pt , and τ ∼Unif[0,1] is independent of all interpolant data [9, 18, 2].

1.1. Flows.

Definition 1.1.1 (Time-dependent flow and transported law). Let b : [0,1]×Rd → Rd , let Ẋt = bt(Xt)
with X0 ∼ µ0, and let Φt,0 be the flow map. The transported law is

µt := Law(Xt) = (Φt,0)#µ0, µt(A) = µ0
(
Φ
−1
t,0 (A)

)
(A⊂ Rd Borel).

µ0 µt µ1

Xt

bt

FIGURE 1. Characteristics of bt transport µ0 through µt to µ1.

Proposition 1.1.2 (Weak continuity equation). If b and the flow of (1.1.1) are regular enough to differen-
tiate under the expectation, then

d
dt

∫
Rd

ϕ dµt =
∫
Rd

∇ϕ ·bt dµt (ϕ ∈C1
c (Rd)),

equivalently, in the sense of distributions,

(1.1.1) ∂t µt +∇ · (bt µt) = 0.

Proof. ∫
Rd

ϕ dµt
µt = Law(Xt )⇐⇒ E

[
ϕ(Xt)

] differentiate under E
=⇒ E

[
∇ϕ(Xt) · Ẋt

] 1.1.1
=⇒

∫
Rd

∇ϕ ·bt dµt ,∫ 1

0

∫
Rd

(
∂tψ +bt ·∇ψ

)
dµt dt = 0 (ψ ∈C∞

c )
test in space and time⇐⇒ (1.1.1).

□

Corollary 1.1.3 (Density form). If µt = pt dx, then

∂t pt +∇ · (bt pt) = 0, ∂t pt +bt ·∇pt +(∇ ·bt)pt = 0 for smooth pt ,bt .

Proof.∫
ϕ ∂t pt dx 1.1.2

=⇒
∫

∇ϕ ·bt pt dx integrate by parts
=⇒ −

∫
ϕ ∇ · (bt pt)dx ϕ ∈C1

c arbitrary
=⇒ ∂t pt +∇ · (bt pt) = 0

Leibniz on ∇ · (bt pt )⇐⇒ ∂t pt +bt ·∇pt +(∇ ·bt)pt = 0.
□

3Based on lectures by Jianfeng Lu [15] .
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Example 1.1.4 (Gaussian dilation). For Ẋt = λXt and X0 ∼ N(0,C0),

Xt = eλ tX0, µt = N(0,Ct), Ct = e2λ tC0, ∂t logdet(Ct) = 2λd, ∂tC−1
t =−2λC−1

t ,

∂t pt =
(
−dλ +λxT ·C−1

t ·x
)

pt , ∇ · (λxpt) =
(
λd−λxT ·C−1

t ·x
)

pt
1.1.3
=⇒ ∂t pt +∇ · (λxpt) = 0.

Proposition 1.1.5 (Instantaneous change of variables). Wherever pt(Xt)> 0,

d
dt

log pt(Xt) =−(∇ ·bt)(Xt), log p1(X1) = log p0(X0)−
∫ 1

0
(∇ ·bt)(Xt)dt.

Proof.
d
dt

pt(Xt) = ∂t pt(Xt)+∇pt(Xt) · Ẋt
1.1.3, 1.1.1
=⇒ −∇ · (bt pt)+bt ·∇pt

Leibniz⇐⇒ −(∇ ·bt)pt(Xt),

d
dt

log pt(Xt) =−(∇ ·bt)(Xt)
integrate over [0,1]

=⇒ log p1(X1) = log p0(X0)−
∫ 1

0
(∇ ·bt)(Xt)dt.

□

Definition 1.1.6 (Continuous normalizing flow likelihood). Let p0 be evaluable and b̂ parameterize an
invertible flow. Solving Ẋt = b̂t(Xt) backward from X1 = x1,

log p̂1(x1)
1.1.5⇐⇒ log p0(X0)−

∫ 1

0
(∇ · b̂t)(Xt)dt, CE(b̂) :=−EX1∼µ1 log p̂1(X1).

Definition 1.1.7 (Quadratic Monge transport). A measurable T : Rd → Rd transports µ0 to µ1 when
T#µ0 = µ1; its quadratic cost is

C (T ) :=
∫
Rd
∥T (x)−x∥2

µ0(dx).

Proposition 1.1.8 (Kinetic action controls endpoint displacement). For Xt as in (1.1.1) on [0,1],

E∥X1−X0∥2 ≤
∫ 1

0

∫
Rd
∥bt(x)∥2

µt(dx)dt.

Proof.

X1−X0 =
∫ 1

0
bt(Xt)dt

Cauchy–Schwarz in t
=⇒ ∥X1−X0∥2 ≤

∫ 1

0
∥bt(Xt)∥2 dt

E, Fubini, µt = Law(Xt )
=⇒ E∥X1−X0∥2 ≤

∫ 1

0

∫
∥bt∥2 dµt dt (2).

□

µ0 µt µ1
bt

T = Φ1,0

FIGURE 2. The action of (µt ,bt) bounds the quadratic cost of T = Φ1,0.
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1.2. Interpolants.

Definition 1.2.1 (Coupling and affine stochastic interpolant). Let (X0,X1) ∼ π ∈ Π(µ0,µ1) and let
α,β ∈C1([0,1]) satisfy α0 = β1 = 1, α1 = β0 = 0. Then

It := αtX0 +βtX1, İt = α̇tX0 + β̇tX1, µt := Law(It).

Definition 1.2.2 (Interpolant velocity and denoisers). Wherever the conditional expectations exist,

bt(x) := E
[
İt | It = x

]
, η

0
t (x) := E

[
X0 | It = x

]
, η

1
t (x) := E

[
X1 | It = x

]
,

bt
1.2.1⇐⇒ α̇tη

0
t + β̇tη

1
t , x 1.2.1⇐⇒ αtη

0
t (x)+βtη

1
t (x).

Theorem 1.2.3 (Probability flow of an affine interpolant). The pair (µt ,bt) of (1.2.2) satisfies (1.1.1). If
Ẏt = bt(Yt), Y0 ∼ µ0, is well posed and the continuity equation is unique in the relevant class, then

Law(Yt) = µt (0≤ t ≤ 1), Law(Y1) = µ1.

Proof.
d
dt
E
[
ϕ(It)

]
= E

[
∇ϕ(It) · İt

] tower over σ(It )
=⇒ E

[
∇ϕ(It) ·E

[
İt | It

]] 1.2.2
=⇒

∫
∇ϕ ·bt dµt

1.1.2⇐⇒ (1.1.1)
Law(Y0) = µ0, uniqueness

=⇒ Law(Yt) = µt (3).
□

µ0 µt µ1

bt

bt(x) = E
[
İt | It = x

]
FIGURE 3. The coupling draws random chords, the interpolant rides them, and condi-
tional averaging of the chord velocities produces the Eulerian field bt .

Example 1.2.4 (Independent linear interpolation). For X0 ⊥ X1, αt = 1− t, βt = t,

It = (1− t)X0 + tX1, İt = X1−X0
1.2.2
=⇒ bt(x) = E

[
X1−X0 | It = x

]
.

Lemma 1.2.5 (Conditional expectation as orthogonal projection). For U ∈ L2, a random vector V, and
measurable f with f(V) ∈ L2,

E∥f(V)−U∥2 = E
∥∥f(V)−E[U | V]

∥∥2
+E

∥∥U−E[U | V]
∥∥2
.

