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Part 1. The Line-Bundle Interpretatiorﬂ
1. PRELIMINARIES AND NOTATION
1.1. Complex coordinates, frames, and indices.

Definition 1.1.1 (Local holomorphic coordinates). Let X be a complex manifold of complex dimension 7.
Fix

U, z=(2,..., 7).
For every j € {1,...,n}, write z/ = x/ +i-y/. Then

9 _1(d . 9 9 _1(9 ;9
o7 2 \ox "oy ) 9z 2 \aw ayi)

Definition 1.1.2 (Index conventions). Throughout,
i7j7k7€7m7p7q7r7s e {17" * 7”}7 i7j7]_€7£_7m7p_7q7f7§€ {17‘ t 7’/_l}'

A barred index denotes an anti-holomorphic slot; its underlying numerical index lies in {1,...,n}. Unless
explicitly stated otherwise, every sum below displays its full index range.

Definition 1.1.3 (Holomorphic and anti-holomorphic frames). In local holomorphic coordinates, define

d _ d
ej=—-— k===
For vector fields V € T(U,T"°X) and W € T(U, T%'X), write
1 1
n V _ n _ _ W -
V = va-em, [V]e: s W = ZWk-e_k7 [W]E‘: s Vm,WkGCOO(U).
m=1 yn k=1 Wﬁ
Definition 1.1.4 (Dual coframes). The dual coframes are
el =d7, ek = dzt,
with ' ‘ .
e (ex) = 8], k(&) = &, /(&) =é*(e;) = 0.
Thus every (1,0)-form ¢ and (0, 1)-form B has the expansion
a=)Y o;-di, o=[ae=|":],
=i o
; Bi
ﬁ: Zﬁl}'dzk¢ .B:[ﬁ]?*: s ajaﬁ]_cecm(U)‘
k=1 B
n

“Based on lectures by Duong Phong [3] .
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1.2. Hermitian metrics and matrix identities.

Definition 1.2.1 (Hermitian metric). A Hermitian metric g on 7'°X is complex-linear in its first slot and
conjugate-linear in its second slot. Set
8k = 8(ej,ex).
Thus the bar on k records the conjugate-linear slot; equivalently, if the underlying real metric is gr and
gRr,C 18 its complex-bilinear extension, our normalization is
8k =2-grclej; ).

This normalization produces the factor i/2 in the associated (1,1)-form. The coefficients satisfy

n n o
8k = 8kj> ZZgj;;~§"-§k>0 for every 0 # & € C".
J=1lk=1

We index the metric matrix by barred rows and holomorphic columns,

811 81 " 8ul

812 825 - 8md
G=lgilk=|. . .. . |*>0

81n 82i " 8mi

and, for coordinate columns,

gV W)= WIe-GVie= X Y2 R

and write the Hermitian tensor as .
g= Z Zgj,;-dzj@)dizk.
j=1k=1
Here the second tensor factor denotes the conjugate-linear covector slot, and dzt = dz*. The Hermitian
symmetry is precisely G = G* under this convention.

Definition 1.2.2 (Inverse metric matrix). Let

glf gl% glfl
21 22 2n
_ 5 8 8 8
G =[¢"mp= :
gnT g;ti g

or, entry by entry,

n n _
Y " gip=8" Y 8" =8
p=1 m=1

For n =2, put

D =g1"8»— &1 &3 = det(G).

Then

—1 T 5
|:ng 821] _ l [ 822 —gzi} _ [81} 811 .
812 82 D [—815 &i g g

Moreover, G~! = (G!)*, so g"P = gP™,
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Definition 1.2.3 (Raising and lowering indices). For V. =Y _, V™ ¢, define

Vi 811 &1 v & V;
n Vs 5 5 e 5 1%4
b 2 812 822 8n2
Z Emk " Vi=|.|= . . . . : . =G- [V]e
Vi gia &i - &ma| V"
For a (0, 1)-covector with components o, define
al o
2
n o (0%
=)s of = =G,
p=1 :
o o
n n n n n n B
=L B Y g pa=Y g (ng”'aﬁ> =) (Z L g’"”) o 22 Y 8 o=
m=1 m=1 p=1 p=1 \im=1 p=1

Example 1.2.4 (A complete rank-two index computation). Let

2 3

Then every entry of the inverse check is

oo-y 2 - s

1 _
G:[“ 2}, det(G)=4-3-2.2=12-4=8, G‘1:8~[3 2].

8 |2 4 (-2)-4+4-2

3
(

_1_[12—4 — } 1[8 0] [1 0]_1

T8 |-8+8 —4+12] g |0 8 0o 1| %

b 4 2] |4 4-4+2-3) _ |164+6| _ |22
Vie=G-V]= [2 3]‘[3} [2 4+3-3) 7 [849] 7 [17)°
G*I-[V]b—l‘ 30 -2 |22) _ 1 13.22-2-17 | _1 166-34| |4
¢ 8 |2 4 17 8 |—2-22+44-17| 8 |—44+68| |3]|°
1.3. Differential operators.

Definition 1.3.1 (Coordinate derivatives and type decomposition). In local holomorphic coordinates,

define 5 5
aj - TZj’ a/_c = TZ/(
The exterior derivative splits as d = d 4 d. For u € C*(U),
du)=Y 9j(u)-dz/ =[oh(u) - ()] | : |, du)=Y o (u)-dz, d(u) =9 (u)+9(u).
=1 dz" =

Since the summands below have types (2,0), (1,1), and (0,2),
0=d?=(0+9)2=02+(90+99)+2> =L 92=0, 99+9d =0, *=
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1.4. Kéahler forms.

Definition 1.4.1 (Kéhler form). For a Hermitian metric g, define the associated real (1,1)-form

n

i “ ;
0= E-Z Zgj,;-dzfAde.
J=lk=1

It is real because

~.

MS TM:

S
||

n k _L'. n n

k; d7 A dZF B2 : j;; s-d7 Nt
Z gjp-dZ* Nd7! = .-ZZgj,;-dzj/\de:w.
k=1 j=lk=1

J

Definition 1.4.2 (Kéhler metric). The metric g and its associated form ® are Kdhler if d(w) = 0.

Proposition 1.4.3 (Coordinate characterization of the Kihler condition). The metric g is Kdhler if and

only if
di(8pa) = p(8ja),  (8pa) = 9a(8,k)-
Proof. Byd=0+0, ® € Q" (X), and d(w) = 9(w) + J(0) € Q> (X) d Q?(X),

)-dz! NdzP NdTT =
1 j=lp=1g=1
(0) =0 < 9j(gpg) =p(gjg) forall j,p,qe{l,...,n}.

)=2,
i n n n .
- _Z']; Zr Z’ i (8pa) — 95(gpp)) - d2 NdZ" NdZE.

p
d(w) =0 < di(gpg) = dz(g,z) forallk,p,ge{l,....,n}.
Thus both derivative symmetries are equivalent to d(®) = 0. u

M:

j=1p=1

(9j(8pa) — 9p(8ja)) -dz/ NdzP NdF,

-IM~
M
™
™

Q_)'Q

1.5. Connection matrices.

Definition 1.5.1 (Connection matrix in a holomorphic frame). Let V be a connection on 719X and fix
{ep}y_;- Define

All A12 Aln
A== [
— plm,p — . . . .
At A", . AT,

by

n

Vie,) = Z A", @ ep.

m=1
Thus the p-th column records V(e,,). Before any type condition is imposed,

n n
A"y =Y A", di + Y AT - dZ
=1 k=1

) . Aljl Aljn
A= ZAj'dZJ + ZAIE -dzt, Aj=[A"jplmp = : . :
j=1 k=1 Aty e AN,
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Definition 1.5.2 (Matrix wedge product). For matrix-valued differential forms B = [B",] and C = [C")],
n
(BAC)", =Y B" AC,.
q=1
IfA=Y]_A; -dz’ has type (1,0), then

(ANAY", = zn:Aququ = Z Z zn:Aqu-A%,,-dzfAdz‘,
¢=1 =1i=1g=1

NA = ZZ (Aj-Ag)-dz’ ndZ
j=1(=1

:Z Z (Aj-Ar—Ag-Aj)-d7 NdZ' € QPO (End(T'0X)).

1.6. The Chern connection.

Theorem 1.6.1 (Chern connection). Let (X,g) be a Hermitian manifold. There exists a unique connection
V on T'OX satisfying
(1.6.1) Qi V=09 onT"0X,

(1.6.2) Gi)  V(g)=0.
Proof. By e = (e1,...,ex), V=Y, VP e, and V(e) = e-A,

V() -3(v)= ¥ (f(AOvl)%-V") Sem.

m=1 \ p=1
VO vy=o(v) L 4% =0 forallmpe{l,....n}, A=A"

ZA’”p-gmﬁngz-AT%z
d(G) = GA+A*G”::“§8 =G-A, 9
I MY

( g™ dj(g ) dz’, ]p—ngq 9j(8pq)-

A=G"1.9(G), ,,_ngq d(g

(G'A)t%p: Z gmq'Amp: Z Z 8mg g gp/ @ ng gpé a(gpq)'
m=1 m=1/0=1

A*=(G 1 9(G) =d(G)-G', G-A=9(G), A*-G=09(G),
d(G)=9(G)+9d(G)=G-A+A*-G.

On an overlap let ¢’ = e- T, where T is holomorphic.
G=r"GT, (G '=r"'.¢gl(r", oT"=0.
AT*-G-T)=d(T*)-G-T+T*-9(G)-T+T*-G-d(T)=T"- a(G) T+T*-G-9(T).
G MoaG)=1"c¢ () (1" 9(G)- T+T*-G-9(T)).
( ) (G’):T Lot ()t )G T+T G (1) TY) -G O(T)

7716196 T+T7' (G G)-a(T)=T""A-T+T " 9(T).

—~

(1.6.3) Al=T1A.T+T7'.9(T).
Vie-T)=(V(e)) T+e-d(T)=(e-T) (T""-A-T+T'-9(T)).



8 1Z TECUM

The frame-change law gives existence, while d(G) = G - A forces uniqueness. O
Definition 1.6.2 (Chern connection coefficients). For the Chern connection in a local holomorphic frame,
n n
Vilep) =0, Vilep) = Z A" iy em, A"y = Z §"-9;(8pq)
m=1 q=1
For each fixed j € {1,...,n},
i-18'9-0i(g1) -+ Xp_18'9-9j(gng)
Aj=[A"jplmp = : : =G '-9,(G).
a=18"79i(g15) - Xi-18"9i(gng)
Proposition 1.6.3 (Action on components). ForV =Y7_, V" ey, the Chern connection satisfies
n
(VEV)" = V™), (V;(V))" = 0;(V") + ) A" VP
p=1
Equivalently,
V! Aty AT [V
Vie=a;i [ | | [+ &+ .+ ||| =9(V])+A;- [Vl
\ Anjl . Anjn yn
Proof. By Vi(ep) =0,V (ep) = L5_1 A" jp-em, and V;(f-V) = 9;(f)-V + f-V;(V),

i %(V?)-
Z (VP).- e,,+2 ZV” AM em—i (aj(vm)+iAmj,,-v1’>.em

p=1m=1 m=1 p=1
Thus the dlsplayed component and column formulas agree. U

Proposition 1.6.4 (Metric compatibility and the connection matrix). The Chern connection matrix and
Hermitian metric satisfy

A=G9(G), A", =Y " 9(g).

q=1
For every fixed j € {1,...,n
ng glﬁ 8](g11) al(gnT)
Aj= | o s s [ =679(0)
o | e - o)

Proof. By V(g) =0,G'-G=1,,and 9(G) = G-A,
02 9)=6 A A=G"(G-A)=6"-9(G).

For eachm,p,j € {1,...,n},

(G1-95(G))"p =) 8" 9i(8pg) = A" jp-

Q
1M1=

Thus the matrix identity and its component form coincide. g
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Corollary 1.6.5 (Kdhler symmetry of Christoffel-type coefficients). If g is Kdihler, then
A" jp = A",
Proof. By g Kihler, A" j, =}, 8" 9;(gpg). and 9;(gpg) = 9,(gq)-

n ~ n B
A" jp = Z 8" 9;(8pg) = Z g™ dp(gjg) =A™
g=1 g=1

1.7. Chern curvature and its components.

Definition 1.7.1 (Curvature matrix). Let A be the Chern connection matrix. Its curvature is
F'y ... F!,
F=d(A)+ANA, F=[F"plnp=1: o
F", - F",
Since A = A0,
0=0(I,)=3(G " G)=3G")-G+G ' 9(G)= 3G )=-G"9(G)-G .
d(A) = 8(G*l -d(G)) = a(Gfl) N9 (G) +G! ‘82(G) =d(G~ 1) 2(G )—FG*l -0.
d(A)=—(G1-9(G)-GHAIG)=—(G - 3(G) A (G- 9(G)) = —AAA.
FX=9(A)+ANA=0, F=F''=9(A).

Definition 1.7.2 (Type decomposition of curvature entries). Using the local coframe and the curvature

matrix, write
_ m_ g Jj
= ZZF Rjp dZ NdZ.
k=1 j=1

Equivalently,
1
n on Fkll ij" )
:ZZ : : -dFNdZ
k=1 j=1
l_cjl Fnl_cjn

Definition 1.7.3 (Curvature coefficients as commutators). For V = ZZ:I VP .e,, define

(VjoVi—VioV;) Z (ZRjkmp-Vp>.em.

(VjoVp—VioV)) Z(ZR,U,, )-em.

=
Proposition 1.7.4 (The (1, 1)-curvature coefficients). For the Chern connection,
Rij"p=—(A"jp),  F"j, = h(A")p).
For every j,ke€ {1,...,n},
F(Aljr) o (Alj)
(F"%pdmp = | = %@A) = (G -9;(G)).
R(A"j1) - F(A"n)
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Proof. By F =d(A), A", =YI_ A", -dz/, and F", = Y} _ | YI_ | F™;; - dZ* Ad2/,

m
kjp®

Jam)=a (ilAmj,, -dzj> - Z Z )-dZ ndgl = Fm, T = g (Am,).
p= &5
(Vi(V, (V)" = 9(9,(v™) +pf_l R(A" ;) VP +§1Am,p (V7).
(VA (VYD) = 3;((Vv™) +§1Amj,, (V7).
((V;oVe=VioV)) (V)" == Z pam;)-vr BB R, — 9 (A",) = —F"y

Thus the commutator coefficient is the negatlve of the displayed form coefficient.
1.8. Ricci curvature.

Definition 1.8.1 (Ricci tensor). Trace the endomorphism indices over m = p and define

n
Ry = Y Rij"w=— Z Ok (A™ jm)
m=1

Its coordinate matrix is

Ry, Ry, Ry,

R3; Ry R3,
[R/_CJ]k j= : . :

Ri1 R -+ Ry

Proposition 1.8.2 (Ricci log-determinant formula). In local holomorphic coordinates,
Ry = —(9;(log(det(G)))).
Proof. By A; =G '-9;(G), Rp; = —(Tr(A;)), and 9;(det(G)) = det(G) - Tr(G ~1.9,(G)),
9;(det(G)) = det(G) - Tr(G™" - 94(G)).

1 _ n _ m n n m
9 {108(det(G) = gy Ai(AeG) =TH(G 1 04(G)) = X (G 95(G))"w = 1o V6™ Orlemn)
m=1 m=1g=1
a,;<z Am,-m) % (Te(G" - 9)(G))) = —(9;(log(det(G)))).
m=1
This is the Chern—Ricci tensor, equal to the usual Ricci tensor when g is Kihler. U

Definition 1.8.3 (Ricci form). Define the Chern—Ricci form by
n n _
®)=i-Y Y Ry;-di naZ B2 i 9(I(log(det(G)))).
k=1 j=1

Since F™;, = ¢(A™},) and dZF Adz/ = —dz/ N dZF,

kjp
i-Tr(F) =—i- Z i 8,;(Tr(Aj)) 'de/\de = p(a))

k=1j=1
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For a complete row—column representation, set

m dz!
. T
n=,: :[Rl_cj}lqj'
uz dz"
Ry Ry -+ Ra dz' Y | Ry -dZ
_|Rp Ry Rp| [dZ| |Li Rp-dZf
Ry, R;3, -+ Rin dz" ZZ:lRl;n'de
n
p((g):i.ZdZJ/\nj:i.[le dZn]/\T],

j=1
where the last product means }7_; dz/ Am;. Finally,

d(p(®)) = —i-9(3(3log(det(G)))) — -3 (2(I(log(det(6))))) B i-9 (3 (log(det(G)))) = 0.

Since log(det(G)) € R, one also has p(®) = p(w).

2. THE CANONICAL LINE BUNDLE AND RIcCI CURVATURE

The line-bundle interpretation begins with rank-one Chern geometry. A Hermitian holomorphic line
bundle produces a scalar connection and curvature. Applied to Ky and K !, this construction produces
the Ricci form and the volume-ratio identity that leads to the complex Monge—Ampere equation.

2.1. Hermitian holomorphic line bundles.

Definition 2.1.1 (Holomorphic line bundle). Let L I Xbea holomorphic line bundle. Choose an open
cover {Uy }yer and nowhere-vanishing holomorphic frames s, € H°(Uy,L). The transition functions
satisfy

Sv:s“')y”v7 A’[J,VEﬁ*(UHﬂUV)7 A’“le, A«#v‘lvuzl, A“v‘kv;(: K-

Definition 2.1.2 (Hermitian line metric). A Hermitian metric 4 on L is determined by the positive local
weights
hy = |lsulls >0, hy = Ay hy, o =su fu=10li =ful’ hu, Sfv= ;%/1 “Ju-

Proposition 2.1.3 (Chern connection and curvature). The Chern connection of (L,h) has local connection
form

A =hy" - 9(hy
Its curvature is a global closed (1,1
(2.1.1) Fy=0(Apyu) = —3(d(log(hy)))-

The closed class )
i

L=|—"'F

c1(L) [2% h]

=d(log(hy)),  Any=Anu+Agy - 9(Auy).
-form, and i - Fy, is real. Moreover,

~—

is independent of h.
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Proof. By sy = sy - Auy, hy = M“V|2-h”, and 9(7L“v) =0,
Apy = 9(log(hy)) = d(log(hy))+ 0 (log(| Auv[*)) = An Jflﬁvl 9 (Auv), Fry—Fyy=0 (A',szl -9 (Auy)) =0.
d(Any) = 0*(log(hy)) =0,  ApuNApy =0.
Fi=d(Ang) + An g Ay = (A 3 (Ange) + Ay gy = (A ) = (D log(h)) B —3(3 (log(h).
d(Fy) = —9(9(d(log(hy)))) = (d(d(log(hy)))) =0, Fy=—F,,  i-Fy=i-F
YEC™(X,R), h=exp(y) h=F,—F=-0(d(y)) =—d(d(y)) = { -FE] = {Zln .Fh] :
If Zh# is another compatible (1,0) connection form, then
Ahy) = hy Ay = hy -Any = Apy = Apy.
Thus the curvature and its first Chern class are global and metric-independent. g

2.2. Canonical and anticanonical bundles. Let (X", ®) be Kihler. The metric matrix, Kihler form, and
canonical line bundles are

G =gt Z Zg]k -dzf AdZF, Ky = AMOT*X = (det(T'0X))*, Ky' =det(T'0X).
j=lk=

On a holomorphic coordinate chart write
0 =dz' A---NdZ, s=elN---Ney, 0(s)=1.
Proposition 2.2.1 (Canonical curvature and the Ricci form). The induced metrics and curvatures satisfy
Isl3, = det(G), 16115, = (det(G))™",  Fy1 =—3(d(log(det(G)))), Fig, = I(I(log(det(G)))).