Proof. m(V) := E[U | V]:

f−U = (f−m)+(m−U)
f−m is σ(V)-measurable

=⇒ E
[
(f−m) · (m−U)

]
= E

[
(f−m) ·E[m−U | V]

]
= 0

expand the square
=⇒ E∥f−U∥2 = E∥f−m∥2 +E∥U−m∥2.

□
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Theorem 1.2.6 (Flow-matching regression). For measurable b̂ and LFM(b̂) := E
∥∥b̂τ(Iτ)− İτ

∥∥2,

(1.2.1) LFM(b̂) = E
∥∥b̂τ(Iτ)−bτ(Iτ)

∥∥2
+LFM(b),

so b minimizes LFM, uniquely in L2(dt µt).

Proof.

U := İτ , V := (τ,Iτ)
τ ⊥ (X0,X1), 1.2.2

=⇒ E[U | V] = bτ(Iτ)
1.2.5
=⇒ (1.2.1)

second term free of b̂
=⇒ b ∈ argmin

b̂
LFM(b̂).

□

Remark 1.2.7 (Simulation-free training). Evaluating LFM needs only samples of (τ,X0,X1), the value Iτ ,
and the explicit target İτ ; the learned flow is never simulated during training [1, 14].

Theorem 1.2.8 (Stability of approximate probability flows). Let Ẋt = bt(Xt),
˙̂Xt = b̂t(X̂t), X0 = X̂0

almost surely, bt uniformly L-Lipschitz, and et := E∥Xt − X̂t∥2. Then

W 2
2
(
Law(Xt),Law(X̂t)

)
≤ et ≤ e(2L+1)t

∫ t

0
E
∥∥bs(X̂s)− b̂s(X̂s)

∥∥2 ds.

Proof.
d
dt

et = 2E
[
(Xt − X̂t) ·

(
bt(Xt)− b̂t(X̂t)

)] split at bt (X̂t ), Lipschitz, Young
=⇒ (2L+1)et +E

∥∥bt(X̂t)− b̂t(X̂t)
∥∥2

e0 = 0, Grönwall
=⇒ et ≤ e(2L+1)t

∫ t

0
E
∥∥bs(X̂s)− b̂s(X̂s)

∥∥2 ds
(Xt , X̂t ) is a coupling

=⇒ W 2
2 ≤ et .

□

Definition 1.2.9 (One-sided Gaussian interpolant). For Z∼ N(0, Id), X1 ∼ µ1, Z⊥ X1, and schedules
with α0 = β1 = 1, α1 = β0 = 0, αt > 0 on [0,1),

It := αtZ+βtX1, η
z
t (x) := E[Z | It = x], η

1
t (x) := E[X1 | It = x].

Theorem 1.2.10 (Score and denoiser identities). For 0≤ t < 1,

(1.2.2) st(x) =−
1
αt

η
z
t (x) =−

1
α2

t

(
x−βtη

1
t (x)

)
, η

1
t (x) =

x+α2
t st(x)

βt
(βt ̸= 0).

Proof.

pt(x) =
∫
(2πα

2
t )
−d/2 exp

(
−∥x−βty∥2

2α2
t

)
µ1(dy) ∇x under the integral

=⇒ ∇pt(x) =−
1

α2
t

∫
(x−βty) · · · µ1(dy)

Bayes: the integrand is pt (x)µ1(dy | It = x)
=⇒ st =−

x−βtη
1
t

α2
t

αt η
z
t = x−βt η

1
t⇐⇒ (1.2.2).

□

Proposition 1.2.11 (Velocity through denoisers and score). For (1.2.9) put γt := αt β̇t − α̇tβt . Then

bt = α̇tη
z
t + β̇tη

1
t , st(x) =−

β̇tx−βtbt(x)
αtγt

(αtγt ̸= 0),

bt(x) =
β̇t

βt
x+

(
α̇t −

αt β̇t

βt

)
η

z
t (x) (βt ̸= 0).
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Proof.

x = αtη
z
t +βtη

1
t , bt = α̇tη

z
t + β̇tη

1
t

eliminate η1
t=⇒ β̇tx−βtbt = γtη

z
t

1.2.10
=⇒ st =−

β̇tx−βtbt

αtγt
,

η
1
t = β

−1
t
(
x−αtη

z
t
) substitute into bt=⇒ bt =

β̇t

βt
x+

(
α̇t −

αt β̇t

βt

)
η

z
t .

□

Example 1.2.12 (Three schedule families).
schedule αt βt γt

linear 1− t t 1
trigonometric cos(πt/2) sin(πt/2) π/2

variance preserving
√

1− t2 t (1− t2)−1/2

with the last row restricted to 0≤ t < 1.

Example 1.2.13 (Gaussian-mixture target). For µ1 = ∑
J
j=1 q jN(m j,C j),

It ∼
J

∑
j=1

q jN(βtm j,C
j
t ), C j

t := α
2
t Id +β

2
t C j,

w j(t,x) :=
q j det(C j

t )
−1/2 exp

(
−1

2(x−βtm j)
T · (C j

t )
−1 · (x−βtm j)

)
∑

J
ℓ=1 qℓ det(Cℓ

t )
−1/2 exp

(
−1

2(x−βtmℓ)T · (Cℓ
t )
−1 · (x−βtmℓ)

)
1.2.10
=⇒ st(x) =−

J

∑
j=1

w j(t,x)(C j
t )
−1 · (x−βtm j).

Example 1.2.14 (Centered Gaussian target). For X1 ∼ N(0,C) and Ct = α2
t Id +β 2

t C,

st(x) =−C−1
t ·x

1.2.11
=⇒ bt(x) = 1

2Ċt ·C−1
t ·x

Ct ,Ċt polynomial in C, hence commuting
=⇒ Xt =C1/2

t ·C−1/2
0 ·X0.

Proposition 1.2.15 (Conditional-mean stepping). Let 0 = t0 < t1 < · · · < tK = 1, αk := αtk , βk := βtk .
Then

E[Is | It = x] = αsη
0
t (x)+βsη

1
t (x), Xk+1 := αk+1η

0
tk(Xk)+βk+1η

1
tk(Xk),

and the difference quotient tends to btk(Xk) as tk+1− tk→ 0.

Proof.
Is = αsX0 +βsX1

linearity, 1.2.2
=⇒ E[Is | It = x] = αsη

0
t (x)+βsη

1
t (x)

subtract Xk = αkη0
tk
+βkη1

tk=⇒ Xk+1−Xk

tk+1− tk
=

αk+1−αk

tk+1− tk
η

0
tk +

βk+1−βk

tk+1− tk
η

1
tk

α,β ∈C1, 1.2.11
=⇒ btk(Xk) (4).

□
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∆tk ↓ 0

btk(Xk)
Xk

Xk+1
t

x

· · · · · ·

FIGURE 4. Conditional-mean secants recover the probability-flow velocity.

2. DIFFUSIVE INTERPOLANTS

2.1. Tunable Noise.

Theorem 2.1.1 (Marginal-preserving diffusion family). Let pt > 0 be smooth with ∂t pt +∇ · (bt pt) = 0,
let st = ∇ log pt , and let εt ≥ 0. Then

(2.1.1) ∂t pt +∇ ·
[
(bt + εtst)pt

]
= εt∆pt ,

so, whenever the Fokker–Planck equation is unique, the solution of

dXε
t = (bt + εtst)(Xε

t )dt +
√

2εt dWt , Xε
0 ∼ µ0,

has law pt , and εt = 0 is the probability-flow equation of (1.2.3).