Consequently,

Q2 p)= iy =i Fg, g [p(e)] = ek = a(X) = e (Ky).
Proof. By 6(s) = 1..G = [g gz . and p(@) = —i-(3(log(det(G))).
I3, = det(Iesenal ) B2 l1sl = det(@), (1612 = lslly” = (det(G)) "
1 =det(G) 2 Fy i =—0(3(log(det(G)))),  hxy = (det(G)) ™ BB Fy, = (3 (log(det(G)))).

©) =2 p(0) = —i-9(d(log(det(G)))) = —i- Fi, =i+ Fy1.

2. 2.z
Thus Ricci curvature is the curvature of the canonical line bundle up to —i. U

c1(Ky') = [i 'FKX‘} = i[P(a’)] =—c(Kx), aX)=c(T"X)=ci(det(T"X)) = c1(Ky ).
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2.3. Divisor currents and the Poincaré-Lelong formula.

Definition 2.3.1 (Divisor current). A (1, 1)-current acts continuously on compactly supported smooth
(n—1,n—1)-forms. For an irreducible hypersurface V C U, its integration current is

Vim = n.
Vrcg
For a nonzero meromorphic function f define
div(f) = ) ordy (f) -V, [div(f)] = ) ordy (f)-[V].
VcU VCcU
V irreducible hypersurface V irreducible hypersurface

Fact 2.3.2 (Dimension principle for divisor currents). If a closed order-zero (1,1)-current is supported
on an analytic subset of complex codimension at least two, then it vanishes.

Theorem 2.3.3 (Poincaré-Lelong formula). For every nonzero meromorphic function f,

(2.3.1) log(| /%) € Lige (U), 9( (log(1/1%))) = [div(f)]

as (1,1)-currents.
Proof. By f = g/hlocally withg,h € &(U)\ {0} having no common divisor, D = div(f) = Yy mg-Va,
and T = ;- 9(d(log(|f1*))) — [D],

log(|g[*),log(|h[*) € PSHiac(U),  i-9(d(log(lg*))) > i-9(d(log(|n*))) = 0

log(|f1?) = log(|g|*) —log(|h[*) € Li,e (U), Ord( ) =0, d(T)=0.
For p € Vi re; away from every other component and the indeterminacy set, choose coordinates with

f=u-()", ue 6"(U) = log(|f?) = mq-log(|z'|*) +log(jul*),  d(d(log(|ul*))) =

Ag:(log(|z]*)) =4 7§y, ﬁ -9(d(log(|z%))) = [{0}]-
()

(5-200sPIn ) = [ n=[ =0)lin) = 57 -2(31oe(l! ) = {s' =0} = el

L 3(200g(If12))) = ma - [Va] = ordv, (f) - [Val.

2.z
N N N
I(f)={xeU|gx)=h(x)=0},  Z=1(/)U ] VasineU J U VanVp),
o=1 a=1p=1
B#a
supp(T) C Z, d(T)=0, ord(T) =0, codimc(Z) > 2 T=0

r= O:>T 9(9(log(|f*))) = [div(f)].

Thus the local divisor identity extends across the codimension-two locus. U
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2.4. Meromorphic canonical forms.
Proposition 2.4.1 (Meromorphic Ricci formula). Let Q = f - 0 be a nonzero meromorphic section of Kx
on U and let D = div(Q) = div(f). Then

2 -
93 = iy Ple)=i-2(@0g(IRI2) onU\supp(D).

As currents on U,

(2.4.1) p(w) =i-9(d(og(|QI[%)) —2- - [D].
Proof By Q= f-0,D=div(f), and |02 = (det(G)) !
Q=710 Z Q2 =|fP (det(G),  log(|Q]3) = log(|f|*) — log(det(G)).

i-9(9(log(|Q3))) = i-9(d(log(| /1 )))—i'a(a(log(det(G)))) =900 (log(\f|2))) p(®).
(D=div(f), f#0) 22 i-9((log(|f))) =2+ 7 [D] = p(w) =i-(3(log(|R[3))) —2-7- D).
This proves both the smooth and current identities. ([l
Corollary 2.4.2 (Holomorphic volume form). If Q € H*(U,Kx) is nowhere vanishing, then
p(@) =i-9((log(|Q]3)))-
Proof. By Q € H(U,Kx), Q(x) # 0 for every x € U, and D = div(Q),
Qx) #0=D=0=[D] =0 E= p(w) =i-9(3(log(|[3)))-
Thus the divisor contribution vanishes. g

2.5. Volume normalization.

Proposition 2.5.1 (Volume normalization and Ricci curvature). Let Q = f - 0 be a nonzero meromorphic
section of Ky, let D = div(Q), and suppose
2 —

0" =exp(P)-i" - QAQ
on U \ supp(D). Then

n! n!
& = log(de(6)) log(| 1) +1og (2 ) =~ tog(2f) +1og( 3 ).
The right-hand side gives the locally integrable extension of ® across D, and
(2.5.1) p(w)=—i-3(d(®))—2-7-[D]
as currents. If Q is holomorphic and nowhere vanishing, then
p(@) = —i-3(d(®P)).
Proof. By Q= f-6, D = div(Q), and ®" = exp(®)- i - QAQ,
i\" ! _
o B =1 <;> -det(G) -dz' AdZ' N---NdT" AT = ; " det(G)-OAD.
n!-det(G)
2|2
n! n!
@ log(det(G))log(11F) +10g 3, ) = ~togI@I2) +1og (5, ) tox(lrP) € Lhu(t) B2 @ e i)
~i-9(3(®)) =i-9(A(log(| Q%)) == ~i-a(d(@ >> p<w>+z x-[D].
QecH'(U,Kx), Q(x)#O0foreveryxcU==D=0=[D =—i-9(3(P)).

QAQ =|f]*- 0 A0 = exp(P) =
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Thus the volume potential determines the Ricci current. O
Example 2.5.2 (A two-dimensional volume coefficient). Letn =2, G = B ﬂ ,and f = 2. Then
det(G) =4-3—-2-2=12—-4 =38, If?=2-2=4,
exp(@) = 290 28 16 16, 40y —o.

2.2 T (22)-(2-2) 44 16

Corollary 2.5.3 (Ricci variation by a volume ratio). For Kdihler forms @y and @, on X,

(2.5.2) p(w))—p(axn) = —i-&(é <10g<2§>)>.

IfF € C*(X,R), then
o' =exp(F)- o} Z2 p(ay) =p(wp)—i-d(I(F)).
PVOOf. By Ga - [ga,]l_c]l_c]’ w, = % . le Zkzl guj]_(dzj/\dz 5 anda S {0, 1}, F S CN(X,R),

of _ 32523 m(gﬁ) = log(det(G1)) ~log(det(Go)) =2 p(@1) —p(an) =—i-d <9 <1°g<fo)l)>> '

n
@y ) )

n

of = exp()- af —> o o ) = F — p(an) = plaw) ~i- 9(3(F).

0
Thus the volume ratio is the Ricci potential. O

3. THE COMPLEX MONGE—AMPERE EQUATION AND THE CONTINUITY METHOD

The line-bundle formula converts prescribed Ricci curvature into a scalar volume equation. We
formulate that equation, compute its linearization, prove uniqueness, and establish openness of the
continuity path.

3.1. Kaibhler potentials and prescribed Ricci forms. Fix a connected compact Kihler manifold (X", ay)
and define

Hoyy = {¢ € C*(X,R) ’ Wy :a)o+é8(9(¢)) >0}.

Proposition 3.1.1 (Kihler potentials and volume invariance). If @ is Kdhler and (0] = [ax), then ® = wy
for some ¢ € A3, unique modulo constants. Moreover,

Joi= [ (0c ).
Proof. By [@] =[], d(® — p) =0, and [@ — @y] =0,
a=w—a, da)=0, 0@05_E 9(9(9)), 0= 0.
w¢—ww:>8( (¢ — y/)):0:>Aw0( v)=0 = p_yeRr

®¢_quAw” S0 d(wy) =d(wn) =0 2 g(@,) =

(3.1.1) a)g—a){)’:;-8(9((])))/\6(1,:d<;9(¢)/\®¢>.
/X(a)g—wg) an /}(d(;-é(q))/\&p) ~o.
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Thus the potential is unique modulo constants and its volume is fixed by [y
Proposition 3.1.2 (Prescribed Ricci reduction). Let 1 be a real d-closed (1, 1)-form satisfying
n]=2-7-c1(X).
There is a unique F € C*(X,R) satisfying
p(awp)—n=i-9(d(F)), /XeF~a)5’:/Xw6’.
For every ¢ € H 4,
(3.1.2) plg)=n = o=

Proof. By [n]=2-m-c1(X), [p(mp)] =2-7-c1(X), and X is connected compact Kihler,

ml=27-c1(6) 22 [p(on) 0] =0 = p(an)—n=3-0(3w) =i-0(3(), f=}

V:/a)", c=log| ———— |, F= —|—c:>/eF-a)”:V.
0=/ e\ el ap f 8 b =

o =e" - af (wp) =p(wy) —i-d(I(F)) =1.

Conversely, let i = log(wg /@y) — F.
p(w) =1 E2 9((h) =0—= A (h) =0 E h—ucRr.

©

0 € Ay LI Vo:/a)g:/e”“-a){)l:e“'v():a:o:a)g:eF'cog.
X X

i(OF—F)=0—=Ag(Fi—F)=0 22 F_KB=becR, V= Vo—b=0.

Thus the normalized Ricci potential is unique.

3.2. The complex Monge—Ampere equation. For ¢ € J7, write

Hy = (p'ﬁ % 0= ¢ Gy =Go+H
o = . . . ’ J _azjazk7 ¢ — Y0 (8

Pi o Oua
The complex Monge—Ampere equation with datum F € C*(X,R) is
(3.2.1) oy =e" - af, wy >0, /(p-duwo =0.

X

Equivalently,

05 det(G

0 _ e( ¢):eF, G¢:G0+H¢>O.

(08 - det(Go)

Corollary 3.2.1 (Volume normalization). The complex Monge—Ampére equation can hold only if

(3.2.2) / el of = / o).
X X

Proof. By ¢ € g, 0 = €' - ay, and [y 0f = [y o,

o= o B [ o= [ o= [ o
b 0 8 0= [ @ = | @

Thus the volume constraint is necessary.

0
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Example 3.2.2 (Complex dimension one). If n = 1, then
det(Go+Hy)  det([g11+017])

Go=[&11], Hy=[$i], det(Go)  det([g1])

Hence

wy=e" -y = Ag(9)=¢" -1, w¢=€F'%@/(eF—l)-m:0.
X

Example 3.2.3 (Complex dimension two). At a point write

1 _
B S A= O |

b q a-c—|b)?
_ 1 c —b| |p ¢
G, 'Hy = N 2T
=gy |5 a) i ]

—1 | _cpt(=b)qg_cp-—bg 1 | _cqt(=b)-r _cq—b-r
(Go™-Ho)s det(Go) det(Go) (o -Ho) 2 det(Go) det(Go)
—1 » _(=b)-ptag_—bptag —1 » _(=b)-q+ar _—b-gta-r

'H = = G .H — —

(Go™-Ho)™s det(Go) det(Gy) (G- Ho)™2 det(Go) det(Go)
1 c-p—b-qg c-q—b-r
-1 p q q
‘Hy = N @ .
Go ¢ det(Go) [—b-p—i—a-q —b~q+a-r]
det(Go+Hy) = (a+p)-(c+7)— (b+4) - (5+3)
—a-c+a-r+p-c+p-r—I|b*—b-Gg—q-b—|q
=det(Go)+c-p+a-r—b-g—b-q+det(Hy).
Therefore
det(Go+Hy) 1 det(Hy) det(Hy) 5
20T 1+ Te(Gy - H Bl 144 =
det(Go) +Tr(Go - Ho) + 55Go) FAa(0)+ GGy ~ €

Theorem 3.2.4 (Calabi—Yau). Let (X, @) be compact Kciihler and let F € C*(X,R) satisfy
/XeF-wg:/Xwg:Me%o, /X¢-dua,0=o, o = - af.

3.3. Holder spaces and analytic input.

Definition 3.3.1 (Holder spaces). For a bounded domain Q@ C R™, o € (0,1), and ¢ € C°(Q), define

Fleseia) = sup O [9llcraiay = suplp)|+ Blcsecar
XF£y

For k € N set

(@)= {6 € Q) | 1P(9)cvuey <= (1BI= k)}
Wleem = X 107@) e+ ¥ 10P(9)oeqa

BeN" BeNm
0<|B|<k |B|=k

The manifold norm is obtained from a fixed finite atlas and partition of unity.

Lemma 3.3.2. The normed space C*%*(X) is Banach.

17

gl g1 E2 1+ Aw (9).
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Proof. By (¢v)5_, is Cauchy in C**(X), 0 < |B| <k, and [|0P (¢y — @) llco < 16y — B [l cres

16v = Gullcre — 0 Z 108 (9y) — 0P (9) |0 < [19v — Gyl — 0= 0P (9) C—O”‘ﬁ (0<|B| <k).

For every test function y supported in a coordinate chart U with Euclidean density dx,

/u,g-q/-dx: 1im/a/3(¢v)-1,/-dx— 1)IBl. hm/¢ P (y)-dx = (—1)IBL. /uo 9P (y
U v=re Ju

V—soo

up =P (), [9P(90) gl < liminfl0P (¢y) ~ 9P (9u)lcow — 0 (|B] = ).

aﬁ((bv) Q aB(MO)a [aﬁ(d)v) - aﬁ(uo)]co,a —0 @ H¢V —l/l()Hck,zx — 0.

Thus every Cauchy sequence converges in C5%(X). O

Definition 3.3.3 (Banach spaces for the Monge—Ampere map). Fix N € Nand o € (0, 1). Define

/ u- o :0} (ae {1,2}).
X
Then u — H, is bounded from %, to the CV'* Hermitian-matrix fields.

Theorem 3.3.4 (Banach implicit function theorem). Let 2", %, % be Banach spaces, let O C 2" x %
be open, and let ¥ € C' (0, Z). If

¥(x0,y0) =0, DY (x0,y0) € Iso(#, %),
then ¥ (x, f(x)) = 0 on a neighborhood of xo for a unique local C' map f satisfying f(xo) = Yo.

By =CN2UX), B =CV¥X), B = {u c B,

We also use the bounded inverse theorem, the compact embedding H' (X) — L*(X), and elliptic
Schauder regularity.

3.4. The complex Laplacian.
Definition 3.4.1 (Complex Laplacian). Let (X, @) be compact Kihler. For u € C*(X,R) define

n = o"
Ho=|: - ], Ap(u) = TrG -Hy) ZZng‘uﬂ;, d,uw:F.
Ul Uni S '
Explicitly,
g o g o wg Yic18 m o X8
G*l 'Hu — . . . . N = . : 9
gni gnﬁ Ulp - Upi ZZ:lgn/_(.u”_c ZZ:lgnl_(
n . n o n T
Aw(u) - Z(G_ 'Hu)]J = Z gj M]l_c
j=1 Jj=lk=1

Example 3.4.2 (Flat complex Laplacian). For z/ = x/ +i-y/ and wyq = (i/2)- ¥}, dz/ NdZ/,

=xtiy LL] (jj:l~(a—i-a), 8:1(8+l8>
Z

2 \dx/ ady’ a7zl 2 \dxJ dy’

1 du d%u 1
Uii=g- <a(xj)2 + W) =2 Ao (1) = 7 Awan (1)
Lemma 3.4.3 (Trace-wedge identity). For u € C*(X,R),

n—1
O~ (Ao(W)) - dlo.

(n—1)!

(3.4.1) é-a(é(u))/\
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Proof. By p € X, G(p) =1, and ; = (i/2) -dz/ NdZ,
O = A A A+ A Oy, 0" (p)=(n—1)! Zam

i
2

wnfl
(n—1)!
Since p was arbitrary, the identity is global. g

a(é(u))/\&m:um,;,'ocl/\-'-AOCn.

i _ n
5-9(9(w) A =Yt Ao = Te(l - Hy) - dpto =2 = (Ao(u)) - dio
m=1
3.5. Analysis of the Laplacian.
Lemma 3.5.1 (Integration by parts). For u,v € C*(X,R),
(3.5.1) /( o(u) v-dily =— /ZZg ‘uj v dile.
X j=lk=
Consequently [y Ap(u)-dley =0 and Ay is self-adjoint.
Proof. By u,v € C*(X,R),d(w) =0, and "' /(n—1)! € Q" 1~1(X),

O@MJ( il ):o,

(n—1)!
a)nfl
/( o(u) Vd.uw@/*va )(n—l)!'
i n—1 i _ n—1 1 = n—1
d(z-v'a(u)/\(nw_l)) :2-8(u)/\8(v)/\(nw_1)!2'\/-3(9(”))/\(5)_1)!-

i _ wnfl non_
/X(Aw(u))-v-duwZ—/f-a u) Ao (v /\(n—l) :—/XZZng'uj'v;;'lew.
VZI @ /Aw(u)d‘uyw:(), gjk_gkj u, VER @ / A(D V- duw:/u(Aw(V))dﬂw
X X

Thus the energy identity gives both conclusions. g

Corollary 3.5.2 (Kernel of the complex Laplacian). If X is connected, then Ay (u) = 0 if and only if u is
constant.

Proof. By u € C*(X,R), Ay(u) =0, and (G )* =G !~ 0,

uy

ws=|: |, Aw(u)zogoz—/u;-G*I-uz-duwéuzzo.
Uy X
Q) =0, ueR=09u)=0 2L du)=ou)+o(u)=0=ueck- 1.
The converse follows by direct dlfferentlatlon. ([l

Lemma 3.5.3 (Mean-zero Poincaré inequality). There is Cg > 0 such that

/uz-duwng-/uz*-G*Lu@duw
X X

whenever u € H'(X,R) and [y u-dpg = 0.
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Proof. By (uy)y_; C H'(X,R), [yuy-die =0, [luy[l2 =1, and [yuy:* -G -uy ;- die — 0,
/quz* .G! Uy z-dley — 0.
G '=(G"H*=0, X compact L2 =6 =cC1,.
) < [ 6wy dite < € () [ = a2 — .

Compactness of H'(X) < L*(X) gives a subsequence with

2
wSu ) =0, / w-dio =0, ullp=1.
X
The conditions d(u) = 0 and [y u-de = 0 force u = 0, contradicting |jul|;> = 1. O
Theorem 3.5.4 (Lax-Milgram). Let ¢ be a real Hilbert space and let B € £ (H x A, R) satisfy

Buv)| <M-flull- V]|, Bluu)>c-|ul?
for M,c > 0. For every { € 7" there is a unique u € ¢ such that B(u,v) = {(v) for everyv € .
Proof. By B(u,v) = (T (u),v), £(v) = (f,v), and B(u,u) > c- ||ul?,
e [lull> < AT (),u) <\ T(@)|| - ||ul] = 1T @)[| = ¢ |lull-
) — y =ty — | < - [T (ty) = Ta) | — 0

= Uy — u, y= vlim T(uy) =T (u) = ran(T) =ran(T).
—»00
ker(T) = {0}, w Lran(T) = 0= (T(w),w) >c-|w|* = w=0.
Thus ran(7') is closed and dense, so T is bijective and 7'(#) = f has a unique solution. O

Theorem 3.5.5 (Solvability of the complex Laplacian). Forv € CN:%(X,R), the equation Ag(u) = v has
a solution u € CN*>% (X, R) if and only if
/ V- d.LL(D — O
X

The solution is unique after imposing [y u-de = 0. Smooth data produce a smooth solution.
Proof. By u € CN*2%(X ,R), v € CV*(X,R), and Ay (u) = v,

Ap(u)=v SRR /Xv-d/.tw :/XAw(u)-d,uw =0.
Conversely, let [y v-dug = 0 and define on H} (X) = {u € H'(X,R) | [yu-du, =0}

B(u,w)zRe(/ uz*-G_l'wz-d[.Lw>, E(w):—/v-w-d,uw.
X b

(B w)| < C-ullgr- [l Bluyw) > c-ld(w)| 2 Z3 Bluyu) > -l
Be Z(H)(X)x H)(X),R), B(uu)>c Jul? B2 IueHY(X) Blu,w)=L(w) (weH}(X)).
Blu,w) = £(w) =2 —/(Aw(u))-wduw:—/v-w-duw (w e HL(X)).
X X
Jxdio
Ao(w)=v (H'(X) B2 yecM2ex), veC(X)=>uecC(X).
Aw(ul —l/tz) =0 @? uy —up € R.
Thus the mean-zero solution exists and is unique. (|

— e H(X), /Xv~(w—ﬂ7)~duw:0, Blu,w) = B(u, ) = Ao(u) =v (H™'(X)),
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Remark 3.5.6. Self-adjointness and the kernel computation give
Ay =Ap o037 (ran(Ag)) " =ker(Ay), ker(Ap) =R 637 ran(Ay) = {v € C”(X,R) ’ / v-dlie = 0} .
X

3.6. The Monge-Ampeére map. LetJ C R be an open interval containing [0, 1] and let H € C*(J x X, R)

satisfy
/eH<f>-wg:/cog (t € ).
X X

Definition 3.6.1 (Monge—Ampere map). On the open set
% ={(t,9) €I x B} | wy >0}
define 7 A by

D5y det(Gy)

P00 =5 = = GalGo)

0 € Ay L /qa(t,m-wg:/wg—/emf)-wg:o.
X X X

Lemma 3.6.2. The map % 2, %’g is continuously differentiable.

H(1)

Indeed,

Proof. By (t,9) € %, uc 93?, and Gy 5.y = Gy +5-Hy,
Gotsu=Gop+s-H, =Gy - (In+S‘Gq:1 'Hu> )
det(Gyss) = det(Gy) - det (1,1 +5-G,! -Hu) 2 — det(Gy) - (1 +5-Te(Gy' - Hi) + O(s2)> .

||MHCN+2,a <6 = Hdet(G¢ —I—Hu) — det(G¢) _det(G¢) .Tr(Gd:] Hu)

v S Co iz

ue s 2 H, e % (X, Herm(n)), |Hylleve < C-||ul|cviza.
The space CV-*(X) is a Banach algebra, while determinant, matrix inverse, and exponential are smooth on
their open domains. Thus @ is continuously differentiable. U

Proposition 3.6.3 (Linearization of the Monge—Ampere map). For (t,¢) € % and u € %,
D%
(3.6.1) Dy®(t,0)[u] = Agy, (1) - —.
20
If O(t,9) =0, then
Do®(t,¢)[u] = ") Aoy ().

Proof. By ¢s=¢ +s-u, GS:G¢+S'HI49 and %(Gs):Hu’

s_0<det(GS) > GaD _ Aoy (1) det(Gy) ‘

L 4et(Gy)) 2 = det(Gy) - Tr(G, - Hy) — 4et(Go) " det(Go)

ds

d
ds
n

det(Gy) @ N ] _ Do _ 0
2eH(G) —w—g:>D¢d>(t,¢)[u] —A%(u)-w—g, ®(t,¢) =0 2L o=

Thus the linearization is the weighted complex Laplacian. g
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3.7. Calabi uniqueness.

Lemma 3.7.1 (Positivity of intermediate wedge forms). For Kiihler forms wy and @y, define
n—1 - i _
G)W_Zcog/\w” a4 5-8(u)/\8(u)/\®¢y20,
q=0
where @y y is strictly positive, u € C*(X,R) is arbitrary, and equality holds at a point if and only if d(u)
vanishes there.
Proof. By p € X, Gy(p) = I, and Gy(p) = diag(ui, ..., tn),

Hi 0 .
Go(p) =l  Gy(p)= . wi>0, Ocj:%-dzj/\dij.
0 M
For I = {ij <--- <iy} C{l,...,n} write a7 = a;; \--- N 4,

a)g:q!- Z oy, a)]',',l T=(n—1—q)- Z (Huj).aj
Ic{1,...,n} Jc{l,..,n} \JEJ
1l=q |J|=n—1—q

n
Op.y(p Zcm-am---/\@/\---Aan,

cm:Zq!-(n—l—q)!- Z Huj>0.
q=0

JcA{1,...,n}\{m} JEJ

[|=n—1-q
n .
I()(p) =} um-dZ" = %'5’(”)“( Ny y = (Z 7 ) O A A O
m=1
Thus positivity is strict precisely when d(u)(p) # 0. O

Lemma 3.7.2 (Monge—Ampere difference factorization). For ¢,y € Hy,,

(3.7.1) ) — o), = 2 (20— ) AByy.

Proof. By A= @y, B= @y, and A —B = (i/2)-9(d(¢ — y)),
A"—B”:(A—B)/\’EAQ/\B"_I_‘], A—Bzéﬂ(é(rb—v’)%
q=0

Substitution gives the claimed factorization. O

Theorem 3.7.3 (Calabi uniqueness). If ¢,y € ¢, and co¢ = Oy, then ¢ —y is constant. If both
potentials have zero wy-mean, then ¢ = .

Proof. By u=¢ — vy, 0j = 0y, and ¢,y € H,,
d(wy) =d(oy) =0 = 4(0,,) =0,

n n Ll I I
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i

2-0(3() ABgy =0 /f 19 (3(1)) A Gy = oz>/ YA (u) ABgy =0 ZZ 3(u) =0.

du)=0, ueC’(X,R) KA Agy (1) =0 @ ucR.
Thus the mean normalization makes that constant zero. O

'tI];l;zO;e: 5.7.4 (Comparison principle). If ¢,y € 7, satisfy Wy = 0y, and both have zero wy-mean,
Proof. By ¢,y € H,, 0y — oy, >0, and [y (¢ —y)-of =0,

og/x(wg—w:;,) CL] /X(a)g—a){},):O:wgza){;, 3§ yeR, /X(¢—1V)‘w61=0=>¢>=w-
Thus the ordered normalized potentials coincide. ([l
3.8. The continuity path. Assume from now on that F satisfies the volume normalization above.

Definition 3.8.1 (Continuity family). For # € R choose ¢; € R so that [y e F " @ = [, . The
continuity family is

(3.8.1) a)g:e"”%wg, wy >0, /(b-a){)’:o
X
The solution set is
1={re|0,1] } there is ¢ € /4, N A satisfying the displayed equation } .

Lemma 3.8.2 (Normalization constant and nonemptiness). The normalization constant is

Jx og
Ct:10g<w s C():C'lzo, 0Oel

Proof. By ¢, € R, [y e Tt o = [y @, and [y el - of = [ o),

wn
ec’-/et'F-a)g:/(06‘:>c,:10g<ffxo), t=0=¢y=0, @ =0, r—1 522 c1=0.
X X

xe'' - op
t=0, cg=0, ¢o=02 ey
Thus the path begins at the reference metric and ends at the target equation. O
3.9. Openness.
Proposition 3.9.1 (Openness of the continuity set). For every ty € I there is € > 0 such that
(th—e,10+€)N[0,1] C 1.
Proof Byty €I, H(t)=1-F +¢,, Hy=to-F +c;,, and % > 29,

r —log(fxwg> 087 . €C”(R), HeC*(RxX).

Jye't - o

toG]@H(])oE%woﬁ%?, CO/ZCO%, D(19,¢0) =0
™"
P(to,40) =0, = e B Dy (19, go)[u] = €™ - Agy (u).

0
/D¢<D(to,¢o)[u]-a)(’)l:/eHO-Aw/ @ —/Aw/ o =g
X X
ve%g, q:e*Ho.v7 /Xq.a)/n:/xe*Ho.v_eHo.a)o:/XV.O)O:O @ Ju € % Aw,(u):q.
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N u- o N N .
U=u— f}} 0 — e %’?, Aw(u) =q, Dy®P(to,¢0)[u] =
x O

Dy ®(t0,00)[t] =0 = A (1) =0 22 uecR, uecB)=u=0.
decl (%, #) 22 D, to,(bo) e L(B),5), ker(Dy®(t0,00)) = {0}.
ran(Dy®(to, §)) = B3 = Dy D(t0, 90) € Iso( B, %3).
D(ty,¢0) =0, PeC (%, B), Dy®(to,d) lso(B), ) B 3e >0, FpcC((to—e,10+€),2),
D1, 9(1) =0, |r—t]<e,  91)EB), wy) >0 == 9(r) € BN A,
O(1,0(1) =0, ¢(t) € BN A, te(to—etg+e)n[0,1] 2L rer.

Thus every fy € I is interior relative to [0, 1]. O

4. CLOSEDNESS THROUGH COMPACTNESS AND EIGENVALUE CONTROL

Openness continues one solution locally in the path parameter. Closedness requires a sequence of
solutions to converge while preserving the Monge—Ampere equation and strict positivity. The compactness
and eigenvalue mechanisms are isolated here.

el 621 to € intjg 11(1).
Ioulleze <€ E g, .
<Tr(hv)§C log<w )' > £ . > 0.
0

Throughout this section, C is a positive constant depending only on fixed background data and may
increase from line to line. Reused constants carry descriptive subscripts.

4.1. Equicontinuity and Holder compactness.

Definition 4.1.1 (Equicontinuity). Let K C R™ be compact and let .# C C°(K). The family .7 is
equicontinuous if

e>0=36>0 [x—y[|<d=|ulx)—uly)|<e (ueF, xyek).
In particular,
e\l/a
Weve) <€ B ul) —u < C-x—yl, 5= (5) " = lutx) —u(y)| <e.
Theorem 4.1.2 (Arzela—Ascoli). Every uniformly bounded equicontinuous sequence (uy)5_; C C'(K)
has a uniformly convergent subsequence.
Proof. By K @ R™, sup,~ [|uy|co(x) < o, and (uy);_; equicontinuous,

{x+}72; C K countable and dense, uy, (x,) — a, (reN).

Z equicontinuous ELT sup |u(y) —u(z)| < g
s
=l < 8, 0,92 Ly () — ()] i ) — sy ()] [t (37) — 20, ()
ity () = ey, ()| < Jua, () = wty,, (x0) [ + [y, (xr) =y, (x))].
E E €&
‘I/IW(X) *I/lvq(X)| < g + § + g = €.
R

K C UB5(x,) == {,q > L == sup|uy,(x) —uy,(x)| <€.
r=1 xeK
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Thus the extracted subsequence is Cauchy in C(K) and converges uniformly. O
Corollary 4.1.3 (Compact Holder embedding). For0 < 3 < a < 1,
Cc>%(x) e C*P(x).
Consequently, every C>%*-bounded sequence has a subsequence converging in C*P (X).
Proof. By 0 < < <1, [luy[[c2e(x) < C, and X covered by a fixed finite atlas,
IDY(1ty) o + (DY ()] 0w <C (0 < 31 <2) B2 DY () (x) = DY () ()] < C- [lx—y]| .
D () (x) — DY (uy) ()| < C- [l — y||* Z2E {DY(uy)}5_, uniformly bounded and equicontinuous.

0
{D"(uy)}5_, uniformly bounded and equicontinuous EL2 D¥(uy,) <, DY (uoo).

_ 1-
fi=D"(uy, — u..), [filcop <2'7P/. HszCoﬁ/a : [fz]?éi‘ — 0.
The finite atlas and the finitely many derivatives give convergence in 2P (X). g

4.2. Relative metrics and scalar identities.
Definition 4.2.1 (Relative eigenvalues). Let

i L& . i X .
o=7-Y Ygp-dlndZ,  n=7-3 Y hy-dd ndZ
j=lk=1 j=lk=1

With barred rows and holomorphic columns, set

g g hyj hyi
G=lgih,, H=Ilhgi, A=G'-H= ] E : :
" g M i
If w,n > 0, then
M 0
on>02 gu>0, B=G¢'"2H.G'*>0, A=G*B.G?, B=0.
0 A
The positive numbers A4, ..., A, are the eigenvalues of 7 relative to @. Equivalently,
Avg=NA v, (1<a<n).
Lemma 4.2.2 (Perturbed metric matrix). For ¢ € 4,
4.2.1) Gy = Go+Hy, Hy = [92)z ;> h:Gal-G¢:In+G61-H¢.
Moreover, wy > 0 if and only if Gy > 0.
vl
Proof. By ¢ € 4,V = | i | #0,and [Gylg ; in barred-row convention,
v
801101 8onl TP
0 c Ay L G, = : : L 240wy (V,V) =V -Gy V.
go1at®a - goniat Ona

VG V==2i0,(V,V) B 00, >0=V".Gy-V>0 (V£0)<G,>0.
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n - n
. T .
Wo=Y 8l (o, +90) =8+ Y 8l 0,0 = spec(h) = {Ar,.., Ju}.
k=1 k=1
Thus positivity and the relative spectrum are encoded by the displayed matrices. (|

Lemma 4.2.3 (Determinant and trace identities). Let 41,..., A4, > 0 be the eigenvalues of wy relative to
wy. Then

@5 det(Gy) n
o o
4.2.2 — = =det(h) = [ | A
42.2) ol det(Gy) ) l:[]
Te(h) =) Aa=n+), Y 8 Oz =n+Aa(9)
a=1 j=lk=1
Te(h™ ') =) A =n—Y ) g5 0 =n—00,(9)

a=1 j=lk=1

Proof. By wy >0, Ai,...,A,>0,and p € X,
A 0 At 0
Go(p)=h,  Gylp) = ' . Ge(p) ' =
0 M 0 A,
@, det(Gy) n
¢ ¢
w, =4 = det(h) = [ A
Tr(h) = Tr(G, Z)La, Te(h ') = Te(G, ' - Go) = ;A—‘.
h=1,+Gy" Hy Z2 Te(h) = Te(l+ Gy Hy) =n+ Y Y gd - 05 22 Te(h) = nt- Ay (9).
j=1k=1
Te(h™') = Te(l, — G, "' -Hy) = n— 21 kzlgé) 9 B Tr(h 1) = n— Ag, (9).
J=lk=

Thus determinant and both metric traces are the elementary spectral data. ([l

Lemma 4.2.4 (Uniform right-hand-side bounds). Set

mF:rrgn(F), Mp:m}?x(F), oscx (F) = Mp —mp, V():/Xa){)’.
For0<t <1,
4.2.3) —t-Mp <c¢, < —t-mp, —t-oscy(F) <t-F+c¢ <t-oscx(F).

Hence every solution of the continuity equation satisfies

"
e—oscx(F) < 2 <eoscX(F)'

20
Set H =t-F +c¢,. Foreveryintegerr > 0and 0 < o < 1,

sup HHIHC”)‘ <OSCX( )+‘|F||Cna(x)
0<r<1

Moreover,

n

+[1S(@o) lcox)
O(X)

Jj=lk=
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Proof. By0 <t <1,mp <F <Mp,and ¢“ - [y ' - off =V,

o' =" gff BED pa / etaf =W, eV < / &t af <e™Mr.v B8 Mp<c < —t-mp.
X X
o ‘
t-mp—t-Mp<t-F+4+c¢ <t-Mp—t-mp BEL ,—oscx(F) < w—tn < eosex(F),
0
(Ht)ﬂ} =1-Fy, d'(H)=t-9Y(F) (1<|y|<r)= sup ||H;|cra <oscx(F)+ ||F|cre.
0<r<1
n o n h
Y ) & ZZg Fig| +18(w)| = D < ZZg Firl| - +11S(eo)]|co-
j=lk=1 j=lk= j=lk= 0
Thus the density and all spatial derivatives of its logarithm are uniformly bounded. O
Lemma 4.2.5 (Trace comparison). Forn > 2,
]
4.2.4 Tr(h) < A(Tr(h )"t 2.
For n =1 the corresponding identity is immediate.
Proof. Byn>2,Ay,...,A, >0, and wg/wg =T10_ Aus
n n—1 n—1 n
Y 2! - Yy H)@‘z(n—l)!-z IT 2"
a=1 (a,ean—1)€{l,...,n}""1q=1 a=11<b<n
b#a
n—1 n n | (J)‘;
A2, —1yyn—1
n—l (Zx ) .aglzaza;xa Ez3 m.(Tr(h )" @ > Tr(h).
This is the standard spectral trace comparison. g

Corollary 4.2.6 (Trace—determinant eigenvalue bounds). Suppose
n

@y H
Tr(h) < Ctr; = e, ||H”C0 < CVOl
20
Then every relative eigenvalue satisfies
(4.2.5) e Coclm< A, < (1<a<n).
Proof. By 22:1 Ao < Gy, szl Ao = eH’ and |H| < Cyols

Tr(h) <Co =2 Y 4 <Co=0<4 <Y A4 <Cp.
b=1 b=1

g? H)Lb—e

wo
vol — n—1
|H| < Cyop = e Gt < el _/la- IT % <A-ci'.
1<b<n
b#a

Rearrangement gives the claimed lower bound. U
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Theorem 4.2.7 (Explicit eigenvalue bounds from scalar data). Let ¢; € %, be normalized solutions, and
set

=0y,  Gj=Go+[0(0(9)]ap.  hj=Gy' -Gy

Suppose
F.
] =€ -0, /X¢j 0y =0, |9l <Co,  Tr(h;) <Coy [|F;llcox) < Cr-
Then
(4.2.6) e Ol < ;< Gy ap.