Proof.

st =
∇pt

pt

∇ · (st pt ) = ∇ · (∇pt )
=⇒ ∇ · (st pt) = ∆pt

∂t pt +∇ · (bt pt ) = 0⇐⇒ (2.1.1)

Fokker–Planck of the displayed diffusion, ρ0 = p0, uniqueness
=⇒ Law(Xε

t ) = pt (5).
□

p0 pt p1εt = 0

εt > 0

FIGURE 5. Probability flow and score-corrected diffusion share the marginals pt .

Proposition 2.1.2 (Ornstein–Uhlenbeck representation). Let dYτ = −Yτ dτ +
√

2dWτ with Y0 ∼ µ1.
Then

Yτ

law
= e−τX1 +

√
1− e−2τ Z, Z∼ N(0, Id), Z⊥ X1,

and under t = e−τ the same marginal path is the interpolant of (1.2.9) with αt =
√

1− t2, βt = t.
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Proof.

d(eτYτ)=
√

2eτ dWτ

integrate
=⇒ Yτ = e−τY0+

√
2
∫

τ

0
e−(τ−s) dWs

Itô isometry: 2
∫

τ

0 e−2(τ−s)ds = 1− e−2τ

=⇒ e−τX1+
√

1− e−2τ Z

t = e−τ

⇐⇒ It =
√

1− t2 Z+ tX1 (6).
□

Corollary 2.1.3 (Variance-preserving probability flow). For αt =
√

1− t2, βt = t, and 0 < t < 1,

(2.1.2) bt(x) =
x
t
+

(
1
t
− t
)

st(x), dXt =

[
Xt

t
+

(
1
t
− t + εt

)
st(Xt)

]
dt +

√
2εt dWt .

Proof.

β̇t = 1, α̇t =−
t√

1− t2
, γt =

1√
1− t2

1.2.11
=⇒ x− tbt(x) =−(1− t2)st(x)

divide by t⇐⇒ (2.1.2)

2.1.1
=⇒ dXt =

[
Xt

t
+

(
1
t
− t + εt

)
st(Xt)

]
dt +

√
2εt dWt .

□

τ

t

µ1 N (0, Id)

FIGURE 6. Under t = e−τ , OU noising and variance-preserving interpolation have
identical one-time laws.

2.2. Brownian Paths.

Definition 2.2.1 (Brownian stochastic interpolant). Let W⊥ X1 and let σ ,β ∈C1([0,1]) satisfy β0 = 0,
β1 = 1, σ1 = 0. Then

IW
t := σtWt +βtX1

law
= σt

√
t Z+βtX1 (Z∼ N(0, Id)), bt := E

[
σ̇tWt + β̇tX1 | IW

t = ·
]
.

Proposition 2.2.2 (Itô evolution and conditional drift). With pt the density of IW
t ,

dIW
t =

(
σ̇tWt + β̇tX1

)
dt +σt dWt ,

(2.2.1) ∂t pt +∇ · (bt pt) =
1
2 σ

2
t ∆pt .

Proof.

d(σtWt)= σ̇tWt dt+σt dWt , d(βtX1)= β̇tX1 dt
Itô on ϕ ∈C2

c , then E
=⇒ d

dt
Eϕ(IW

t )=E
[
∇ϕ ·bt +

1
2 σ

2
t ∆ϕ

]
(IW

t )

tower over σ(IW
t ), integrate by parts
=⇒ (2.2.1).

□

Proposition 2.2.3 (Brownian denoising score). For t > 0 with σt ̸= 0,

st(x) =−
1

σt
√

t
E[Z | IW

t = x] =− 1
σtt

E[Wt | IW
t = x].
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Proof.

αt := σt
√

t 2.2.1, 1.2.10
=⇒ st(x) =−

1
σt
√

t
E[Z | IW

t = x] Wt
law
=
√

t Z jointly with the channel⇐⇒ − 1
σtt

E[Wt | IW
t = x].

□

Proposition 2.2.4 (Drift regression). For τ ∼Unif(0,1) independent and LW (b̂) :=E
∥∥b̂τ(IW

τ )−(σ̇τWτ +

β̇τX1)
∥∥2,

LW (b̂) = E
∥∥b̂τ(IW

τ )−bτ(IW
τ )
∥∥2

+LW (b).

Proof.
U := σ̇τWτ + β̇τX1, V := (τ,IW

τ )
2.2.1
=⇒ E[U | V] = bτ(IW

τ )
1.2.5
=⇒ LW (b̂) = E

∥∥b̂τ(IW
τ )−bτ(IW

τ )
∥∥2

+LW (b).
□

Theorem 2.2.5 (Equivalent samplers). Let pt be the law of IW
t , st = ∇ log pt , and εt ≥ 0. Then, whenever

the Fokker–Planck equation is unique,

dXε
t =

[
bt +

(
εt − 1

2 σ
2
t
)

st
]
(Xε

t )dt +
√

2εt dWt

has law pt; εt =
1
2 σ2

t restores the drift bt , and εt = 0 gives Ẋt = (bt − 1
2 σ2

t st)(Xt).

Proof.
∇ · (st pt) = ∆pt

2.2.1
=⇒ ∂t pt +∇ ·

[(
bt +

(
εt − 1

2 σ
2
t
)

st
)

pt
]
= εt∆pt

Fokker–Planck of the displayed diffusion, uniqueness
=⇒ Law(Xε

t ) = pt (7).
□

p0
pt p1εt = 0

εt > 0

FIGURE 7. The tunable samplers share pt , not their path laws.
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Part 2. Lecture B4

3. LANGEVIN SAMPLING

Throughout, the target is a Gibbs law π ∝ e−U accessible only through ∇U or through data, P
is a Markov kernel, qt is the law of a continuous-time process, and q̂k the law of its discretization.
Discrepancies are TV, W2, DKL, and FI; CLSI is a log-Sobolev constant [15, 9, 18, 4].

3.1. Kernels.

Definition 3.1.1 (Gibbs target and score). For U : Rd → R with 0 < Z :=
∫
Rd e−U dx < ∞,

π(dx) := Z−1e−U(x) dx, ∇ logπ =−∇U,

and the task is to produce X with Law(X) near π without evaluating Z.

Definition 3.1.2 (Total variation, Wasserstein distance, relative entropy). For probability measures µ,ν
on Rd ,

TV(µ,ν) := sup
A
|µ(A)−ν(A)|, W 2

2 (µ,ν) := inf
γ∈Π(µ,ν)

∫
∥x−y∥2 dγ,

DKL(µ∥ν) :=
∫

log
(

dµ

dν

)
dµ (µ ≪ ν), DKL(µ∥ν) :=+∞ otherwise.

Proposition 3.1.3 (Pinsker and data processing). For µ ≪ ν and measurable T ,

TV(µ,ν)≤
√

1
2 DKL(µ∥ν), DKL(T#µ∥T#ν)≤ DKL(µ∥ν), TV(T#µ,T#ν)≤ TV(µ,ν).

Proof. [4, §5], [15]. □

Warning 3.1.4 (Metric and nonmetric error splittings). For a metric D and an algorithmic invariant law πh,

D(Law(Xn),π)≤ D(Law(Xn),πh)︸ ︷︷ ︸
mixing

+ D(πh,π)︸ ︷︷ ︸
discretization bias

,

and no such triangle inequality is available for DKL.