Proof. By Tr(h;) < Cy, det(h;) = i, and 1 llcope) < Crs
Gj=Go+19p(93(9))lgp> *Go -G ;? spec(h;) = {), )Lrg-/')}.
(hj) < 2 Z)Léj) = Tr(hj) < Cy.

det(h;) = ¢ B2 H;L — det(h)) = i > e CF,
0<A’ < e CFS?La T A <A ot
1§7bé§n
b#a

el <Al <o Bl oo cl <0, <G .

4.3. Log-volume linearization and uniform ellipticity.

Proposition 4.3.1 (Log-volume linearization). For

Q)
//mm—log( ¢>7 weC(X,R),
wy
one has
| n o n -
4.3.1) DMylu) =Tr(G," - Hy) = zlkzlg; U
]: g
Proof: By ¢s=¢ +s-u, Hy, = [u]g ;» and [s| < 1 = @y, >0,
®;  det(G
& _ o) B23 /7 (¢y) = log(det(Gy,)) — log(det(G
a)o det(G) ¢S Og( e( ¢v)) Og( e( O))
d o d| o d ;
—| (9= — : gy -u
ds|,_o YV wp ds|_y of ];k; o Tk
11 1n
" " ) gq) g¢n M]T unT
Y Yl ug B aa =G, H) Bw(| |
J=lk=1 g?)l g$ﬁ Ui o Upi

Thus the logarithmic linearization is the complex Laplacian. U
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Proposition 4.3.2 (Explicit uniform ellipticity). Suppose

@y H
Tr(h) < Gy, =€ ||H”C0(X) < Gol-
)
Seth=Gy*-h-Gy /> =Gy "% Gy -Gy /% Then
(4.3.2) e Co.Cl <y <Cy-y, e CLT L, <h < Cy-ln.
Moreover,

GGyl <Gyl <SGy,
-
and, for§ = [& - & #0,
é Golé Zzg & & < b Cn]é Golg

j=1lk=
Thus the complete linearized elliptic equation is

Y AT 3 3 .
T RES g

Proof. By Tr(h) < Cu, 05 /@0 = efl, and [1H |lcoxy < Crols

wn
(Tr(h)gctr, w—‘fl:e’*, 1H [ copx) < C >@e Col.Cl" <A <Cy (1<a<n).
0

Gl <), <0 (1<a<n) 2 o Cu c‘—"-l <h<Cy-l,
Gy =Gy/*h- G‘/2 2] ¢ Ca. " Gy <Gy <Cu-Go B2 ;1 Gyl <Gt <SGy

‘é Gq)lé Zzg 5/ ék

j=lk=
gﬂ} ! Jjk 82u
(¢€jfw0, uecC” XR D%‘p lekz(g(pm
Thus the displayed lower and upper coefficients are the ellipticity constants. (|

4.4. Computational eigenvalue experiments.

Example 4.4.1 (Fixed determinant without uniform ellipticity). At one point take Go = I. For N > 1 set
1 1 -1 N 0 1 1 1 —1
e LI R R ER o PR R A
050, = LU [ S L I(=D+1-1 ] _1 120 _,
222700 -1 1|1 1| T2 (=) 1411 (=) (=D)+1-1] 2|0 2|~
The full relative metric is
1 1 1] [ O] 1 [1 1] _ 1[N =N [1 1
N =hy = —- . =] =_. ]
V2 1 t]o N a1 1T 27NN 11
1L NI+ (=N (=1) N1+ (=N"H-1] 1 [N+N" N-N"!
T2 | N-14+NT (=) N-1+N'-1 2 [IN-N! N+N!

05-0r=h, hy=0:Dy- 05 = hy-vi=N-viy, hyv-=N"_
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Let wy be the associated Hermitian form. For N = 100, all eigenvectors are checked simultaneously by

50.005 49.995
49.995 50.005
_ 1 150.005-1+49.995-1 50.005-(—1 +49 995-1 i 100 —0.01
V2 [49.995-1+50.005-1 49.995-(—1)+50.005- 1 V2 (100 0.01

. Hl 2]

The deterministic sweep N, = 10" for O § r < 6 gives
spec(hy ) = {107,107} Z22 (A (), Amax (B, ), K2 (B, )) = (107,107, 1077).

KZ(A):)“&?:&)), det(hy ) =1 2= ’%

Hence fixed volume does not prevent the ellipticity ratio from dlvergmg.

Remark 4.4.2. The Monge—Ampere equation controls det(h) = []’_; A4, but a fixed positive determinant
does not bound the individual eigenvalues.

®y >0 B23 Get(h) = Iﬁl/la =a: (det(hy) =1, Amin(hn) =N"",  Amax(n) =N).
a=1

det(h) > e, Ti(h) <Cp 22 ¢ 0. CL" < Ay < G
Thus the determinant and trace together preserve strict positivity in a limit.

Example 4.4.3 (Determinant and trace control). At one point take Gy = I3 and set

L2 2 s 0 0
Q3:§- 2 1 =2 :[vl v V3] D=0 1 O
1 2 2 0 0 s!
L2 2 1] ]2
Q§-Q3:§- -2 1 2|-]2
1 =2 2| |1
L2 o2 12 | 2.242-241-1 1]
5-—212-2:§.(2)2+12+21:0
1 =2 2] |1 1-24(=2)-2+2-1 0
L ]2 1 r=2]1 [ 2:(-2 +21+12' 0]
5 -2 1 2 1 =5 (=2)-(— 2)+1 1+2-2| = |1
1 =2 2] | 2] 1-(=2)+(=2)-1+2-2] |0
22 el [ 22 (=242 1 0]
— =2 1 2| |=2|==-|(-2)-1+1-(=2)+2-2| = |0
Pl 22 [2] P [+ (2422 |1
9 0 0
03-03 09 0|=5h
0 0 9
1|2 1|72 1| !
Vl—g‘ 2 s V2—§’ 1 s V3—§' —2
1 2 2
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1 2 =2 1 s 0 O 1 2 2 1

Gs:hszg' 2 1 =210 1 O 3 -2 1 2

1 2 2] (00 s 1 -2 2

03-03=1h,  hy=05-Dy-05 = spec(hy) = {s,1,5"'}.

spec(hy) = {s,1,s7'} g;det Yy=s-1-s1 =1, Tr(hs):s—i—l—i—s’1

For the deterministic grid s, = (¢ +4)/10 Wlth O < ¢ <21, direct evaluation gives
39 . 2 5 25
dtlh) =1 m =g B8RS I Aesy el =g

1<a<3 1<a<3

The scalar estimate alone gives

39 100 39 10 1521
=1, Tr( — I I — I o — 1
det(ln) =1, Te(h) < 35 55 {557 b S S J5oh = 35-h <y < Jor
The explicit endpoint bounds give
100 39 39 1521 59319
<A £53 4, . _ 2P0
1521 < Aminlfs) < Amax () < 75 )= 70" 100 ~ 1000
At s = 2 the complete multiplication is
1 2 =2 1 2 00 1 2 2 1 1 4 1
=312 1 =2 010-5-—212:541
1 2 2] |00 ! 1 -2 2 2 2 —2 2
4.2+ (=2)-(-2)+51 424(=2)-1+1-(=2) 4-14+(-2)-2+ %2 10 2
=3 4.241-(=2)+(-1)-1 4-2+1- 1+( )( 2) 4-1+1- 2+( 1)-2 :ﬁ' 10 22 8
2:242-(=2)4+1-1 2:242-14+1-(-2) 2-142-241-2 2 8 16
Each bold eigenvector is verified directly.
25 10 2 1 2 | 25-2+10-2+42-1 | 4
8 10 22 8| -=-|2|=—-]10-2422-248-1| == [4| =2-v.
2 8 16 1 2-24+8-2416-1 2
25 10 2 | |2 1 25-(=2)+10-1+2-2 1 |2
51022 8 o h 1= |10 (=2)+22: 1482 =2 | 1 | = vy,
812 8 16 3 |2] * |2.(-2)+81+162 2
L 25 102 [ L[5 1+10-(=2)+2-2] : !
2 8 16 2 2-1+8'(7)+16~ 1
1
(hz'vlzzw)l, ]’lz'VZZVz, ]’lg‘Vg 5 >@>SPCC h2 {2,1,2}.
1 1 7
spec(hy) = B3 et (hy)=2-1- 5 =1, Tr(hz):2+1+§:§.
Finally,
1 16 -8 2
h;lzﬁ- -8 22 -10
2 —-10 25
25 10 2 1 16 -8 2
—1
. =—-|10 22 8| -—-|-8 22 -—-10
hahy =g 18

2 8 16 2 —-10 25
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25 10 2] [16 | [25-16+10-(-8)+2-2 1
—- 110 22 8| -|-8| == [10-16+22-(-8)+8-2| = |0
24 12 8 16) |2 % 21648 (-8)+16-2 0
, [ 10 02 [ -8 | [25:(=8)+10-22+2-(-10) 0
37 |10 2 8|22 =7 10-(—8)+22-22+8-(—10)| = |1
2 8 16| |-10 2-(—8)+8-22+416-(—10) 0
L[5 10 2 2 | [25:2+10-(~10)+2-25 0
392 |10 22 8| |-10] = 10-2+22-(-10)+8-25| = |0
2 8 16 25 2:2+8-(—10)+16-25 1
L [324 0 0
hy-hy'=—-10 324 0 |=5L
24 10 0 34

Thus the trace and determinant controls produce fixed ellipticity constants.
4.5. Differentiation along the continuity path.

Lemma 4.5.1 (Differentiated continuity equation). Lett — ¢, be a smooth branch of normalized solutions
and write @ = @y, and G; ' = [gtjk] i j- Then

nono_ aZ(P f F-o" .
45.1 kT F e, G =21 / Lot =0.
( ) j;];gz 9707 t 1 [ o X¢t 0)
Proof. By @' ="+ . aff, [, ¢, 0 =0,and G; ' = [g,j]_(];;j,
) o’ d o’ )
o' = @ff GE] log<w%> :t'F—l—ctzChlog(w%) =F+¢.
d " n n .]_C 82(1'5[
L oo &) EXD M Fg,.
dar g<wg> L LS Gioz '

/¢t.wg:0 Gl /(bt-w(}:o.
b b

F- t-F  n F- n
<ctzlog(Vo)—log</Xe"F.a)(’}>> @ct:_fx e op _ Jx o

Jxet o [y o
n n - 2
/X(F+é,)-a)[‘:O B 54 e (X,R) j;,;g{k'aifgtzk =F+¢, /Xut'wzn:()'
== 2 ) = aa ) = F e, [aag=0.
n on .
Ag, (1) = F + ¢ = lekzlgtjk a(z/;tzk F+c, /it\t wy =
I PR PR
J=lk=1 oz

[ =)0 =0= 4, =
X

Thus the tangent to the solution branch is the unique @y-normalized solution of the Poisson equation. [
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4.6. Conditional closedness.

Theorem 4.6.1 (Closedness under uniform C>% control). Fix 0 < B<a<l. Lett, €I satisfy t, — tw €
[0,1], and let ¢ be the normalized solution at t,. If

SuP”¢ch21a(x) <C,
v>1

then t., € I.
Proof. By ty — e, SUPy>1 [ 9yl c2e(x) < C, and Gy = Go + Hy,,

2B OB
sup|[dyflcze <€ 2 9, S0, Gy =Go+Hy, 22 Gy, &5 G = Go+H,.
v>1

v5>0 @ Gy, > 0= G. >0.

F
ty, €1 Enp wgvl = gl

Wy

: det(Gy,) : :
no_ tvFten, oon Vo) Lty F+c,v: Y F+c,v’ .
), =T 0 14] TGy~ © Ty — det(Gy,) = e det(Go).
ty, — leo EE Cry, — Cros Gy, — G = det(G..) = == . det(Gg) > 0.

Gu>0, det(Ga)>0=Gu>0, @ = =" af, /%-wg:o Exy /¢w-wg=o.
X X

G >0, X compact, me = mi}r{l 2a(Gy' - Go) > 0, M, = max 2a(Gy' - Goo) < o0,
éign lgign

0< Mo <Moo 22 11t Gy < G <M G, ||| 0 < 0.
<¢m € Czﬁ(X), Moo @ < Wy, < Meo- @y, @ = =T e -a){)‘) ] 0 € C”(X) B8, el
Thus every limit point of / belongs to / once the uniform estimate is known. OJ
5. AUBIN-YAU ESTIMATES AND COMPLETION OF THE CONTINUITY METHOD

This section supplies the estimates required by the compactness argument. Fix a compact connected
Kihler manifold (X", @) and a normalized solution

w¢:d)+i.89¢>0, oy =e"-a", /¢-(b":0,
2 X
The analytic chain is

wf =", /Xq).(z)":o B3 gl < Co B2 Te(n) < .

Te(h) <G 22 ' o<, <C-0 B 0] ce < Crn
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5.1. Continuity data.
Definition 5.1.1 (Continuity notation). The continuity set / and its normalized solutions are the objects
satisfying
rer B (cot:(iH—;-aéq), >0, o =Tt / ¢t-cb”:0> .
X

(tel, H=tF+c) 2L o =ch. o
Fact 5.1.2 (Uniform continuity density). Set H, =¢-F +¢;. For 0 <t <1,
—oscx(F) < H, <oscy(F), e~ 05X (F) < i < gosex(F),
For every integer r > 0and 0 < o < 1,
sup [Hel|cre ) < 0sex (F) + [|F || crax),

0<r<
D.= sup | ¥ &%(x)- (Hy)p(x) = S()| < || ¥ & F +ISllcogx)-
0<r<l| k=1 k=1 Ox)
xeX

Proof. By 0 <t <1, mp = miny(F), Mp = maxyx(F),V = [, ®", and ¢, normalized, apply the density
estimates.

1
—log(V-/e"F-(Z)”):c, GEJ —t-Mp <c¢; < —t-mp.
X

My <, < —temp, —t-(Mp—mF) <t Fte St‘(MF—mF) 124 efoscX(F) Set-F+c; SeOSCX(F).
n _
(Hi)jg=1-Fy, sup [|H,|lcre <osex (F)+||Fllce, — De<||Y, 7 Fz| +IISllco-
0<r<1 =1 0

Thus every continuity density and every spatial derivative of its logarithm are uniformly controlled. [J
5.2. Logarithmic matrix calculus.

Theorem 5.2.1 (Jacobi formulas for the logarithmic determinant). Let A(s) be a C? path of positive

Hermitian n X n matrices. Then
d d?
(5:2.1)  —-log(det(4)) = Tr(A~!-A), 7 log(det(A)) = Tr(A~'-A") —Tr(A~1- A" A7 A).

Proof. By A(s) >0,A€C 2 and A~'- A = I, differentiate the determinant and the inverse identity.
d 2 d
e det(A) = Tr(adj(A)-A") = det(A) - Tr(A™'.A") = e log(det(A)) = Tr(A~!-A").
s s

0=A1A)) =AY A+A T A= @A =-a1.4.4""
d2
7 log(det(4)) = Tr((A™YY A +A A"y =Tr(A™1-A") —Tr(A™1-A"- A7 A).
s
Thus both variations are obtained without choosing an s-dependent eigenbasis. g
Theorem 5.2.2 (Concavity of the logarithmic determinant). IfA; =Ag+s-B > 0 and B = B*, then

d’ —-1/2 —-1/272 C 2
Elog(det(As)):—Tr([As ‘B-A; 7 ):—a;ua(s) <0.

Consequently, A — log(det(A)) is concave on the positive Hermitian cone.
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Proof. By AL, =B, AY =0, and K; — A% A
2

d—zlog(det(As)) 520 A B-A;'-B) = —Tr(K%) = — Z La(s)2 <0
S a=1

= K7, apply the second Jacobi formula.

Thus every affine restriction has nonpositive second derivative. (|

Example 5.2.3 (Exact logarithmic Hessian computation). Take

31 [t -3 L2 1
et S M B

The full product and the determinant polynomial are

A_l-B—l- S _% = % _g d«:t(A—H-B)—5+9's—|—z-s2
S5 -1 3] -1 2] - B - 4
13771 3 w27 11199 127
AN 295} T~ B = o 10 =
1 1 1 13 9 19 )

[_2 =N -0 2 20 1 100 50
Hence
P log(det(A+s-B)) @; Tr(A~'-B).
0
2 127 4 _Z
2 log(det(A+5-B)) @ [ x, 19295})<O.
ds=|,_, 10 100

The computed derivatives satisfy

(5-%) = (3 g3 %))

d2
(A+s-B>0, B=pB") =2 T log(det(A+5-B)) <0.

5.3. The zeroth-order estimate.
Theorem 5.3.1 (Yau C° estimate). Let ¢ € C*(X,R) satisfy

. . n

d+L.999 >0, O+L-009) =ef ", /q)-d)”:o.

2 2 X
Then
(5.3.1) [¢llcox) < CX, @, [|Fllcogxy)
Along the continuity path the right side depends only on (X,®,o0scx (F)).
Proof. By @y >0, wp = el -@" and [} ¢-@" =0, setV = [, ®", shift ¢ so that supy (¢) = 0, and write

n—1

y=—¢>0, w=l+y>1, O=Y @ojAd"""1>0, Galxy) <0, Cs>0.
q=0
n n Aﬂ_{ _ @ 1 o n n A/l_c .
j=1k=1 X j=1k=1
1 AN AN
6x0) =sup(9) =0, Go<0— ;[ 6-0" <n-sup [ [~Go(x)]-0"(3) = [Wlo1(o < Co-
X X xex JX

p>2,  dO=0— o —&" =22 f%-aéw/\@ BZ1 (F —1)- 0"

(p>2, do=0) =L (p—l)-/wﬂ—zé-awAéwA@:/wp—l-(eF—u.(b"g(1+eHFHc0)-/wP—1-os".
X X
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n—1 n n
@z(i)"ﬁl—kz a)g/\(i)"*lfq XAl 0>a" !, % OVAIVAD ! = <Z Zgﬂ‘ V; v,;) ", v =wh/?
/ Zn: Zn: - awp/z . awl’/2 e (1+eI\F\ICo) - p? /Wpfl.(;,ﬂ - n.(1+e“F”cﬂ)-p -/wp-d)".
1/p
’}/:nil <n22)7 ’}/:2 (n:])’ HW|L1’YS [CS <1+n ( 62 ) p HWHLp
-1 i
2 1 2y-1
p=2, Wl <C-Iwllp2, w2 < Wil - [wll 2, = [Iwll2 < C.
= log(C-
pr=27 Il <€ o)l X P e <
r=0 r

Thus oscx (¢) < C. Returning to [, ¢ - ®@" = 0 gives ||¢||co < C. Along the path,
.
0<t<1 2 1 Fieoy < osex(F) = sup 61 o) < CX, &, 050x (F))
This proves the uniform zeroth-order estimate. U

5.4. Fixed-time matrices and curvature identities. Write

A

G=1[8ilt;,, Ho=I[0hk,, G=G+Hy=[gzlk;, h=G "G
G=G+Hy 2 h=1,+G"Hy, >0E2G>o0.

Tr(h) = Te(G™! - G) = ZZ g Tr(h*l)zTr(G’l-@:Z)igﬂ“@ﬂz-

~

Il
_
-

Il
—

Fact 5.4.1 (Determinant and Laplacian identities).
5.4.1)

n n n n _
det(h) =e",  Ao(9) = _Z Z 7 g =Te(h)—n,  Aay(9)=Y ) &" ¢z =n-Tr(h").
Proof. ByG =G +Hy, cog =ef-@" and h = - G, expand both matrix traces.

det(G )
det(h) = det(G1 - G) = SMG) B oy = Do EED o) —
det(G) "

A

Tr(h) = Tr(G™'-G) = Tr(L,) + Tr(G™'-Hy) = Zng" s Tr(h’l):Tr(G’l-G):n—zn: fgf’?-q)j,—{.
Jj=lk= j=lk=1

Thus the determinant and both traced elliptic operators are explicit.

o

Fact 5.4.2 (Trace arithmetic). The relative traces satisfy
Lo Tr(h™")
Tr(h) — n?

Proof By A,>0for1<a<n,Tr(h)=Y"_, A, Tr(h"")=Y"_, A, !, and [T"_, A, = e’ , apply AM-GM
and Cauchy—Schwarz.

n n 1/n n 1/n
H?Lu = h) Z (H Aa) :eF/fl7 H)Lc:l = eiF g? Tr (HA ) :efF/".
a=1 a=1

a=1

Tr(h) > n-ef/", Tr(h™ ") >n-eF/,
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2 —
= (Z )Lal/z.xal/2> < (Z Aa) : (Z /la‘l> = <Tel(h)-Te(h ) = ih) < Tr(hz 2}
a=1 a=1 a=1 r n

Thus the two traces control one another once the determinant is fixed. O

Fact 5.4.3 (Ricci identity from the Monge—Ampere equation). One has

(5.4.2) p(wy) —p(®) =—i-dJdF, Ry —Ry;=—Fp (1<j,k<n).
Proof. By det(G) = e’ - det(G) and p(®) = —i- ddlog(det(G)), subtract the two Ricci forms.

p(wy)—p(d) 82 ;.90 (log(det(G)) —log(det(f}))) = —i-doF.

n n
i) Z Ry —Ry;)-dz/ ndZ = —i- Z ZFJk dz/ NdZH = Ry, — Ry = —Fy.
j=1k=1 j=1lk=1
Thus the form and component normalizations agree. U

Fact 5.4.4 (Background-normal diagonal coordinates). For every p € X, there are holomorphic coordi-
nates centered at p such that

5 M 0 At 0
A Ié 1
Gp)=h,  57p)=0,  Gp)= , Gl = 3
0 " 0 A1
In these coordinates Tr(h(p)) = Y."_; Ay and Tr(h='(p)) = Y"_, A, .
Proof. By G(p) > 0, the Kihler symmetry, and G(p) > 0, first normalize the background metric, remove
its first derivatives, and then apply a unitary diagonalization.
G(p) >0=3IPcGL(n,C) (P '-G(p)-P' =1,

n
u’":z”’—k;-j_ztléziAﬁ(p) 7 :>F V(p)=0—= aagujk( )=
G(p) =16, G(p)=G(p)' >0 =2 30eC™,  0"-0=1,
M 0
0"-G(p)- 0= , A>0 (1<a<n).
0 An
Thus the same coordinates normalize G and diagonalize the relative metric. U

5.5. The Aubin-Yau trace inequality.
Fact 5.5.1 (Laplacian of Tr(h)).

(5.5.1)
v EOTR)  Nn ae " B mopp " Om)-hL (o
Do (Ti(h) = Y 500 = Y @ Fy—§ Y g Ryt Y TR0 (3ph).
k=1 ozh ke, pam=1 k=1
Proof. By G(p) =1,, dG(p) =0, G(p) = diag(Ay,...,A,), and log(det(G)) —log(det(G)) = F, differen-
tiate Tr(h) twice at p.

(G() =l 36(p)=0, G(p)=disg(hr,....A)) B2 Te(h) = ¥ 4% g5

a,b=1

n e 9P )
— jk Z\& "bab)
Aw, (Tr(h)) j7k7§7:1g i
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98 g ) () = . A o
027197 07197k 9zidzk S
G>0 @; lo (det(G))— i Jjk 82gj/_c i ik ab agb agak
E 1’31 s T e amon T = 88 g gz
log(det(G)) —log(det(G)) = . G(p)=1y) BB Y gihgb O8d _ ¥ i 5,y |digeal”
(log(det(@)) —log(@et(G)) = F. Glp)=h) ==} &% g = ¥ &7 Fe=$+ ¥ 50
J:K,a,0= pP.9= J,a,b=
n n
k -1 |9j8al
(p) = ding(a.....An) 552 ), )&M) @) = ) S
J= — J,a,0=
aZgAal_J s n . aZgal_a n o n .
_— = — J - . = )Lil l R P
azjazk<p) kj b(p) j’k’;bzlg 8z182k 8ab j;pgl j P Yjj p
Y ¢ Rkjpm‘hpm:ZZl =
Jik,p,m=1 Jj=1p=
Combining the two differentiated terms proves the claimed formula. g

Theorem 5.5.2 (Aubin—Yau trace-gradient inequality).

552 G Zha g7 Te((O5h) () B X g (9 Te(h) - (3Tr(h)
o Tr(h) (Tr(h))? -

Proof. By h=G'-G, G(p) = I, 9G(p) =0, G(p) = diag(A,...,A,), and g*(p) = A '8t apply
Cauchy—Schwarz.

(G(p) =1, 9IG(p)=0, G(p)=diaghi,....,)) B 0 —gpa=2p-8w, (K )e=2;" s

(dih)“y = 9;gba; Tr(h) = Z A
=1

TH(@h) b (@) = Y (@)% (Yoo (h)s

a,b,c=1
Z ajgbzi 5bc akgac— Z l jgba akgab
a,b,c=1 a,b=1
jk . 1. - !3nga|
Z g Tr((9ih) -h™" - (Ggh) = Y :
Jk=1 ],ab:l J h

’ " g \2
<Tr Z aa

0T (h ZA 2080 A

a=

i o (3 Te(h)) - (3¢Tr(h)) = Z A |9, Te(h)P < Te(h)- Z ijgb;ll
=1 Y

=1 jab=1

Y. & (O5Te() - (Tl < Te(h) - Y & Te(@yh) - (3ph).

Jk=1 Jk=1
Thus the third-derivative term controls the gradient of the relative trace. O

Fact 5.5.3 (Curvature term estimate). There exists Cg > 0 such that

n _
Y Ry W] < Co- (Te(h1)) - (Tr(h).
Jjsk,p,m=1
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Proof. By G(p) =1I,, G(p) = diag(A4,...,A,), A, > 0, and
Cp= up |I§(u,ﬁ,v,v)| < oo,

X€
HMH

Ivllo=
expand the complete curvature contraction.

(6) =1y Glp)=diagh, ) 2| Y @Ry, zzz LR,

J.k,p,m=1 j=1p=
<Coy. Zk LAy =Co (Te(h™")) - (Tx(h)).
Jj=1p=
Thus the background curvature contrlbutes at most the product of the two relative traces. U

Theorem 5.5.4 (Aubin—Yau differential inequality). There exists C; > 0, depending only on @ and
|1F[|c2(@), such that
Lo 9% log(Tr(h _
(5.5.3) Aw, (log(Tr(h))) = Y ) g/ L_,E)) > —Cy-Tr(h ™).
=5 07/ 07
Proof. By Tr(h) >0, F € C?(X), and the complete elliptic identities below, set

Tr(h) > n-e/" >0 E42 log(Tr(h)) is defined.
n n
. . D
Y Y 8" Fy-S,  CG=Cot 3.
p=1g=1

differentiate the logarithm with every coefficient displayed.
L g 9Plog(Tr(h) Tae1 87 0j0k(Te(h)) Xy 87 (9Tx(h)) - (9 Tr(h))

Y ¢

Dp =sup
X

i dziozk Tr(h) (Tr(h))?
Zn: ji 92 1og(Tr(h)) pam187 Fog =S8 ik pmer 8 Ry, hm
8T 007 Te(h) Tr(h)
N 1187 Te((9h)-h™" - (Fh)) Xy 87 (9/Tr(h)) - (Tr(h))
Tr(h) (Tr(h))? '
Guc1 87 Tr((9h) - h~ - (Fgh)) Xy 87 (9)Te(h)) - (9Tr(h) o SN
Tr(h) (Tr(h))?
1 Tr(h™1) 1 S R B m -1
Tr(h) @ nz ’ Tr(h) : jkpZmZIg 'Rkjp Tr(h

Aw¢(log(Tr(h)))>—% Tr(h ) = Co - Te(h™") = —Cy - Te(h ™).

Thus the taught Aubin—Yau inequality follows from the invariant trace-gradient term. U
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5.6. The second-order estimate and explicit metric bounds.
Theorem 5.6.1 (Yau second-order estimate). Assume

(l)g :eF~d)”, Wy >0, H(I)HCO(X) < Gp.
Then there exists C, > 0, depending only on X, @, Co, and ||F |2 (@), such that

(5.6.1) sup(Tr(h)) < Ca.
X

Proof. By ||¢[|co < Co, Aw, (10g(Tr(h))) > —Cy-Tr(h '), Aw,(¢) =n—Tr(h'),A=Ci+1,and Q =
log(Tr(h)) —A- ¢,
(h=G6"-G, G=G+Hy) B2 Ay (9)=n—Te(h").

" 1 o 92log(Tr(h)) o
g.]k. .]k _ ON NS A gjk¢_
Lkzil ; dz/ 0z j,kZ:I Jjk
Y %0 B ) A (=Tl ) =T )~

J.k=1

O(xo) = m)?x(Q) == 0> i gﬂ_‘(xo) Qx(x0) > Tr(h(xo) ™) —A-n = Tr(h(x) ") <A-n.

Jik=1
F(xo) supy (F)
(det(xo)) = €19, Te(hxo) ™) < A-n) B2 Ti(hxo)) < oo [Trlh(ao) "' < - (Aon)™!
(n—1)! (n—1)!
A00-000) < €t pose(o)
0(x) < O(xp) = Tr(h(x)) < Tr(h(xp)) < CE (A-n)
supy (F)
C=" (A" A0 — sup(Tr(h)) < Co.
(n—1)! X
Thus the trace bound follows with every maximum-principle coefficient displayed. g

Corollary 5.6.2 (Uniform metric equivalence). Assume Tr(h) < C, and det(h) = e". There exists C >0
such that

(5.6.2) c'G<G<C-G, C'o<wy<C-a.

Proof. By Tr(h) =Y"_; As < Cy, [T"_; Au = ', and A, > 0, estimate each eigenvalue and then invert the
matrices.
(0>0, @,>0) 2 2, >0 (1<a<n)
el inf ; A A

- Z elnfx(F) .C;—I’l @ ell’lfx(F) C;—n In S G—I/ZGG—I/Z S C2 In
Hlﬁiﬁn Ay

M)l 6<6<C-6,  C=max{Cpe ™) .ar Y = c1.6<G<C-G.

c'6<6<Cc.6=Cc"'G'<c'<c.G!, Cclo<w<C-d

Thus the trace and determinant bounds give the exact coefficient interval. O

A,aSZQL},SCZ, A'a:
b=1
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Example 5.6.3 (Maximum-principle envelope in complex dimension two). For F, = —0.4 4 0.02 - g with
0<g<40,x,=—2+0.01-rwith0 < r <400, and G = b, set

M =e", A= quix', Tr(hq,,) =M+, Tr(h;}) = lfl + 7(,271.

The deterministic grid points satisfying Tr(h,, 1) <6 give

max(Tr(hy,,)) = 8.928617029566244 at (F,,x,) = (0.4,—1.77).

ef1 = 1.4918246976412703, Tr(h;i) = 5.985030978293438.
Tr(hy,) = €™ -Tr(hq_;) = 8.928617029566244.
The dimension-two identity and the maximum-principle envelope are
(n=2, spec(h)={A, A}, det(h)=ef) B (Tr(h) =Mi+4, Te(h " )=A7"+47", e =A-4).
ef ~Tr(h*1) =1L (lfl —i—ﬁ,{l) =L+A = Tl‘(h).
Tr(hy,) = e Tr(h,}) = 8.928617029566244 < 6-¢”* = 8.950948185847622.

1 -1
1 1

111 —1] ]0.1703329888 0 L
V2 Il 1 0 8.7582840407| /2 |-1 1

{ 4.4643085148 —4.2939755260} - _ [2.9925154891 2.8783378722]

With 0, =2-1/2. [ ] , the full metric at the maximizing grid point is

4.4643085148 —4.2939755260
—4.2939755260 4.4643085148 |’

—4.2939755260 4.4643085148 ~|2.8783378722 2.9925154891
The experiment numerically reproduces the exact two-dimensional trace identity.
Corollary 5.6.4 (C! estimate). Assume

w¢:@+§.aé¢>o, wf = - a, 0-0" =0,
[9lcox)y < Co, Tr(h) < .
Then for every 0 < o < 1,
”¢||C1"Z(X7(f)) S C(de)vayc()aCZ)'

Proof. By Tr(h) < C,, [y ¢-@" =0, and p > 2n/(1 — @), solve the complete fixed-background Poisson
equation.

n n _ 2
) Zgjk'(hafad)zk Ao(9) =Tr(h)=n, | Tr(h) —n|lur < (C2+n)- Volo(X)"/7.

<A@,(¢) = Tr(h) —n, /X¢ SO = O> XX ¢ is the unique mean-zero solution.

2n
19 llw2r < Cp-[|Tr(h) —nllr < Cp, P> 1T—a — WP (X) = Ch*(X).

Thus the first derivative estimate follows from the trace estimate. OJ
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5.7. The classical Calabi refinement.

Definition 5.7.1 (Connection difference and Calabi quantity). Let V and V be the Chern connections of
@y and @. Define

!
Aj p—rm g” A"y = Zg 7. VJgPCI’
q=
2 < % pg —
=G, = Y &g A Al

jﬂk7p7q$m7é:1
At a background-normal point with G = diag(A4,...,4,),

Fact 5.7.2 (Calabi differential inequalities). Assume

C_l(bga)q) SC(;:), (D(;ZEF'@H, HF”C3((2)) SCF
Then constants K1 ,K,,K3,K4 > 0, depending only on (X, ®), C, and C, satisfy
(5.7.1) Z Zg -S— Ky, Z Z . > Ja-k) > K3-S—Ku.
j=1lk= j=1lk= z

These inequalities are retained as the classical analytic input. The first is Calabi’s connection-difference
commutation formula, and the second is the quantified positive third-derivative term in the trace formula.

Theorem 5.7.3 (Calabi C* estimate). Assume
oj=e"0", @y =0+7-000>0,  [dllco) <o

Tr(h) <Gy, |[Flles@) < Cr-
Then
Sup(S) < C(X7®5C05C2)CF)'
X
Proof. By Tr(h) < Cp, Y%y 87 Sz > —Ki-S— Ko, Y1 87 9;0(Tr(h)) > K3+ S — Ky, a = (K +
1)/K3, and Q = S+a-Tr(h),

(Te(h) <Gy, det(h)=e") B2 ¢l <@, <C -

Y ¢f05:=Y ¢fspta ¥ gj/;ﬂja,-c(Tr(h)) BI2 > K\-S—Kr+a-(K3-S—Ky)=S— (Ko +a-Ky).
k= k=

Q(XO) = m)?x(Q) == 0> Z gﬂ_‘(xo) . Qj,;(xo) > S(XO) — (K2 +a 'K4) —— S(X()) <K)+a-Ky.
k=1

S(x)+a-Tr(h(x)) = Q(x) < Q(xg) = S(x) < S(x0) +a-Tr(h(xo)) < Kr+a-(Ks+Cs).
Thus the classical third-order quantity is uniformly bounded. (|
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5.8. Evans—Krylov and Schauder bootstrapping.
Theorem 5.8.1 (Evans—Krylov and Schauder bootstrapping). Assume
19llco) <Co,  C @< <C-0, wp=e"-0"
Then there exists o € (0,1) such that
H(pHC“‘O < Cay (X, 0,Co,C, 1F [l oo (x )
IfF € C*(X), then for everyr > 0and 0 < o < 1,
(5.8.1) 19]lcr2a(x) < Cra (X, ®,Co,C, ||F || crecr)) -

Proof. By det(G + Hy) = ef - det(G), C~! ~G§G§C-G, and

As=Ag+s-B>0 @ log(det( ) = —Tr([A; 2 B-4;?) <o,
write the nonlinear operator and its pr1n01pa1 coefficients on a holomorphic coordinate ball.
Siit o o &t &it o &
det( : : y=eldet(| 1 .. i)
it o 8nat Gun i - 8m

o>

F(Hy.x) = log(det(G+ Hy)) —log(det(6)) = . DFuy[H,] B2 D7y [ = Y Y &% uy.

For every bold covector § = [51 én}T,
c''6<6<c.6=cCc'G'<c'<c-G!

=T A UL — —T A
cEGe<Y Yt g & <cE 6 -& B2 Dy, is uniformly elliptic,
j=1k=1
The complex Evans—Krylov theorem on a finite coordinate cover gives one exponent o € (0,1) and the
stated C2% bound. For a real coordinate x’, differentiate the full equation.

i g 0% (90\ OF & w 98k
Z Zglk' 9z/97k <ax£> - W+ Z:”;l(gjk—gjk)-aixjé.
s

j=lk=1

- 08 7 0
gk e, +Z (8% — g% g’kec"‘ﬂ:‘d) <C= ¢ € C3%,

i o oxt

Thus G~ is Lipschitz and ¢ € C>* for every 0 < & < 1. Repeated differentiation of the displayed linear
equation followed by local Schauder estimates on the finite cover gives ¢ € C"+2% for every r > 0. [

C*%

5.9. Completion of the continuity argument.

Theorem 5.9.1 (Continuity reduction). Assume every normalized solution of the continuity equation
satisfies

tel, hy = G! -Gy, H¢IHC0(X) < (o, Tr(h) < Cs.
Then 1 € 1.
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Proof. Byt €1, ||¢]|co <Co, Tr(h) < Ca, Hy =1t-F +c¢;, and @ = e - @", evaluate the continuity chain.
=02 ¢o—0,  (1=0, =0 ¢=0 Eoecr, el Z peciny,L
0<r<1 2 g <oscx(F),  sup ||H| e < oscx(F)+ ||F||cre.