Definition 3.1.5 (Markov kernel, stationarity, detailed balance). A Markov kernel P assigns to each x a
probability measure P(x, ·), with

(P f )(x) :=
∫

f (y)P(x,dy), (µP)(A) :=
∫

P(x,A)µ(dx), Law(Xn) = Law(X0)Pn.

The law π is stationary for P when πP = π , and reversible when

π(dx)P(x,dy) = π(dy)P(y,dx)
as measures on Rd×Rd .

Proposition 3.1.6 (Detailed balance implies stationarity). Reversibility in (3.1.5) implies πP = π .

Proof. Exercise 6.5; see (8). □

4Based on lectures by Eric Vanden-Eijnden [22] .
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π

x

y

FIGURE 8. Symmetry of the equilibrium flux yields πP = π .

Warning 3.1.7 (Stationarity is not convergence). The kernel P(x, ·) = δx fixes every law and never mixes;
the deterministic flip on {0,1} has stationary law 1

2(δ0 + δ1) and period two. Convergence needs an
ergodicity mechanism.

Remark 3.1.8 (Design principle).

π −→ continuous-time Markov process with invariant law π −→ implementable chain,

where the middle stage supplies a generator, a law-level partial differential equation, and a dissipation
mechanism, and the last stage introduces a numerical error that may destroy invariance.

3.2. Dissipation.

Definition 3.2.1 (Brownian motion and the Langevin diffusion). Standard d-dimensional Brownian
motion (Wt)t≥0 has continuous paths, W0 = 0, independent increments, and Wt −Ws ∼ N(0,(t− s)Id).
For π as in (3.1.1),

dXt =−∇U(Xt)dt +
√

2dWt = ∇ logπ(Xt)dt +
√

2dWt .

−∇U(Xt)dt

√
2dWt

Xt

FIGURE 9. Langevin motion combines potential descent with Brownian spreading.

Proposition 3.2.2 (Itô formula for constant diffusion). For dXt = b(Xt)dt +σ dWt with constant σ and
ϕ ∈C2(Rd),

dϕ(Xt) =
[
∇ϕ

T ·b+ 1
2 tr
(
σσ

T ·∇2
ϕ
)]

(Xt)dt +∇ϕ(Xt)
T ·σ dWt .

Proof. [9, §4], [18, §4]. □

Definition 3.2.3 (Generator, adjoint, and semigroup). For (3.2.1),

L ϕ :=−∇UT ·∇ϕ +∆ϕ, L ∗q := ∇ · (q∇U)+∆q, (Pt f )(x) := E
[

f (Xt) | X0 = x
]
,

∂t(Pt f ) = L (Pt f ), P0 f = f , ∂tqt = L ∗qt .

Theorem 3.2.4 (Fokker–Planck equation). The density qt of Xt in (3.2.1) satisfies

(3.2.1) ∂tqt = L ∗qt = ∇ · (qt∇U)+∆qt = ∇ ·
(

qt∇ log
qt

π

)
,

and L ∗π = 0, hence q0 = π implies qt = π for all t ≥ 0.
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Proof.

(3.2.1) 3.2.2, E
=⇒ d

dt

∫
ϕqt dx =

∫
(L ϕ)qt dx parts, ϕ ∈C∞

c arbitrary
=⇒ ∂tqt = ∇ · (qt∇U)+∆qt

∇ logπ =−∇U , so qt ∇U +∇qt = qt ∇ log(qt/π)⇐⇒ (3.2.1), ∇π =−π∇U 3.2.3
=⇒ L ∗

π = ∇ · (π∇U +∇π) = 0.
□

Example 3.2.5 (Ornstein–Uhlenbeck process). For U = 1
2∥x∥

2 and π = N(0, Id),

dXt =−Xt dt +
√

2dWt , Xt = e−tX0 +
√

2
∫ t

0
e−(t−s) dWs,

Xt ∼ N
(
e−tX0,(1− e−2t)Id

) law−−→
t→∞

N(0, Id).

Definition 3.2.6 (Relative Fisher information and log-Sobolev inequality). For q≪ π ,

FI(q∥π) :=
∫ ∥∥∥∇ log

q
π

∥∥∥2
qdx, π ∈ LSI(CLSI)

q≪ π⇐⇒ DKL(q∥π)≤
CLSI

2
FI(q∥π).

Theorem 3.2.7 (Entropy dissipation and exponential convergence). A regular solution of (3.2.1) satisfies
d
dt

DKL(qt∥π) =−FI(qt∥π),

and π ∈ LSI(CLSI) gives DKL(qt∥π)≤ e−2t/CLSIDKL(q0∥π).

Proof. ∫
∂tqt dx = 0 differentiate DKL=⇒ d

dt
DKL(qt∥π) =

∫
∂tqt log

qt

π
dx 3.2.1, parts

=⇒ −
∫

qt

∥∥∥∇ log
qt

π

∥∥∥2
dx

3.2.6
=⇒ d

dt
DKL(qt∥π)≤−

2
CLSI

DKL(qt∥π)
Grönwall
=⇒ DKL(qt∥π)≤ e−2t/CLSIDKL(q0∥π).

□

Corollary 3.2.8 (Strongly convex potentials). If ∇2U ⪰ mId with m > 0, then CLSI ≤ m−1 and
DKL(qt∥π)≤ e−2mtDKL(q0∥π).

Proof. Bakry–Émery [4, §5.7]; see (10). □

high barrier ∇2U ⪰ m Id

FIGURE 10. High-barrier and uniformly convex landscapes.
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3.3. Discretization.

Definition 3.3.1 (Unadjusted Langevin algorithm). For a step size h > 0,

(3.3.1) Xk+1 = Xk−h∇U(Xk)+
√

2hξ k, ξ k
iid∼ N(0, Id), Qh(x, ·) = N(x−h∇U(x),2hId) .

Warning 3.3.2 (Persistent discretization bias). The kernel (3.3.1) has an invariant law πh ̸= π; for D ∈
{TV,W2} the splitting of (3.1.4) applies, its second term persisting at fixed h.

Example 3.3.3 (Exact Gaussian bias). For d = 1, U(x) = x2/2, π = N(0,1),

Xk+1 = (1−h)Xk +
√

2hξk
stationary variance

=⇒ vh = (1−h)2vh +2h solve⇐⇒ vh =
2

2−h
, πh = N(0,vh),

DKL(πh∥π) = 1
2(vh−1− logvh), W 2

2 (πh,π) =
(√

vh−1
)2
, vh = 1+ h

2 +
h2

4 +O(h3),

so all three quantities equal h2/16+O(h3).

Theorem 3.3.4 (Vempala–Wibisono). Assume that π ∈ LSI(CLSI), that ∇U is L-Lipschitz, that 0 < h≤
(4CLSIL2)−1, and that DKL(q̂0∥π)< ∞. Then

(3.3.2) DKL(q̂k∥π)≤ e−kh/CLSIDKL(q̂0∥π)+8CLSIL2dh.