0<e<1

(Te(h) <y, det(hy) =™, |H,|<osex(F)) 22 ¢ do<w <C-b.
<||¢t||co <C, Clo<wm<C a, [He [l ero ) < oo) E&1 sup\|¢),HCza < oo B8 /i closed in [0,1].

0el, I is open in [0, 1], I is closed in [0, 1]=1=10,1].
Thus 1 €1. O

Corollary 5.9.2 (Completion of the continuity method). The normalized complex Monge—Ampére equation
att =1 has a unique smooth solution.

Proof. By H, =t-F +c¢,, t € I, and the normalized continuity equation, apply the established zeroth- and
second-order estimates.

0<r<1 22 || <oscx(F), sup [|Hsllc2x)y < oo

0<s5<1

(rer. or=e"-0", |Hcow <osex(F)) B |6l < Co.
(t el, o= L @", ”¢t||C0(X) <y, s<u[<)1 HHS||C2(X) < oo) @ Tr(h) < Cy.
<su})||¢t||co <y, supTr (h) < C2> SRAS] el, r—1 EE2 =
te
(l1el, ¢=0)= <a)¢ =ef /(])1 0) 543 ¢ is unique.

Thus the line-bundle half closes with existence, regularity, and uniqueness. g
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Part 2. The Vector-Bundle Interpretatimﬂ
6. HERMITIAN GEOMETRY ON HOLOMORPHIC VECTOR BUNDLES

We now pass from rank-one curvature to holomorphic vector bundles of arbitrary rank. The tangent
bundle supplies the local model

E=T"%, H=G62 4, =6".96 2 By =dAy +Ay Ay °E Fy =4y 2 Dy (Fy) =0.

Throughout,
Jyklom,p,ge{l,...,n}, o,B,7,6 €{1,...,r},
and every matrix acts from the left on a bold column vector.

6.1. Bundles and transition functions.

Definition 6.1.1 (Complex vector bundle). Let X be a smooth manifold with

X=J Xy

nesg

A rank-r complex vector bundle E %5 X consists of local trivializations

E[y =Xy xC’
and smooth maps
t,uvll t,uvlr
X,NX, 25 GL(RC),  tyy=| @ .. |,
tuvrl tuvrr
such that
=l tavetvp =tup,  fyp =lay
For the local frame
e“:(e#’l,...,eu.,), ey =ey tuy,
a section @ € I'(X, E) has local columns
Pu
ou=1]i | Ol e o
Pu
with .
Pu =1tuv- Py, ‘Pﬁ:[;fuvaﬁ'q’g-
Example 6.1.2 (The holomorphic tangent bundle). For E = T'0X, set
€up = aiﬁ’ Cvg = Z 8@ “Cup-
Thus

n n

_ 14 _ q _

V= Z Vi -eup= Z Wevg Cvg = Z 8z “Cu,p == Viu=tuv-Vy,
]7:1 (1:1 A%

Based on lectures by Duong Phong [3] .
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_8z}L N 8Z}L
az}, a7}
tuy = : : :
Iz, N Iz,
| dz), a7 |
For
z,ﬂ:4-zb+z%,, zi:Z-z‘z,,

one obtains

N

ForV, = [

3|
41 |4 |4 1) |4 |4-4+1-3] (1643 |19

(wr=lo 2} vo=il) == o 3] [ - a2 - [525] - 6]

Moreover,
8

4 10 112 —1) _114.2+1-0 4.(=1)+1-4 _1 80 _, B, —t‘l—l- 2 -1
0 2/ 8|0 4| 8 |0:242:0 0-(—1)+2-4| 8 |0 8 -2 VR 0 4|
6.2. Holomorphic structures and Hermitian metrics.

Definition 6.2.1 (Holomorphic vector bundle). Let X be a complex manifold. A complex vector bundle

ELXis holomorphic when
Ituv®p

dtyy =0 0.
uv ’ azﬁ
A section ¢ € I'(X, E) is holomorphic when
- apY
g, =0 =0
Cu=0 o
Fact 6.2.2 (The dg-operator). The local formula
r o n a(POC
(9(9)), = 2 dZ, ®euq
H a=1/¢=1 azfi .

defines a global section of A" T*X @ E.
PrOOf: By (Pu — t[,lV . (pV’ ét'uv — 0, and azé - anzl(azly/azlﬁ) . 85"7,

a(p“ at‘uv ﬁ r L o az’;’} a(p\[j
3 0. Z a(pﬁ
at‘uv - = Zl mzl uv ﬁ a v. azr‘; .
n a OC r n o n a—m 0 r n 0 B
Y aa A=Y Y Yt S i dz, B2 Z X s oz
dzl oz d
=1 9%y B=1m=1i=1 Bt m=1 Zv
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r r n a(pﬁ r a(P _
Z IR FEd A% @ epa = Z Z Zv dZy ®eyp.
o=1p=1m=1 =1m=1 v
Thus the local (0, 1)-forms obey the section overlap law. O

Definition 6.2.3 (Hermitian bundle metric). A Hermitian metric H is represented in the frame e, by

Hyapo oo Hy,i
Hy=[Hupalgg=| : . |, Hu=H;>0
HuJF Hu,r?

-
-1 _ oy oy _ sa
H,~ = [Hu ]a,yn Z,IHN “Hypy= 6%
’)/:
The pairing is linear in its first argument and conjugate-linear in its second argument
r r
_ _ B wa
(V.W)y =W, -Hy-Vy=Y Y Hypa-Vi -WZ.
a=1p=1
The metric matrices satisfy

Example 6.2.4 (A rank-two metric transfonnatlon) Take

I e

Then
(tuwHu) Hy v Hy tyy.
. _[1 o] [4 1} [1-4+01 1-1+0- 2]:[4 1]
A U | B 1-44+1-1 1-14+1-2) — [5 3]’
u _{4 1][1 1]_[4-1“-0 4-1+1-1]_[4 5]
VU5 3] [0 1] [5-1+43:0 5-143-1] |5 8)°
For

|1 (1)1 1-1+1-2 3
VV_M’ V“—[o 1}[2} [01+12] [2]
the two squared norms are

Ve B viH, v, =[3 2]-[‘1‘31;:;]:[3 2]-[174]:3-14+2-7:42+14:56,

B viH, v, =1 2] [‘5‘}123] —[1 2. Bﬂ — 1144221 = 14442 = 56.
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6.3. The Chern connection.

Definition 6.3.1 (Chern unitary connection). For a holomorphic bundle £ %, X with Hermitian metric H,
the Chern connection Vy is characterized by

Vol =3,  d((V,W)n) = (Vu(V),W)u+ (V,Ve(W))n.
The pairing on bundle-valued one-forms conjugates the form coefficient in its second argument.

Proposition 6.3.2 (Local Chern connection formula). The Chern connection exists and is unique. In a

holomorphic frame,
n .
(6.3.1) Ay=H;"-0H, =Y Ay ;-dz},
j=1
Ay ily o Ayt
r - 0H. n- 1y u,jr
A, L = H(X'}" u,_ﬁy’ A = . .
i B “ I 8zﬁ Hyj . . s
Apj't o Apjs
For X
Vu
VIJ =1:1>
Vi
IVy AN
Vii(Vu) = 52 VH,j(Vﬂ)—7+Au,J Vi
i Zu
On overlaps,
(6.3.2) Ay =ty Ay -ty + 1y - Oty

Proof: By HV - [‘Zv H'u 'tuv, a([ljv) - O, and V'u — t'uv 'VV,
* — * —1 — — * —
HV = t[.lV .H/J 't‘uv @ HV ! — (t‘LlV 'HIJ ‘t’u'v) :t‘u\} 'HIJ ! . (tHV) 1.
aHv — O'HIJ 'tuv +t[jv . aH'u ‘tIJ_V +t;v ‘Hu 'atuv.

-1 5 N L) 2 A B 2 L B = =1 g B 1 -1 5
(H,',0Hy) Ay =H," -0Hy =1, -H, " -0Hy -tyy +1,, - Otyy tay - Ap Ty + gy - Oty
Ay=H;"-0H, = H, Ay =Hy -H;'-0H,=1,-0H, = dH,,  A},-H,=0H,-H;'-H, =0H,.
d((V.W)r) BB d(W}Hy Vi) = (dWy+Au- W) Hy Vi + Wi Hy - (Ve +A4u-Vye).
Thus the local matrices glue and define the unique Chern connection. g
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6.4. Curvature and the second Bianchi identity.
Definition 6.4.1 (Covariant exterior derivative). For ¥ € Q”(X,End(E)), define
Dy(¥) =d¥Y+ANY —(—1)"-PAA.
Definition 6.4.2 (Curvature). The curvature of the Chern connection is
(6.4.1) Fy =V4 =dA+AAA.
For matrix-valued forms B and C,
BAC B2 (BAC)Ts = Y B%ACT;.
y=1

Proposition 6.4.3 (Local curvature formula). In a holomorphic frame,

B n o n ) aA
Fu=0A=) Y Fyp-dZ ndd,  Fyp =3
k=1j=1 z
Writing
1 1
FH,Ej o FH,/Zj r
Furi= : ' : ; Ryri = —Fuij
Fugitv o Fugj'r
one has

(ViiVur—VuiVaj) (V) =Ryz;-V = —Fyz;-V.
On overlaps,
(6.4.2) Fuy =tyy - Fuy-tyy.
Proof. ByA=H ' -0H,Fy=dA+AANA,and H ' -H =1,
H'H=1""3 0=9H " H)=(H ") H+H " 0H=—0H '=-H ' -0H -H.
A=H"0H B2 0A=0(H " 0H) = (0H YAOH+H - 0’H=—H ' 0H-H 'NOH+H ' -0=—ANA.
Fy=dA+ANA B By = 0A+0A+ANA = —ANA+IA+ANA = DA.

oV PR oV
Vi (V)= 97 +4A;v B2 Vi jVui(V) = FRPE +A;- FES
oV & 0V 0A; oV
VualV) = oz B2 Vua¥inslV) = g g VA g
0A;
(Ve Vii = VuiVai) (V) = =5 -V = ~Fug;-V.

(Vi (V) =ty (Vv Z2 (VR =tav - (Va(V)v,
i tuy Vv =tuy-Fuy-Vy 22 Fyy =t Fyp-tuy.
Thus Fy is a global (1,1)-form with values in End(E). O
Theorem 6.4.4 (Second Bianchi identity). The Chern curvature satisfies
Dy(Fy) = dFy +ANFy — Fy NA = 0.
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Proof. By Fy =dA+ANA, d(NAE) =dn NE+(—1)%EM .y AdE, and (ANA) ANA = AN (ANA),
Fy=dA+ANA B 4F; = d(dA) + d(ANA) = 0+dANA —ANdA.
dA =Fy—ANA 2 4Ry = (Fy —ANA)NA— AN (Fy —ANA).
dFy =FgNA—ANANA—ANFg+ANANA=FgNA—ANFy.
dFy +ANFy —Fy NA = Fy NA—ANFy +ANFy —Fy AA=0 222 Dy (Fy) = 0.
Thus the Chern curvature is covariantly closed. ([l

6.5. Chern—Weil theory, degree, and slope.

Definition 6.5.1 (Determinant bundle and first Chern class). For a rank-7 holomorphic vector bundle E,
define
det(E) - ArE, ev71 AR /\ev7r - det(tuv> . e‘u71 AREE /\eu’r,

Ho(p)p =det(Hy),  Hy =t} -Hy tuy 2= det(Hy) =det(t},)-det(Hy ) -det(tyy) = | det(tyy) - det(Hy),
c1(E) = c1(det(E)).

Theorem 6.5.2 (Chern—Weil formula for the first Chern class). The scalar two-form Tr(Fy ) is global and
closed, and its de Rham class is independent of H. Moreover,

Fiy-H+H-Fy=0, Tr(Fy)=-Te(Fy), i -Tc(Fg)=i-Tr(Fy),

and

(6.5.1) ci(E) = [Z_in-Tr(FH)} € H*(X;R).

In the determinant frame,
Ager(g),u = Tr(Ay) = dlog(det(Hy)),

Fdet(E)}Xu = TI'(FH’#) = —8910g(det(H#)).
QP (X,End(E)) x Q4(X,End(E)),
FH7V == tﬁ‘} FH,[J t”v @ Tr(FH7v) == Tr(tﬁ‘} FH,[J t”v) == TI'(FH# t'uv t;‘}) = Tr(FH”u)
dTr(Fy) = Tr(dFy) 222 —Tr(AAFy) + Te(Fy AA) = —Tr(A A Fy) + Te(A A Fyy) = 0.
Viu(H) =0 22 0= @ ((v.W)y) =W* - (F;;-H+H-Fy) -V = F;-H+H-Fy =0.
Fjy=—H -Fy-H ' = Tr(Fy) = Tr(F;) = —Tr(H-Fy -H ') = —Tr(Fy).
For metric independence, let B=A —A € Q' (X,End(E)) and A, = A+1 - B.
B=A-A 2 B, =1} By -ty =>Tr(By) =Tr(By),  F =dA +A NA,.

dF;
F —dA, + A, NA, 2 d—; —dB+BAA, +A,\B,

%Tr(F,) — dTr(B) + Tr(BAA,) + Tr(A; AB) = dTr(B) + Tr(BAA;) — Tr(BAA;) = dTr(B).

Tr(F) —Tr(Fy) = /O 1 %Tr(ﬁ;) dt=d (Tr(B) : /0 1 1 m) =d(Tr(B)- 1) = dTr(B).
For the determinant bundle, Jacobi’s formula and the connection gauge law give
Ay =H;' - 0H, B Tr(ay) = Te(H, - 9H,) B log(det(Hy)),
Ay =ty Ay tyy +1gy - Oty 553 Tr(Ay) = Tr(Ay) +det(tyy) " - ddet(tyy ) = Tr(A,) + 9 log(det(ty)).
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,
AunAy B2 Tr(A, nAy) = Y A%a AAL %y

a=1
r—1 r
+Y Y ApralarAlana ®s)=0+0=0.
o=1B=a+1

(Ager() = Tr(Ag), Tr(Ag AAy) = 0) Z2 Frp) = dTr(Ay).
Fae(y = dTr(Ay) = Tr(dAy +Au AAy) = Te(Fup) B2 Fuoe) = —99 log(det(Hy)).

(Cl (E) =C1 (det(E)), Fdet(E) = TI'(FH)) @ C1 (E) = |:2ln -TI‘(FH):| .

Thus L -Tr(Fy) is the real, metric-independent Chern—Weil representative. O
2.

Definition 6.5.3 (Degree and slope). Let E = (X", ®) be a rank-r holomorphic vector bundle over a
compact Kihler manifold. Define

n—1 n—1
degw(E):/Xcl(E)A(w_l /Tr (Fir) A 2 T
deg, (E) degw E)
HolE) = rank(E) 1
i n—1
(cl(E) = [M~Tr(FH)] , deg,(E) :/XCl(E) (’;1)1 ) B2 deg, (E) is independent of H.

6.6. The Hermitian—Einstein equation. For

l' n n .
:EZ Zgj,;-dzf/\dzk,

=1k=1

~.
~

the Lefschetz contraction is

(6.6.1) - Z

I M:

: la/azf ©1y/gzk-

n n _
Fu=dA B =y ZFHJ;j-de/\dzj B i Ao(Fu) = Z Y ¢ Fyze
Jj=lk=1

k=1 j=1

Definition 6.6.1 (Hermitian—Einstein metric). A Hermitian metric H is Hermitian—Einstein when there is
A € R such that

(6.6.2) i*Ap(Fy)=A-Ig.
Equivalently,
i-Ao(Fy)=2-Ip =2 2.V Y F Fy % =1 8%,
j=lk=1

Fagiv o Fugg'r 0 1

k=1 _r
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Example 6.6.2 (A complete rank-two Chern computation). On the trivial rank-two bundle over C, take

o e o T
0 2| 0 |

B _2.7.e 2P 0
6H—[ 0 2.7 2N dz.
The full product is
2P 9.5 02l 0
—1 e z-e

R (=2) e 2 0.0 2040 (—2) e 2R 72T 0
0 (=2) 2 e 2 210 0-04 2R (—2) 7 e Tlo -2z %%

Consequently,

A=H " 0H 8 f, =Ja= {02 02} dzNdz, Tr(Fy) = (—2—2)-dZNdz= —4-dZNdz.

Fora):%-dz/\dz,
-2 0]

2
FH[O 0] dzAdz@i~Aw(FH)——2-[0 Sl

2. { 02 _02} [(_(2_)2)(_02) (_(2_)2)(_02)] = [g ?J =4-1 Eel (H is Hermitian—Einstein, A :4).
The determinant and trace calculations give the same scalar curvature
det(H) = e 21" .72k _0.0 = e *E log(det(H)) = —4- |22,
(A=H"-0H, det(H) = e *1) B2 Tr(4) = ((—2) 2+ (=2)-2) -dz = —4-2-dz = dlog(det(H)),
Faey(ey = Tr(Fyr) ) 552 Tr(Fy) = ((—2) + (=2)) -dzAdz = —4-dzNdz = —ddlog(det(H)).

Lemma 6.6.3 (Trace—wedge identity). The Chern curvature satisfies

wn—l "
- Tr(F; —— =Tr(i- Ap(F
() 2 = Tl Aol F) - 2
Proof. By p € X, g ;z(p) = 8j, and o = Ledd NdZ,
n wnfl n
Gl =5 B o =Yau 20 /\a,, e AN
j=1 : J=11<t<n
2y
dz/ N7 = —dZ/ NdF =2-i-a.
"] n "
z~Tr(FH)/\(n_l)! =i ]ZTr Fys)-2-i- z/\lw —2-;Tr(FH,;j)'g(p)-

i- AolFir) (p) = —2- ;FH,fj 55 Tr(i- Ao(Fi))(p) = —2- iTr(FH,m-

Thus the two global top-degree forms agree at every p € X.
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Corollary 6.6.4 (The Einstein constant). If H is Hermitian—Einstein, then

_2'7r'uw(E) _ "
= Vol 0 Vlel®)= [ ST

Proof. By i-Ag(Fy) = A -Ig, rank(E) = r, and i-Tr(FH) /\a)"*l/(n— ) =Tr(i-Ap(Fy)) - ©"/n!,

deg,, (E) B33 ZZI'/;(Tr(FH) Bed x /Tr Ao FH)) o

iAo(Fi) =A-Ip 22 Tr(i- A (Fy)) = Tr(A - 1,) = ix 1=A-r

n—l

a=1
-r n -r
deg,, (E) = gn /X% _ ;E Volg (X).
2-7m-degy(E) g3 27 po(E)
- Volp(X) Vol (X)
Thus the Kihler slope and volume determine the Einstein constant. O

7. SLOPE STABILITY AND CURVATURE OF HOLOMORPHIC SUBBUNDLES

Let (X,) be a compact connected Kéhler manifold and let (E,H) be a holomorphic Hermitian
vector bundle. The Hermitian—Einstein equation and its topological constant satisfy, whenever H is
Hermitian—Einstein,

2-1- E
H is Hermitian—Einstein 223 i-Ap(Fy)=A-Ig LT - Lﬂ)()
Vol (X)

The comparison with a holomorphic subbundle is controlled by the square norm of its second fundamental
form.