Proof. Interpolate one step by dXt =−∇U(X0)dt+
√

2dWt on [0,h], νt := Law(Xt), ν0 = q̂k, νh = q̂k+1:
d
dt

DKL(νt∥π) =−FI(νt∥π)+E
[(

∇U(Xt)−∇U(X0)
)T ·∇ log

νt

π
(Xt)

]
Young, L-smoothness, 3.2.6

=⇒ d
dt

DKL(νt∥π)≤−
1

CLSI
DKL(νt∥π)+

L2

2
E∥Xt −X0∥2,

E∥Xt −X0∥2 = t2Eq̂k∥∇U∥2 +2dt, Eπ∥∇U∥2 = Eπ [∆U ]≤ Ld,

Eq̂k∥∇U∥2 ≤ 2Ld +2L2W 2
2 (q̂k,π)

transport
=⇒ W 2

2 (q̂k,π)≤ 2CLSIDKL(q̂k∥π),
so that, absorbing the CLSIL4h3 term by h≤ (4CLSIL2)−1,

DKL(q̂k+1∥π)≤ e−h/CLSIDKL(q̂k∥π)+6L2dh2 ∑ j e− jh/CLSI ≤ 4CLSI/(3h)
=⇒ (3.3.2);

see [23]. □

Definition 3.3.5 (MALA proposal and acceptance). Draw Y∼ Qh(x, ·) of (3.3.1) and accept with proba-
bility

ah(x,y) := 1∧ π(y)qh(y,x)
π(x)qh(x,y)

,

where qh is the density of Qh; on rejection set Xk+1 = Xk.

Proposition 3.3.6 (Exact stationarity of MALA). The MALA kernel PMALA
h is π-reversible, hence

πPMALA
h = π .

Proof.

π(x)qh(x,y)ah(x,y)
3.3.5⇐⇒ min

{
π(x)qh(x,y),π(y)qh(y,x)

} symmetry of min⇐⇒ π(y)qh(y,x)ah(y,x),

rejection mass diagonal, hence symmetric 3.1.6
=⇒ πPMALA

h = π.

□

Remark 3.3.7 (Correction versus information access). ULA needs only ∇U and keeps a fixed-step bias;
MALA removes the bias through the density ratio of (3.3.5), which is unavailable when π is represented
only by data [15].
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4. SCORE DIFFUSIONS

Throughout, the target is pdata, the forward process has marginals pt with score s⋆t = ∇ log pt , and st is
a learned surrogate; the Gaussian channel of (1.2.9) reappears with schedule (at ,σt) [12, 20, 15].

4.1. Reversal.

Definition 4.1.1 (Forward noising and linear Gaussian schedule). For X0 ∼ pdata,

dXt = ft(Xt)dt +gt dBt (0≤ t ≤ T ),

Xt | X0 ∼ N
(
atX0,σ

2
t Id
)
, Xt

law
= atX0 +σtZ, Z∼ N(0, Id).

Example 4.1.2 (Variance-exploding and variance-preserving schedules).
dXt = dBt =⇒ at = 1, σ

2
t = t, pt = pdata ∗N(0, tId),

dXt =−1
2 Xt dt +dBt =⇒ at = e−t/2, σ

2
t = 1− e−t , a2

t +σ
2
t = 1.

p0 = pdata pt pT

s⋆T−s

FIGURE 11. Forward noising and exact-score reversal traverse the same marginals.

Definition 4.1.3 (Time-dependent score and Bayes denoiser). For t > 0 and at ̸= 0,

s⋆t (x) := ∇ log pt(x), D⋆
t (x) := E[X0 | Xt = x].

Theorem 4.1.4 (Continuous-time Tweedie identity). For the channel of (4.1.1),

(4.1.1) s⋆t (x) =
1

σ2
t
E
[
atX0−Xt | Xt = x

]
, D⋆

t (x) =
x+σ2

t s⋆t (x)
at

.

Proof. With φt(x | x0) := (2πσ2
t )
−d/2 exp

(
−∥x−atx0∥2/(2σ2

t )
)
, differentiation under the integral and

Bayes’ rule give

∇xφt =
atx0−x

σ2
t

φt =⇒ ∇pt(x)
pt(x)

=
1

σ2
t
E[atX0−x | Xt = x] =⇒ (4.1.1).

□

Proposition 4.1.5 (Denoising score-matching regression). For Xt = atX0 +σtZ with Z⊥ X0 and any
measurable st ,

E
∥∥∥∥st(Xt)+

Z
σt

∥∥∥∥2

= E∥st(Xt)− s⋆t (Xt)∥2 +Ct ,

with Ct independent of st; the population minimizer is s⋆t .

Proof.
atX0−Xt

σ2
t

=− Z
σt

4.1.1
=⇒ E

[
− Z

σt

∣∣∣∣Xt

]
= s⋆t (Xt),

and (1.2.5) with U =−Z/σt , V = Xt gives the decomposition. □
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Theorem 4.1.6 (Reverse-time diffusion). Assume the forward dynamics of (4.1.1) has smooth positive
marginals. With s = T − t and Y←0 ∼ pT ,

dY←s =
[
−fT−s +g2

T−ss
⋆
T−s
]
(Y←s )ds+gT−s dB←s

satisfies Law(Y←s ) = pT−s for 0≤ s≤ T .

Proof. With qs := pT−s and t = T − s,

∂t pt =−∇ · (ft pt)+
1
2 g2

t ∆pt =⇒ ∂sqs = ∇ · (ft pt)− 1
2 g2

t ∆pt ,

∆pt = ∇ · (pts⋆t ) =⇒ ∂sqs =−∇ ·
[(
−ft +g2

t s⋆t
)

pt
]
+ 1

2 g2
t ∆pt ,

the Fokker–Planck equation of the reverse dynamics in (4.1.6). □

Example 4.1.7 (Reverse dynamics for the two schedules). For (4.1.2),

dY←s = s⋆T−s(Y
←
s )ds+dB←s , dY←s =

[1
2 Y←s + s⋆T−s(Y

←
s )
]

ds+dB←s .

Warning 4.1.8 (Reversal is not algebraic inversion). Solving Xk+1 = (1−h)Xk +
√

2hξ k for Xk retains
the forward noise and does not give Law(Xk | Xk+1); time reversal is the Bayes reversal of path measures
encoded by (4.1.6).

Theorem 4.1.9 (Probability flow and its likelihood). Set vt := ft − 1
2 g2

t s⋆t . If Żt = vt(Zt) and Z0 ∼ p0,
then Law(Zt) = pt , the reverse flow Ż←s =−fT−s +

1
2 g2

T−ss⋆T−s has law pT−s, and

d
dt

log pt(Zt) =−∇ ·vt(Zt), log p0(Z0) = log pT (ZT )+
∫ T

0
∇ ·vt(Zt)dt.

Proof.

∆pt = ∇ · (pts⋆t ) =⇒ ∂t pt +∇ · (ptvt) = 0 1.1.5
=⇒ d

dt
log pt(Zt) =−∇ ·vt(Zt),

and reversing time gives the second flow. □

4.2. Localization.

Definition 4.2.1 (Variance and precision parametrizations). For X⋆ ∼ µ and Z∼ N(0, Id) independent,

Xt = X⋆+
√

t Z, dYu = X⋆ du+dWu, Y0 = 0,

Yu | X⋆ = x∼ N(ux,uId), Yu := u−1Yu
law
= X⋆+

√
t Z, t = u−1.

Proposition 4.2.2 (Posterior localization measure). For u > 0,

µu(dx | y) = 1
Zu(y)

exp
(

yT ·x− u
2
∥x∥2

)
µ(dx), Zu(y) :=

∫
exp
(

yT ·x− u
2
∥x∥2

)
µ(dx).

Proof. Expanding the Gaussian exponent of (4.2.1) and applying Bayes’ rule,

−∥y−ux∥2

2u
=−∥y∥

2

2u
+yT ·x− u

2
∥x∥2 =⇒ µu(dx | y) ∝ exp

(
yT ·x− u

2
∥x∥2

)
µ(dx) (12).