7.1. Slope stability and the Donaldson-Uhlenbeck-Yau correspondence.

Definition 7.1.1 (Degree and slope of a coherent sheaf). For a torsion-free coherent sheaf . of rank s,
define

N

det(y) = (/\(y)) ) degw(Y) :/Xcl (det(y)) A ! .ua)(y) B w

(n—1)!" N s

It is enough to test slope inequalities on saturated coherent subsheaves.

Fact 7.1.2 (Reduction to saturated subsheaves). Let % C E be the saturation of a torsion-free coherent
subsheaf . C E. Then

rank(#) =rank(.),  degy () > degy (), HalL) > o).
Proof. By ¥ C 57 CE, 7= 57/ & torsion, and D = Zi;vzl m, - D, effective,
0—.9 T —>Ozrank(§7) = rank(.*).

__ N
det(.) = det(”)® Ox(D),  D=Y mg-Dyy  my>0.

<det(% =det(.) ® Ox (D)) = (det(Y)) = ¢y (det(.7)) + Z my -

N wnfl

(cl (det(&”)) det + Z mg - ) ZL] degw =deg, (L) + Z ma'/

- > .
o D, (n_ 1)' _dega)(y)
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(rank(7) = rank (), degy() 2 degy (7)) B2 Ho(7) = pal2).
Thus saturation cannot decrease slope. O

Definition 7.1.3 (Slope stability). A holomorphic vector bundle E is stable when every coherent subsheaf
& C E with
0 < rank(.¥’) < rank(E)

satisfies
Hol ) <HolE). hol ) = e,

It is semistable when the strict inequality is replaced by e () < Ue(E). It is polystable when
N
E=@PE.,,  Egisstable,  po(E) =Uo(E) (1<a<N).
a=1

Theorem 7.1.4 (Donaldson—Uhlenbeck—Yau). The bundle E admits a Hermitian—Einstein metric if and
only if E is polystable. If E is stable, its Hermitian—Einstein metric is unique up to multiplication by a
positive constant.

Remark 7.1.5. The two directions are
E admits a Hermitian—Einstein metric =2 E is polystable.
E is polystable 853 E admits a Hermitian—Einstein metric.

7.2. Orthogonal splitting and second fundamental forms. Let S C E be a holomorphic subbundle, let
T =S4, let S 2% E be the inclusion, and let ns and 7y denote the orthogonal projections. Thus

E=8S&T, Ig =ns+ 77, - oy = 7y - s = 0.
Definition 7.2.1 (Induced connections and second fundamental forms). For s € I'(X,S) and t € I'(X, T),
define
VS(S) :ﬂs(VH(S)), B(S) :nT(VH(S))¢
VT(Z‘):TCT(VH(Z‘)), ’)/(l‘):ﬂg(vH(l‘)).

The holomorphicity of S and the unitarity of Vg give
(V%] =, Jk(T(X,8)) C Q°=1(X,S)) BT mrovois=0 22 g € @'0(X,Hom(s,T)),

ViuH) =0 B8 y— g+ 21 o c 001(x Hom(T,S)).
Fact 7.2.2 (Leibniz rules). The operator V* is a connection on S, whereas B is tensorial.
Proof. By f € C*(X),s€I'(X,S),V e I'(X,TcX), ms(s) = s, and 7wy (s) =0,
Va(f-s) 2L dfos+ £ Vuls).
Va(f-s)=df @s+f-Vu(s) B2 VS (f-5) = as(V(f) -5+ F-Viy(s) = V() -s+f-Vi(s).

Vi(f-s)=df @s+[-Va(s) BF B(f-5)=ar(df@s+f-Vils) =df 00+ f-B(s)=fB(s).
Thus V5 obeys the Leibniz rule and 8 is C*(X)-linear. O
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Fact 7.2.3 (Block form of the connection). For
b=s5+1r= {S] ,
the Chern connection has the block form
VS
Vu(®) = [/3 VYT:| :
Equivalently,

Vi 0
|
vt [ﬁj V?]’

Proof. By ® =s+t, Ig = ng+ 7y, V8 = mgoVy, and B =
Vi(®) = Vi (s)+Va(t) = V3(s) + B(s) + () + V7 (1).
(V) = V) +B6), V) =10 +770) B va( = |5 - 2.
vyl s S(s)+ (1)
VR2RIR ]
éE(S) G.Q.O"I(X,S) @ ET(VOI( )) :0:>B0’1 =0
By (s,7)y = 0 and the unitarity of Vg,

) =0 222 0=d((s,)n) = (B(s), 1)+ (5,¥())r = (s, (B +7) ().

(s, (ﬁ*H+y Nu=02 y— g BcQx Hom(s,T)) £ ye Q' (X,Hom(T,S)).
Thus the connection and its two types have the stated block form. U

Vi
VH,l_c |: 0 V1§’:|

Fact 7.2.4 (The quotient as the orthogonal complement). For Q = E/S and the quotient map p, the

restriction

plr

T—Q

is a smooth vector-bundle isomorphism.
Proof. By E=S&T,T =St ande=s+1,
le] = [s+1] =[] = (plr)(1) = le],
so p|r is surjective. Moreover,
(plr)(t) =0=[t|] =0=1eSNT =1t =0,
so p|r is injective and hence an isomorphism. g

7.3. The Dolbeault class of an extension.

Theorem 7.3.1 (Dolbeault classification of extensions). For holomorphic vector bundles S and Q, equiva-
lence classes of holomorphic extensions satisfy

Exty, (Q,S) = Hy'' (X, Hom(Q, S)).

For0 — S — E — Q — 0, the correspondmg class is [y], and it is independent of the Hermitian
metric used to choose T = S*1.
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Proof. By E = 5@ Q smoothly, y € Q%! (X,Hom(Q,S)), and 9% = 0,

sn 5
E=ZS®0 @ o=T @ 8E = |:O a?;:| ész — |:aOS aHomngS)(y)] )
(9

0 =0= {8 éHOm(g’S)(y)] [8 8} = Jhom(0.5) (V) = 0.

For a change of smooth splitting by u € Q°(X,Hom(Q, S)),

1 s u -1 _ 1 s —Uu
Gl (R R s
1.5 p _|Is —u Js 3SOM+ aS ?’+3Hom(Qs)( u)
B P"_[O IQ} [ do '
Y =v+ aHom (0, S)(
Conversely, ) )
aHom(Q,S)(’)/) =0= I:% =0,
and exact changes give equivalent extensions.
7.4. Curvature of a holomorphic subbundle.
Proposition 7.4.1 (Curvature block matrix). With respectto E =S& T,
Fs+yAB  ov(y) ] oH
7.4.1 Fp=1| "= — _B*H
(74D S (MR

In the established d7* N d7/ coefficient order,
(Fs)i; = ms- (Fe)zj-1s— % - By = ms - (Fe)g; - ts + B - B

AR
Proof. By Fg =V, y=—B*,and Vg = B vr|

AR AN A
-l o =y ol 9
(V2)ss B2 VSAVS +yAB, (VZ)sr 222 VS Ay+yAVT.

(Vi)rs BAVS+VIAB, (Vi)rr BAy+VI AV

V2 _ VSAVS+yAB  VSAYy+yAVT B . _ Fs+YyAB  dv(y)
H=\BAVS+VIAB BAy+VIAVT E=1 ov(B) Fr+BAy

(Fg)ss = Fs+YNB = Fs = (Fg)ss — W\ﬁ
(B € Q"°(X,Hom(S,T)), ye Q" (X,Hom(T,S))) 2 = Zﬁ] did,  y=Y y-di.
k=1
(B:Zﬁj-dzj, y:Zy,;-dZ"> =2 '}’/\ﬁ:ZZﬁ'Bj‘de/\de.
=1 k=1 k=1 j=1

(Fs)r; = (ms - (Fe)z; - ts) — Yi - Bj = (Fe)g;-1s+ B - B
Thus the coefficient sign agrees with the curvature convention of the preceding section.
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Example 7.4.2 (Complete rank-two block-curvature computation). Let
X=C, o= %-dz/\dz, E=XxC2=SaT,

S = spanc(ey), T = spang(e).
In an adapted H-unitary frame, take

B o 0 2.4
B=2-dz, y=-2-dz, [Z-dz 0 }

Ve=d+ %, v‘“el:é([oD [ _Zdz] Ll)]

V! () = [O]+ [O'H( 2.dz)- ] m 821 §is holomorphic,

p—

0 0-1+0-0 0
and d(#) = 0. Hence

2-dz 0 2-dz 0

_|OAO+(=2-dZ2)A(2-dz) OA(=2-dZ)+(—2-dZ) NO
AP Fr = { (2-dz)/\0+(z)/\(2-dz§ (2-dz)/\(z—2-d2)+(z)/\0]

P (=2)-2-dzNdz 0 | —4-dZindz 0
E— 0 2-(=2)-dzndz| — 0 4-dzNdz|

Fs=Fr=0, % f.=(-2)2=-4,
75 (F)z 15 = [1 o]-[o4 2]-[(1)}:[1-(4”0-0 1-o+o-4]-[(1)}:<_4)-1+o-0:_4.
(75 (Fe)z-1s= =4, ¥-B.=—4) B2 (F)s = 5 (Fe)ze 15— %o- B = —4— ((=2)-2) = —4— (—4) =0,
B.=2 B2 |Blho=2-g7 Tr(B" - B)=2:1-(2:2) =2-4 =8,
((FE)z,s5s = —4) =2 Tr(ms-i- A (Fg) -15) = —2-(—4) =8.

(Te(7s - i- Ao(Fe)-15) =8, |Blho=8) =2 Tr(i-A(Fs)) = —2-(—4)—8=8-8=0.
Thus the full block multiplication reproduces the vanishing induced curvature.

VE=d+%@FE:d(%)+@A@:@A@:[ 0 —ME]A[ 0 —2.dz]7

7.5. The Hermitian—Einstein slope inequality. Define

n o n - . "
ash  Bho=2-Y Y e TBB) =0 (Bl = [ B -

j=lk=1

(7.5.2) ((FS),;j:nS (Fp)g; - 1s+ B ) B0 Tr(i- A (Fs)) = Te(ms - i- A (Fr) -15) — B[} .00

Corollary 7.5.1 (Hermitian—Einstein slope inequality). If H is Hermitian—Einstein and S C E is a
holomorphic subbundle, then

Ho(S) < Uo(E).
Equality holds if and only if B = 0, in which case
E=S®sH

is a holomorphic orthogonal splitting.
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Proof. By s =rank(S),i-Ay(Fg) =A-Ig,and S — E,

n

(S — E, rank(S @ 2-;w-deg,(S)=1i- /Tr Fs) A @ 2-mw-deg,( ):/Tr(i-Aw(FS))-w—'.
X n.
(i-Ao(Fg) = A I, rank( = s) &0 Tr(ng.i- Aa,(FE)~lS):Tr(7L~IS):A-s.
Tr(ms-i- Ao(Fg) 1) = A -5 =2 Tr(i-Ao(Fs)) = A -5 — |Bl3o.
(7.5.3) 2. n-degw(S) =A-5-Volu(X) — |\B||§2(H7w).
. 2.7 U
(i-Ao(Fg) =24 -Ig) B2 2 = Volw(‘" ) I3, . degy(S) =275 o (E) — || Bl .0y < 275 o (E).
deg, (S
dez(8) < - toE) B2 puo(s) = L) < )
VS 0
Ho(S) = tio(E) B2 B2, =0 B2 p= 0@7 055 vy = [o vf}
Thus Vp is block diagonal and the orthogonal complement is holomorphic. O

Example 7.5.2 (Complete rank-four slope-defect computation). Let
rank(E) = 4, rank(S) = 2, i-Ap(Fg) =40-Ig.

At p € X, choose an adapted H-orthonormal frame and set

10

Ps:[looo] |01
010 0 0 0|
00

4 0 0 0
Ms=[1000'04000
0100 [0 0 40 0

0 0 0 40

Mg =1-4040-040-04+0-0=40, Ms;,=1-0+0-404+0-040-0=0,
Msi3=1-040-04+0-4040-0=0, Ms;4=1-0+0-0+0-0+0-40=0,
Msy =0-40+1-040-040-0=0, M52 =0-0+1-40+0-0+0-0 = 40,
Msy3=0-04+1-040-4040-0=0,  Msp3=0-0+1-0+0-0+0-40=0.

1 0
40 0 0 Of (O 1| _]40-1+0-04+0-0+0-0 40-0+0-1+0-04+0-0{ _ {40 O
0 40 0 O 0 O |0-1+40-04+0-04+0-0 0-0+40-14+0-04+0-0| |0 40|
00
Suppose i
g (p)=8j (1<jk<n), Bi(p)=0 (2<j<n),
and

O R R UOR
ORI S R oA |

1+9 2+12} [10 14}

0B =) Tiie = [ a0 T™() i) = 1042030,
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(¢ () =81 Bip)=0 2<j<n) B |B(p)fp=2:1-30=2-30=60.
(i Ao(Fe)(p) = 4015, Bi(p) =0 (2<j<n)) B i Ao (Fs)(p) = 40-Is—2- B (p) - B (p).
, 40 0 10 14
"Aw(FS)(P):{o 40}_2'[14 20]'
. 40—-2-10 0—-2-14 40—-20 0-28
i Ao(Fs)(p) = [0 2-14 40— 220] [0 28 40— 40}

a0 = | 2 oY)

Tr(i-Ap(Fs)(p)) =20+0=20=40-2—60 = 80— 60.
Thus the matrix identity reproduces the pointwise slope defect, including the entry 4 -4 = 16.

Proposition 7.5.3 (Chern—Weil identity for a saturated subsheaf). Let . C E be saturated of rank s, let
Z C X be its singular locus, and set

X°=X\Z, codimg(Z) > 2.
Then the orthogonal projection and second fundamental form on X° satisfy
(754) 2-7r-degw / TI‘ 7'L'S i Aw(FE lS / ‘ﬁ‘H(D 7.

If H is Hermitian—Einstein, equality of slopes holds exactly when the orthogonal projection extends to
a smooth Vy-parallel projection on E. In that case . is locally free and is a holomorphic orthogonal
direct summand.

Proof. By X° =X\ Z, codimg(Z) > 4, and xe € C°(X°),

a)l’l
0<qe <1, xe—1, /X\d(xg)yg,.ﬁﬁo

the determinant metric gives

(det(#)|x-

—det(S), xe—1) B2 2. 1. deg,(#) =1limi- [ e Tr(Fs) A .
el0 Jxe (n—1)!
n—1 n
2-n-degw(y):1imi-/ xs.Tr(FS)AL B3 Jim [ g Te(i- Ao(Fs)) - .
€J0 (n—1)! €0 Jxo n!

Te(i- Aw(Fs)) B2 Tr(ns- iAo (F)- ls) 1B13.0-
2-m-deg, (- / Tr(ms-i-Ap(Fg) - 15) - / \B\Hw —
Suppose now that i- Ay (Fg) = A - Ig.
(i-Ao(Fp) = A -Ig) 222 Tr(mg-i- Ag(Fg)-15) = Tr(A - Is) = A -s.

. B 2.7 U(E)
(l-Aw(FE) —A @) B = ol ()

Ho(.7) = =0 Bl p=0Ey=0, p=y=0E vy(zy)=

In a smooth local frame, wr1te VH = d +Apg. Then

Kﬂ

VH 71'5 =0 @ d TL'S = —AH'ﬂs—l—ﬂfS'AH, Hﬂg”op: 1= |d(7‘£5)| §2-|AH’.

Thus 7g extends continuously across Z, the displayed differential equation extends distributionally, and
repeated differentiation makes the extension smooth and parallel. Its image and kernel give the asserted
holomorphic orthogonal splitting. U
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Corollary 7.5.4 (The Hermitian—Einstein direction). If E admits a Hermitian—Einstein metric, then E is
polystable.

Proof. By . C E saturated, S = y\x\z locally free, codime(Z) > 2, and i- Ay (Fg) = A - IE,

, @
H,a)'ﬁ < ‘LLw(E).

2.7 -rank(.¥)
(Ho() < Ue(E) for every saturated . C E) L1z (Uo(7) < Ue(E) for every coherent . C E).

(Ho() < Ue(E) for every coherent . C E) E is semistable.
Suppose that E is not stable.

(. CE saturated, i-Agp(Fg)=A-Ig) = o () _”“’(E)_II/X\Z‘B

(E is semistable, E is not stable) L o < rank(.¢/) < rank(E), Ho() = lp(E).
o C o B2 rank(o) =rank(«/),  po(F) > fo() = to(E).

(E is semistable, Uy (o) > /,La,(E)) ZL3 uw(,;sz) = Up(E).
,uw(exz?j = U (E) E=d ®a™ holomorphically.

i-Ao(Fp) = [i.Awo(F'Qﬁ i-Aa)((;TQﬂH)] =4 [18? I,Q?OIH]'

(E =/ ®o/* holomorphically) B i-Ao(F ) =217 i-Aa(F7,) = 2171,

(i'Aw(FQ?):A‘I(Qf/v i'Aw(EQﬂH):A"I,QﬁH) @ Nw(%:#w(é{jfl):“w(lf)-
N

rank (/) < rank(E), rank(&/ ) < rank(E) = E = PEa..  Mo(Es) = lo(E), E,is stable.

a=1
N
(E = @Ea, Uo(Es) = Uo(E), E,is stable> L g s polystable.
a=1
Thus finite induction on rank(E) terminates. O

8. THE ANALYTIC UHLENBECK—YAU ARGUMENT

Let (X, @) be a compact connected Kéhler manifold and let E be a holomorphic vector bundle of rank

r. Write
_ 2-7- Uo(E)
Vol (X)
Fix a reference metric # whose determinant metric is normalized by

Tr(i-Ao(Fg)) =r-A,  Tr(i-Ao(Fg)—A-Ig) =0.

Proposition 8.0.1 (Reference determinant normalization). Given any Hermitian metric Ho, there is
v € C*(X,R) such that

A

H=exp(y)-Hy, Tr(i-Ap(Fp))=r-A.
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Proof. By Hy Hermitian, A =27 - g (E)/ Voly(X), and ¢{ (E) = [i-Tr(Fp,)/(2-7)],
i wnfl
<c1(E):[2 -Tr(F, ]) Blor.z. deg,(E)=1i- /Tr o) T

n

/Tr f]0 _1 @ /Tr Aa) HO)) %zzﬂdegw(E):rAV()lw(X)

/(Tr( Ao (Fy ))—r-l)-%zO@ Jy e C*(X,R).