□

u = 0 u1 > 0 u2 > u1

X⋆

FIGURE 12. Increasing precision localizes the posterior toward X⋆.
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Definition 4.2.3 (Posterior process, innovation, and moments). With F Y
u := σ(Yr : 0≤ r ≤ u),

µu := Law(X⋆ |F Y
u ), Mu := E[X⋆ |F Y

u ], dIu := dYu−Mu du,

mu(y) := E[X⋆ | Yu = y], Σu(y) := Cov(X⋆ | Yu = y), Σu := Σu(Yu).

Proposition 4.2.4 (The innovation is Brownian). (Iu)u≥0 is a standard (F Y
u )-Brownian motion.

Proof. By Lévy’s characterization, it suffices that

dIu = (X⋆−Mu)du+dWu, E[X⋆−Mu |F Y
u ] = 0, d[I]u = Id du.

□

Theorem 4.2.5 (Measure-valued localization equation). For bounded measurable f ,

(4.2.1) d
∫

f dµu =

[∫
f (x)(x−Mu)µu(dx)

]T
·dIu, dµu(dx) = (x−Mu)

T ·dIu µu(dx),

so u 7→ µu(A) is a martingale for every Borel A.

Proof. With ru(x) := dµu/dµ = Z−1
u exp

(
YT

u ·x− u
2∥x∥

2
)

from (4.2.2), Itô’s formula applied twice gives

dexp
(

YT
u ·x−

u
2
∥x∥2

)
= exp

(
YT

u ·x−
u
2
∥x∥2

)
xT ·dYu =⇒ dZu

Zu
= MT

u ·dYu,

dru(x)
ru(x)

= (x−Mu)
T · (dYu−Mu du) = (x−Mu)

T ·dIu =⇒ (4.2.1).

□

Proposition 4.2.6 (Localization form of Tweedie and linear response). With pt the density of X⋆+
√

t Z
and t = u−1,

mu(y) =
y
u
+

1
u

∇ log p1/u

(y
u

)
, ∇ymu(y) = Σu(y), ∇s⋆t (x) =

1
t2 Σ1/t

(x
t

)
− 1

t
Id .

Proof. Differentiating the tilt of (4.2.2) in y,

Yu = X⋆+u−1/2Z 4.1.1
=⇒ mu(y) =

y
u
+

1
u

∇ log p1/u(y/u), ∂y j mu,i = Covy
u(Xi,X j) = (Σu)i j,

and differentiating m1/t(x/t) = x+ ts⋆t (x) in x,

1
t

Σ1/t(x/t) = Id + t∇s⋆t (x) =⇒ ∇s⋆t (x) =
1
t2 Σ1/t

(x
t

)
− 1

t
Id .

□

Proposition 4.2.7 (Posterior-mean martingale and covariance dissipation). Assume E∥X⋆∥4 < ∞. Then

dMu = Σu ·dIu,
d
du

E[tr(Σu)] =−E[tr(Σ2
u)]≤ 0,

∫
∞

0
E[tr(Σ2

u)]du≤ tr
(
Cov(X⋆)

)
.

In particular Cov(X⋆)⪯ Id gives the bound d.

Proof.

f (x) = x 4.2.1
=⇒ dMu =

[∫
x(x−Mu)

Tdµu

]
·dIu = Σu ·dIu,

and f (x) = xxT with Itô’s formula, expectation, and integration over [0,∞) give

dtr(Σu) = martingale− tr(Σ2
u)du =⇒ d

du
E[tr(Σu)] =−E[tr(Σ2

u)] =⇒
∫

∞

0
E[tr(Σ2

u)]du≤ tr
(
Cov(X⋆)

)
.

□
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Theorem 4.2.8 (Finite-dimensional Polchinski equation). For pt = p0 ∗N(0, tId), Ut := − log pt , and
s⋆t =−∇Ut ,

∂t pt =
1
2 ∆pt , ∂tUt =

1
2 ∆Ut − 1

2∥∇Ut∥2, ∂ts⋆t = 1
2 ∆s⋆t +∇

(1
2∥s

⋆
t ∥2) .

Proof. Since pt = e−Ut solves the heat equation ∂t pt =
1
2 ∆pt ,

∆pt = e−Ut
(
∥∇Ut∥2−∆Ut

)
=⇒ ∂tUt =

1
2 ∆Ut − 1

2∥∇Ut∥2,

s⋆t =−∇Ut =⇒ ∂ts⋆t =−∇∂tUt =
1
2 ∆s⋆t +∇

(1
2∥s

⋆
t ∥2) ,

the viscous Burgers form [19, 5]. □

Remark 4.2.9 (Three languages for one Gaussian channel). diffusion Xt = X0 +
√

t Z
localization dYu = X⋆ du+dWu, u = t−1

coarse-graining pt = p0 ∗N(0, tId), Ut =− log pt

 , x+ ts⋆t (x) = m1/t(x/t)

[10, 16].

4.3. Bookkeeping.

Definition 4.3.1 (Forward grid and Gaussian reverse update). Fix 0< t1 = δ < · · ·< tK = T , hk := tk+1−tk,
Xk := Xtk , pk := ptk . Then

Xk+1 = Xk +
√

hk ξ k, P→k (x→ x′) = (2πhk)
−d/2 exp

(
−∥x

′−x∥2

2hk

)
,

and, for a learned score sk+1,

P̂←k (x′→ ·) := N
(
x′+hksk+1(x′),hkId

)
.

Proposition 4.3.2 (Exact Bayes reverse kernel).

P←k (x′→ x) =
pk(x)P→k (x→ x′)

pk+1(x′)
, E[Xk | Xk+1 = x′] = x′+hks⋆k+1(x

′).

Proof. Bayes’ rule gives the kernel; with a = 1 and σ2 = hk in the one-step channel,

Xk+1 = Xk +
√

hk ξ k
4.1.1
=⇒ E[Xk | Xk+1 = x′] = x′+hks⋆k+1(x

′) (13).

□

P→k

P←k

P̂←k

t1 = δ t2 tk tk+1 tK = T
p1 p2 pk pk+1 pK

X̂1 X̂2 X̂k X̂k+1 X̂K

· · · · · ·

· · · · · ·

FIGURE 13. The learned reverse recursion approximates the Bayes chain from pT to pδ .

Proposition 4.3.3 (Early-stopping coupling). For X1 = a1X0 +σ1Z with X0 ∼ pdata and Z⊥ X0,

W 2
2 (pdata, p1)≤ (1−a1)

2E∥X0∥2 +σ
2
1 d, W 2

2 (pdata, pδ )≤ δd for the variance-exploding grid.
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Proof.

X1−X0 = (a1−1)X0 +σ1Z, Z⊥ X0, E∥Z∥2 = d =⇒ E∥X1−X0∥2 = (1−a1)
2E∥X0∥2 +σ

2
1 d,

and W2 infimizes over couplings. □

Definition 4.3.4 (The four error sources). Let p̂K be the implemented initialization and p̂1 the output of
the approximate reverse chain. Set

DKL(pK∥p̂K)≤ ε
2
init, ε

2
k,score := Epk ∥sk− s⋆k∥

2 ,

with ε2
disc the residual accumulated when the exact score is used but the reverse kernels are replaced by

local Gaussians: 
early stopping pdata↔ p1

initialization pK ↔ p̂K

score estimation s⋆k ↔ sk

discretization P←k ↔ local Gaussian step

 .
Lemma 4.3.5 (KL chain rule for reverse Markov paths). For path laws P = µKPK−1 · · ·P1 and Q =
νKQK−1 · · ·Q1 with P-marginals µk+1,

DKL(P∥Q) = DKL(µK∥νK)+
K−1

∑
k=1

EXk+1∼µk+1

[
DKL

(
Pk(Xk+1→ ·)∥Qk(Xk+1→ ·)

)]
.

Proof.

log
dP
dQ

= log
µK

νK
(xK)+

K−1

∑
k=1

log
Pk(xk+1→ xk)

Qk(xk+1→ xk)
,

and taking EP term by term, conditioning the k-th summand on Xk+1, gives the claim. □

Lemma 4.3.6 (Equal-covariance Gaussian score cost). For G⋆
k ,Gk the Gaussian steps of (4.3.1) built from

s⋆k+1 and sk+1,

DKL
(
G⋆

k(x
′→ ·)∥Gk(x′→ ·)

)
=

hk

2

∥∥s⋆k+1(x
′)− sk+1(x′)

∥∥2
, Epk+1DKL(G⋆

k∥Gk) =
hk

2
ε

2
k+1,score.

Proof.

DKL
(
N(m,Σ)∥N(m̂,Σ)

)
= 1

2(m− m̂)T ·Σ−1 · (m− m̂), m− m̂ = hk(s⋆k+1− sk+1), Σ
−1 = h−1

k Id ,

and averaging over x′ ∼ pk+1 gives the second identity. □

Theorem 4.3.7 (Diffusion-sampler error decomposition). If DKL(pK∥p̂K)≤ ε2
init and the summed local

reverse-kernel divergences are at most ε2
disc +

1
2 ∑k hkε2

k+1,score, then

(4.3.1) DKL(p1∥ p̂1)≤ ε
2
init + ε

2
disc +

1
2

K−1

∑
k=1

hkε
2
k+1,score,

which together with (4.3.3) separates the raw-data comparison from the reverse-chain error.

Proof.

T (xK , . . . ,x1) := x1, T#P= p1, T#P̂= p̂1
3.1.3
=⇒ DKL(p1∥p̂1)≤ DKL(P∥P̂)

4.3.5, 4.3.6
=⇒ (4.3.1).

□



MATHEMATICS OF GENERATIVE MODELS 19

Part 3. Exercises

5. EXERCISES

Exercise 5.1 (1.2.3). Construct

µ0
b−→ µ1, µ0

b̃−→ µ1, (µt)t∈[0,1] ̸= (µ̃t)t∈[0,1],

and explain why this does not contradict Theorem 1.2.3.

Exercise 5.2 (1.1.8). Determine equality in

E∥X1−X0∥2 ≤
∫ 1

0

∫
Rd
∥bt(x)∥2

µt(dx)dt,

and relate the equality value to C (Φ1,0) of Definition 1.1.7.

Exercise 5.3 (1.2.4). For
µ0 = N(0, Id), µ1 =

1
2(δm +δ−m),

compute bt and its limit as t ↑ 1.

Exercise 5.4 (1.2.6). Show that L π
FM(b) depends on the coupling π , and compare independent and

deterministic couplings.

Exercise 5.5 (1.2.6). Using Lemma 1.2.5, show

argmin
b̂

E
∥∥b̂τ(Iτ)− İτ

∥∥2
= argmin

b̂
E
∥∥b̂τ(Iτ)−E[İτ | X1]

∥∥2
.

Exercise 5.6 (1.2.12). For a reparametrization θ , show

µ̃t = µθ(t), b̃t = θ̇(t)bθ(t), γ̃t = θ̇(t)γθ(t).

Exercise 5.7 (1.2.13). For J = 2, C1 =C2 = Id , determine

lim
∥m1−m2∥→∞

w j(t,x), lim
∥m1−m2∥→∞

st(x).

Exercise 5.8 (1.2.15). Show that Proposition 1.2.15 is exact at every tk for Gaussian µ1, and exhibit a
target for which it fails.

Exercise 5.9 (2.1.3). Under t = e−τ , derive (2.1.2) from Proposition 2.1.2.

Exercise 5.10 (2.2.5). Determine how εt trades discretization error against score error, including

εt = 0, εt =
1
2 σ

2
t .

Exercise 5.11 (3.1.2). For

qA(aA |C) := P(X0,A = aA |C), q̃A := ∏
i∈A

P(X0,i = ai |C),

show
DKL(qA∥q̃A) = ∑

i∈A
H(X0,i |C)−H(X0,A |C)≥ 0.

qA = q̃A ⇐⇒ (X0,i)i∈A are conditionally independent given C.

Exercise 5.12 (3.2.7). For q0 = N(m0,C0), compute

DKL
(
N
(
e−tm0, Id + e−2t(C0− Id)

)∥∥N(0, Id)
)
,

and compare its decay with Definition 3.2.6.
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Exercise 5.13 (3.3.3). For A = AT > 0, show

U(x) = 1
2 xT ·A ·x =⇒ πh = N

(
0,
(
A− h

2 A2)−1
)
, 0 < h <

2
λmax(A)

.

Exercise 5.14 (3.3.4). For D0 := DKL(q̂0∥π), minimize k subject to

e−kh/CLSID0 +8CLSIL2dh≤ ε
2, 0 < h≤ (4CLSIL2)−1,

and give the dependence on d,L,CLSI,ε .

Exercise 5.15 (3.3.5). For U(x) = x2/2, compute ah(x,y) and determine its behavior as h ↓ 0 and, for the
product target, as d→ ∞.

Exercise 5.16 (4.1.4). For

pdata = ∑
j

q jN(m j,C j), C j,t := a2
t C j +σ

2
t Id ,

compute the mixture weights and s⋆t , and verify (4.1.1).

Exercise 5.17 (4.2.7). For µ = 1
2(δm +δ−m), show

mu(y) = m tanh(yT ·m), Σu(y) = mmT sech2(yT ·m),

and verify Proposition 4.2.7.

Exercise 5.18 (4.2.8). Show

∂tUt =
1
2 ∆Ut − 1

2∥∇Ut∥2 pt = e−Ut

⇐⇒ ∂t pt =
1
2 ∆pt , p0 = N(m,C) =⇒ s⋆t (x) =−(C+ tId)

−1 · (x−m).

Exercise 5.19 (4.3.7). For fixed K and ε2
k,score ≤ ε2, minimize the right-hand side of (4.3.1) over the grids

of Definition 4.3.1, and compare the minimizer with a geometric grid.

6. HOMEWORK

Exercise 6.1 (1.1.4). For
Ẋt = A ·Xt , X0 ∼ N(0,C0),

show
Ct = etA ·C0 · etAT

, µt = N(0,Ct), Ċt = A ·Ct +Ct ·AT, ∇ ·bt = tr(A).
∂t pt +∇ · (bt pt) = 0, log p1(X1) = log p0(X0)− tr(A).

Proof. The linear flow determines the covariance and divergence explicitly.

Φt,0 = etA, Xt = etA ·X0 =⇒ Ct = etA ·C0 · etAT
, µt = N(0,Ct).

Ċt = A ·Ct +Ct ·AT, bt(x) = A ·x, ∇ ·bt = tr(A).
∂t log pt =−1

2 tr(C−1
t ·Ċt)+

1
2 xT ·C−1

t ·Ċt ·C−1
t ·x =−tr(A)+xT ·C−1

t ·A ·x =−∇ · (bt pt)/pt .

∇ ·bt = tr(A) 1.1.5
=⇒ log p1(X1) = log p0(X0)−

∫ 1

0
tr(A)dt = log p0(X0)− tr(A).

□

Exercise 6.2 (1.1.6). For v∼ N(0, Id), show

E[vT ·Dbt ·v] = ∇ ·bt , Var(vT ·Dbt ·v) = ∥Dbt∥2
F + tr((Dbt)

2),

and determine the variance of the m-probe estimator.
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Proof. Apply the Gaussian second- and fourth-moment identities to a matrix M.

E[viv j] = δi j =⇒ E[vT ·M ·v] = ∑
i, j

Mi jE[viv j] = ∑
i

Mii = tr(M).

E[viv jvkvl] = δi jδkl +δikδ jl +δilδ jk =⇒ Var(vT ·M ·v) = ∥M∥2
F + tr(M2).

M = Dbt(x), d̂m :=
1
m

m

∑
r=1

(v(r))T ·M ·v(r) =⇒ E[d̂m] = ∇ ·bt , Var(d̂m) =
∥M∥2

F + tr(M2)

m
.

Thus m probes divide the variance by m, while exact divergence requires d coordinate traces. □

Exercise 6.3 (1.2.8). For 0 < t ≤ 1, show

et ≤ λ
−1e(2L+λ )t

∫ t

0
E∥rs∥2 ds, inf

λ>0
λ
−1e(2L+λ )t = e t e2Lt ≤ e(2L+1)t .

Here
rs := bs(X̂s)− b̂s(X̂s).

Proof. Set
δ t := Xt − X̂t , rt := bt(X̂t)− b̂t(X̂t), et := E∥δ t∥2.

ėt = 2E
[
δ
T
t · (bt(Xt)−bt(X̂t))

]
+2E[δT

t · rt ]≤ (2L+λ )et +λ
−1E∥rt∥2.

e0 = 0 Grönwall
=⇒ et ≤ λ

−1e(2L+λ )t
∫ t

0
E∥rs∥2 ds,

d
dλ

log
(

λ
−1eλ t

)
= t−λ

−1.

t−λ
−1 = 0 ⇐⇒ λ = t−1 =⇒ inf

λ>0
λ
−1e(2L+λ )t = e t e2Lt ≤ e(2L+1)t , 1+ log t ≤ t.

□

Exercise 6.4 (1.2.10). For
µ1 = N(m,C), Mt := α

2
t Id +β

2
t C,

show
st(x) =−M−1

t · (x−βtm), η
1
t (x) = M−1

t · (βtC ·x+α
2
t m),

and recover Example 1.2.14 when m = 0.

Proof. The interpolant is Gaussian, so its score is affine.

Xt = αtZ+βtX1, Z⊥ X1 =⇒ µt = N(βtm,Mt), st(x) =−M−1
t · (x−βtm).

η
1
t (x)

1.2.10⇐⇒ x+α2
t st(x)

βt
= M−1

t · (βtC ·x+α
2
t m), m = 0 =⇒ η

1
t (x) = βtM−1

t C ·x.

m = 0 =⇒ st(x) =−M−1
t ·x

1.2.11
=⇒ bt(x) = 1

2 Ṁt ·M−1
t ·x

[Mt ,Ṁt ] = 0
=⇒ Xt = M1/2

t ·M−1/2
0 ·X0.

□

Exercise 6.5 (3.1.6). Show

π(dx)P(x,dy) = π(dy)P(y,dx) =⇒ πP = π.

Proof. Let A be measurable and integrate detailed balance over x.

(πP)(A) =
∫∫

1A(y)π(dx)P(x,dy) 3.1.5
=⇒

∫∫
1A(y)π(dy)P(y,dx) =

∫
1A(y)π(dy) = π(A).

□
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Exercise 6.6 (3.1.3). Find µε ,ν such that

2TV(µε ,ν)
2

DKL(µε∥ν)
−→ 1,

and µ,ν such that
TV(µ,ν)< 1, DKL(µ∥ν) = +∞.

Proof. Bernoulli laws give both examples.

(µε ,ν) =
(
Ber
(1

2 + ε
)
,Ber

(1
2

))
=⇒ TV(µε ,ν) = ε, DKL(µε∥ν) = 2ε

2 +O(ε4).

2ε2

2ε2 +O(ε4)
−→ 1, (µ,ν) =

(
Ber
(1

2

)
,δ0
)
=⇒ TV = 1

2 < 1, µ ̸≪ ν =⇒ DKL =+∞.

□

Exercise 6.7 (3.2.3). For
dXt = b(Xt)dt +σ(Xt)dWt ,

show
L ϕ = bT ·∇ϕ + 1

2 tr(σσ
T ·∇2

ϕ), π invariant ⇐⇒ L ∗
π = 0.

L ∗q =−∇ · (bq)+ 1
2 ∑

i, j
∂i∂ j

(
(σσ

T)i jq
)
.

Proof. Set a := σσT and apply Itô’s formula.

dϕ(Xt) =
(

bT ·∇ϕ + 1
2 tr(a ·∇2

ϕ)
)

dt +(∇ϕ)T ·σ dWt =⇒ L ϕ = bT ·∇ϕ + 1
2 tr(a ·∇2

ϕ).∫
(L ϕ)q =

∫
ϕ

[
−∇ · (bq)+ 1

2 ∑
i, j

∂i∂ j(ai jq)

]
=⇒ L ∗q =−∇ · (bq)+ 1

2 ∑
i, j

∂i∂ j(ai jq).

π invariant =⇒
∫

L ϕ dπ = 0 ⇐⇒ L ∗
π = 0, π invariant ⇐= L ∗

π = 0.

□

Exercise 6.8 (4.1.9). For pdata = N(0,C), show

Law(Z←s ) = Law(Y←s ) = N(0,CT−s),
[
Z←
]

s = 0,
[
Y←
]

s =

(∫ s

0
g2

T−u du
)

Id .

Proof. The common Gaussian score determines both marginal evolutions.

pt = N(0,Ct) =⇒ s⋆t (x) =−C−1
t ·x

4.1.6, 4.1.9
=⇒ Law(Z←s ) = Law(Y←s ) = pT−s.[

Z←
]

T = 0,
[
Y←
]

T =

(∫ T

0
g2

t dt
)

Id ̸= 0
(∫ T

0
g2

t dt > 0
)

=⇒ Law(Z←)⊥ Law(Y←).

□

Exercise 6.9 (4.3.3). For m ̸= 0, show

pdata := 1
2(δm +δ−m) =⇒ DKL(pdata∥ p̂1) = +∞ for every Gaussian p̂1,

while the coupling of Proposition 4.3.3 gives

W 2
2 (pdata, p1)≤ (1−a1)

2∥m∥2 +σ
2
1 d < ∞.
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Proof. The two-point law is singular with respect to every Gaussian.

p̂1 := N(a,C), C ̸= 0 =⇒ p̂1({m,−m}) = 0, C = 0 =⇒ p̂1 = δa.

pdata ̸≪ p̂1 =⇒ DKL(pdata∥ p̂1) = +∞ for every Gaussian p̂1.

X0 ∼ pdata, Z∼ N(0, Id)⊥ X0, X1 = a1X0 +σ1Z =⇒ W 2
2 (pdata, p1)≤ E∥X1−X0∥2.

E∥X1−X0∥2 = (1−a1)
2∥m∥2 +σ

2
1 d < ∞, a1 = 1, σ

2
1 = δ =⇒ W 2

2 (pdata, pδ )≤ δd.
□
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