/l]/ 0,  2-r-Ao(y) =Te(i-Ap(Fy,) — - A.
A = exp(y) - Hy @ Ag=Ap +IW) I = Fy=Fy +90(y))-Iz.
(Fg—Fp, = (0(W)) - Ir) 22 Tr(i- Ao (Fp)) = Te(i- Ao (Fy,)) —2-7-Ao(y) = r-A.
Thus a conformal change of the reference metric gives the stated determmant normalization. O

The positive-parameter continuity construction supplies the perturbed metrics used below. The argument
separates uniform metric control from the formation of a weak holomorphic projection.

8.1. Metric deformations and the perturbed equation.

Definition 8.1.1 (Metric endomorphism). For a second Hermitian metric H, its metric endomorphism
relative to H is the unique section

heC”(X,End(E)), H=H-h, h=H'-H.
ForV,W € E,,
HV.W)=H(h-V,W), ha=H0"n"-H=h, h>0.
The functions A" and log(h) are defined by the spectral functional calculus.

Example 8.1.2 (A complete rank-two metric endomorphism). Let

~ [2 0 6 2 A1 [%50
R - R
Then

~ 20 6 2 a1 |3 0] [6 2] _[i-6+0-2
e e e A R R U R R

The weighted adjoint is computed without suppressing either matrix product.

1

A1 *h_50'32'20

h=H H@hﬁ_[o J [1 2} [0 P
1 3

B — 3+01§2+0-2:§1.20.

03+11 0-241-2 1 2 0 1
3

Wi — 2+1 0 5-0+1-1 _ 3 1 _n

0 1-0+2-1 2 2
Moreover,

1242,
H_H-h@ﬂ-h_[z 0}[3 1}_{2-%0-2 2'1+0-2]_[6 2}_11.

(@) S1E

2402
2412

ol

0 1] |2 2 0-3+1-2 0-141-2 2 2
Finally,

det(h)=3-2—1.2=6-2=4,  Tr(h)=3+2=5, det(t-h—h)=2—5-1+4=(t—1)-(t—4).

Thus the two H-eigenvalues are 1 and 4.
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Let Ay be the Chern connection matrix of /. On End(E), define
VIO(h)=a(h) +Agy-h—h-Ay.
Fact 8.1.3 (Curvature change under a metric deformation). If H = H - h, then
(8.1.1) Ap—Ag=h"" V),  Fy—Fy =g (b -VO(h)).
Equivalently,

A

— Fg = Ogna(e) (' V() e (Fin)gj = (Fa)ay = Va(h ™" V(1))

Proof ByH=H-h,H ' =h~'"-H~ ', and Ay = H™! -8(H)
H=AnH '=n " A" Ay —n A 0@ R = B9 R+ R I(R).
VIORy=a(h)+Ay-h—h-Ay B2 Ay—Ay=h" Ay -h+h™"-9(h) L (A(h)+Ag-h—h-Ap).
(AH—AH:h*I-WO ) B33 Fy — Fy = Opnae (h ! Vlo(h))
Thus the curvature-change sign agrees with the dz¥ A dz/ coefficient convention. U

Definition 8.1.4 (Perturbed Hermitian—Einstein equation). For 0 < € < 1, a perturbed metric is
He=H -he,  he=ht >0,

and it solves

(8.1.2) i-No(Fu,) —A-Ig = —€-log(he).

Using the curvature coefficients fixed in the preceding sections, the complete local system is

He=H he Fu, = Fy + Jena(e) (h*1~@1’0(h )).

- (Fu, )z

€

n
(Fu, )z B8 i Ao(F) = —2- Z
j:
~1
£

00 M:

(Fi)ij = (Fp)z; + Vi (h (he>)

g/t [(Fﬁ)zzj + Vi (! -V,-(hg))} —A g +&-log(he) =0.

(ngE

¥

j=1k

Equivalently,

D=
D=

(8.1.3) 2.

1k

—_

J

Proposition 8.1.5 (Fixed determinant normalization). Suppose he = hy" > 0 solves the perturbed
Hermitian—Einstein equation and Tr(i- Ao (Fp)) =r-A. Then

det(he) =1, Tr(log(he)) =0
Proof. By ue =log(det(hg)), Tr(i-Ap(Fy)) =r-A,and i-Ag(Fu,) — A - Ig = —€ -log(he ),
(ue = log(det(he)), he = hgh > 0) B2 Te(n 1. V10 (he)) = Tr(hy ' 9 (he)) = 9 (ue).
he = he >0 B Tr(log(he)) = log(det(he)) = ue.
<FH8—Fg:95nd( (hs" 9" )) ELY Tr(Fy, — Fy) = (3 (ue)).
(i-Ao(Fi,) — A -Ig = —¢ -log(he), Tr(i Aw( ) =r-A) B2 Tr(i- A (Fy,) —i Ao (Fy)) = —€ 1.
Te(i- Ao (Fi, — F)) = i+ A (d N L 2 Ag(ue) = —€ e = 2 Aoy (ug) = € - te.
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ug(.xmax) >O:>2 Aw(l/tg)( ) <0<8 Mg(xmax)
Ue (Xmin) <0 =>2-Ag(tte)(Xmin) = 0 > € - tte (Xmmin)-
Hence u, = 0, which gives both asserted identities. ([l

Theorem 8.1.6 (Positive-parameter solvability input). For every 0 < € < 1, the positive-parameter
continuity method produces a smooth solution He = H - he of

iAo(Fi,)—A-Ip = —€-log(he),  he =hi" >0 B2 det(he) = 1.

This is the first analytic input in the Uhlenbeck—Yau continuity argument. The remaining issue is the
behavior of these solutions as € J. 0.

8.2. The bounded branch.
Theorem 8.2.1 (Elliptic compactness for a bounded perturbed branch). Suppose h; = h;’q > 0 satisfies
2. Z ngq Vs (n;! Vp(h))) =i Ao(Fy) — A -Ig +€; -log(h;), €10,

p=lg=
and assume that constants 0 < m < M < oo satisfy

Then, after passing to a subsequence,
sup (thHck(x,ﬁ) + (k! Hck(x,lfl)) <eo (k=0),  hj—>ho inC”
iz
This is the standard bundle-valued elliptic compactness input for the uniformly positive perturbed
system.

Proposition 8.2.2 (Convergence of a uniformly bounded branch). Ler €; | 0, let h; = he,, and assume

supsupTr(h;(x)) <M < co.
j>1xeX

Then a subsequence of Hj = H-h j converges smoothly to a Hermitian—Einstein metric H. satisfying
i-Ap(Fu,)=AIg.
Proof. By hj = h;ﬁ > 0,det(h;) =1,and Tr(h;) <M, let W;1,...,1;, > 0 be the eigenvalues of /;.

(h.i =h" >0, hj-eja=Wja em) Yy =Tr(hj) <M.
a=1
(i- Ao(Fi,) = A-Ig = —g;-log(h)), Tr(i-Ao(Fy)) =r-1) 22 [] e = det(h;) = 1.
a=1
0<tja<M, p,=[Jwp<[[M=M""  Te(h;")y<rm "
ba b

M <pa<M (1<a<r)) B My <hj<M-I;, M T-H<H<MA
The complete elliptic system remains

(i-Ao(Fu;) — A - Ig = —¢;j-log(h;)) Z Z V,(h))) =i-Ao(Fg) — A -Ig +¢€;-log(h;).

1
MY e <h; <M-I 10 @ h; n;! <C, >0
( E<hj<M-Ig, ¢ l0) || lleneem 15 lenx a1 (m = 0).

\VC
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hj — he in Cc”.
Ho=H he,  €-log(hj)—0=iAo(Fg, )—A-Ig=0
i*Ap(Fp)=A-Ig 660 H.. is Hermitian—Einstein.

Thus the bounded branch converges to the required metric. O
8.3. Spectral calculus and Sobolev control.
Fact 8.3.1 (Moving-frame computation). At a fixed point choose a H-orthonormal eigenframe e, ... e,
and its dual frame e',. .. e" such that
h-e,= U eq, ﬂ(ea,eb):5ab, e“(ep) = 0p.
Then
r r
h-ea:ua-ea@h:Zua-eaQ@e“, hG:Zuf-eaQ@e”.
a=1 a=1
If
R r N r
Vied) =) ec-AS, Ve =-Y A% e
c=1 d=1
then
(8.3.1) V() =Y d(ia) ea®e®+ Y Y (ta— ) A ec®e”.
a=1 a=1c=1
Proof. By h =Yy fla- ea®e”, V(eq) = Ti_y ec- A ¥(e) = — Xy A% e, and V(u@ ) = V(u)
n+uev(n),
r r r
Z .ua reg®e” +ZZ,Ua a'ec®ea_ZZ dea®e
a=1 a=lc= a=1d=1
fZZ'ua.A“d.ea@ed ZZHC Core.Qel.
a=1d=1 a=lc=
Combining the two connection terms gives the asserted formula. ([l

Example 8.3.2 (Multiplication of frame endomorphisms). For

B » [0 1 B ;oo
Ep=e®e =lo o Ey=e®e = 1 ol

the complete product is

E g — |0 1] [0 0] _[0-0+1-1 0-041-0] _[1 0] _ .
270 0] 71 0of T [0-040-1 0:0+0-0] |0 0] '

In general,
(ea®e?)-(ec@e?) =82 (e,@e?).

Example 8.3.3 (Complete computation of 4! - @(h)). For r = 2, the moving-frame matrices are

~1
h-e, = Uy eagh [ 0} hl:[ul 91}7

0 W 0
Sy | d) (2 — ) -A!
Vil = [(Ml —Nzl) ‘A% 2 d(lilz) 2] '

Therefore

("9 (n) B2 0 V(n) = {“ll 0 ]'[(u d () (.UZ_,Ul)'A12:|

0w 1= ) - A% d(p2)
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_ [ufl -d(l) +0- (1 — o) - A% ufl‘(uz—ul)-AIﬁO-d(uz)]
0-d(p)+py - (w1 — ) A% 0 (tr— 1) -Ala+py ' - d (o)

:[ Hyed () uf‘-(ulz—ul)A]z]_
' (= o) A% Hy ' -d(p2)
The positive quantity is the adjoint-contracted norm

—Zuﬂ |d(tha) |2+ZZua2 |1y — fal - |A% 5.

N 2
‘h*-Vh’
a=1b=1

Ho
Fact 8.3.4 (Energy estimate for a blow-up sequence). Ler €; ] 0, let hj = hg;, and suppose
Mj:supTr(hj(x)) — o, Ff;j:Mj_l 'hj.
xeX

For every fixed 0 < ¢ <1,

(83.2) ( h

g < Cs.
I lwre(x Ena(g)) = °

Proof. By 2-Yp X 1 8"7-Va(h' -V, (h))) = i-Ao(Fg) — A -Ip + € -1og(h)), M; = sup,cx Tr(h;(x)),
and hj = M; ' hj,
(hj:hjﬂ>o, M; = supTr(h;(x ) Bl 0<hj<Ilz,  supTr(h;(x))=1.

xeX xeX
(hj=hey, Tr(i-Ao(Fg))=r-A) =2 det(hj) =1, det(hj) = M;".

Testing the complete system by ’ﬁz_o and integrating by parts gives
(hj, i) B2 5. /Zng Te(h; ¥, (hy) - ¥4(22%)) - 2

p=1lq=
= [ Te((i- AaFy) = ATy + & Tog(hy) - 757) - .
ForO<x <1,
folx) == log(x),  fo(x)=—x*7""-(2-0log(x) +1),
1

fol) =0=x=exp(-5 ), 0= fol)< 57—
—¢&;-Tr(log(h;) - hzo):—e‘] -log(Mj) - Tr(hzo) g; - Tr(log(h;) - hzc’) <

,
2-e-0

At the chosen point let hj e, = Nj,a -eg.

au“] a au’JTb

.uj a ,LL b
Aja=Rjp = (V00)% =7 B (V7).

For eigenvalues x,y > 0 and 0 < ¢ < 1, the divided differences satisfy

2

X x0 —y°

L. -y >< M ) ’ x=y 2.6-292> g2 2072,
X=y X=y

(1) B (V5 = VAN (e # Hjp)-

Consequently,

(xl == (xoiy0>2>:f)": (i 0) - 9405 >

y p:] q:

2

V(hS)

Ao
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A~ 2 @ 0}
(o3 (o2
[ B, <G /‘h ‘H-n—<rVolw( ).
This proves the scale-independent Sobolev estimate. g

Fact 8.3.5 (Banach-Alaoglu and Rellich compactness). Ifv; € W'?(X,End(E)) and ||v;|w12 < C, then
a subsequence satisfies

Vj, = Ve weakly in W'?*(X,End(E)), Vj, — Ve strongly in L*(X,End(E)).
Proof. By ||vj|ly12 <C, W'2(X,End(E)) reflexive, and W' (X,End(E)) € L?(X,End(E)),
[villwia <C=vj, = vee in W2
W'2(X,End(E)) € L*(X,End(E)) = v}, — Ve in L*.
Thus weak Sobolev compactness and strong L*> compactness hold along one subsequence. ([l
Fact 8.3.6 (Adjoint-order trace—gradient inequality). For every h = h*a > 0,

Yot Xgo1 870 Tr((Va(h) " Vp(h)) X X187~ p(Tr(h)) - 95(Tr(h)) -0
Tr(h) (Tr(h))? B

Proof. By h=h*i >0, g’ = §,,, and h = diag(y, ..., it,) at the chosen point,

n

(h=diag(ur,....1). "= 8,g) =2 Z Y T TH(Fa(0) b o) = Y Y Y -9, ()2

q=1 p=la=1b=1

Y 10,(Tr(h
p=1

Division by (Tr(h))? gives the asserted inequality. O

Fact 8.3.7 (Trace nonconcentration). For the normalized blow-up sequence, set

uj =log(Tr(h;)) = log(Tr(h;)) —log(M;).
Then

1 1 "
uj <0, supu;(x) =0, A (u )>—f (Hz Ap(Fp) — A-IE||OP+>, /uj-—'Z—C.
xeX e X
In particular, every strong L* limit of Zf supplied by the energy estimate is nonzero.
Proof. By det(h;) =1, 2- Y1 Y1 8" - V(hi' - Vy(h))) =i+ Ao(Fg) — A - Ig + €; - log(h;), and
Tr(hj) > r, multiply the full endomorphism equation by #;.

A

hj-Va(hi -V (h) = Va(Vp(hj) = (Valhy)) btV (k).
Tr(hj-(i-Ap(Fg) —A-Ig)) +€j-Tr(hj-log(h;))

(h;,¥(h;)) B2 Ay (log(Tr(h)))) =

2-Tr(hj)
+ZZ:12":13”‘7'TT((%(}11))'hfl'@p(hj)) X1 X187 9p(Tr(hy)) - 0(Tr(hy))
Tr(h;) (Tr(hy))? '
n n 7 7 (1. 1.
(hj — h;‘ﬂ >0, gpt? > 0) @ szl Zq:l gpq.Tr((V‘l(hJ» h 1’( J> ’a(Tr( ))|w >0.

Tr(h;) (Tr(rj))> —
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Te(hj-(i-Ao(Fg) = A-Ig)) = = [li-Ao(Fg) = A -Igllop-Tr(h;), ~ Tr(h;-log(h Zujalog(uja)_—*

Boli) = Bal1og(Te0))) > =5+ AulFy) - wumi).

The Green estimate for a function with supy (u;) = 0 gives [y u;- %1 > —C. Jensen’s inequality then

yields
~ ~5y O" ~. 0" o"
(o<hj§15, 0<a§1) ELl /Tr(hq)-—E/Tr(hj)'—:/exp(uj)-—.
x 77 n! X n! X n!
" 1 ()
/Xexp(uj)'ﬁ ZVolw(X)-exp<Volw(X)/Xu] n‘> > 0.
Thus no strong L? limit can vanish. g

Theorem 8.3.8 (Uhlenbeck—Yau blow-up extraction input). Assume €; | 0 and
hj=he,=h" >0,  Hj=H-hj,  det(h;)=1.
Assume further that the complete perturbed system holds
2y Zg [ Fadan+ 938"V ()] = 215 + & Tog(hy) = 0.

p=lg=

If
M; =supTr(hj(x)) —> oo, hj:M;1~hj,
xeX
then, after one diagonal subsequence, the normalized powers have simultaneous limits

E?Aqg inw'2, E}T—>qg inl?> (6€Qn(0,1)).
The monotone limit
6]0:1(}138%, 7 =1Ig —qo
satisfies
g0 € W (X, End(E)), q0=qy" =4}, q0-9e(q0) =0, 0<Tr(m)<r almost everywhere.
It also satisfies the cutoff-limit inequality

(8.3.3) /Tr Fy)—A-Ig)) 7—/|

This is the second deep analytic input. The normalized energy estimate and trace nonconcentration
calculation above are its explicit preparation. The additional weighted cutoff estimate supplies the
o-uniform weak derivative control and the limiting inequality.

—>0

8.4. Weak projections and coherent subsheaves.

Theorem 8.4.1 (Weak projection from blow-up). Assume
€10, M = supTr(he,(x)) — oo.
xeX

Then there exists a nonzero proper projection
m € W (X, End(E)), T =n=nx’, 0 < rank(7) <r,
satisfying

(8.4.1) (Ig—m)-dg(m)=0 almost everywhere.
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Proof. By €; ] 0, Mj = sup,cx Tr(he;(x)) — oo, and h = Mj_1 - he;, choose one diagonal subsequence for
every rational ¢ € (0,1).

(Mj—>°°, zj:Mfl'hgj> @ ‘

70
h;

S C(y.
W12(X End(E))

~ ~ 0k
(Mj—)oo, h,:Mj—l-hgj) E17 /XTr(h;’)-Hzcc>O.

‘ii
~ ~ Nk -
<O<h§-’§IE, /XTr(hf)-n‘Zco>0>:0§qG§IE, 9d' = g6, 4o #0.
For rational o1,0, > 0 with 61 + 0, < 1,
T T*p 701 700 _ 70140
hj=h >0 B o g0 = poter,

(e

¥ <Cs B3 Ef — g5 inW'? Zf —5qgs inL?.

W12(X End(E))

1A A = Go, - oyl < A5 122 - 1452 = Goylliz + 155! = ga Iz - 190, 122 — O

4o, " 4o, = qo1+o0,-
For 0 < 7 < 0 < 1, the scalar inequality 0 < x® <x* < 1on0 < x <1 gives

(0<Z,-§IE, 0<T<G<1>%Ogﬁ;’gﬁfglgéogqo§qT§IE:>q0:liﬁ)1qg, =1l —qo.
O

do=q0=q5=q0=7T" =g —q0) =Ig—2-qo+qo=Ig —qo = T.
For a fixed rational o, € (0, 1), strong L? convergence and an almost-everywhere subsequence give

(hj=he,, Trli-Ao(Fg))=r-1) B2 det(hj) =1, det(hj)=M;".
det(gs,) = lim det(ﬁfo) = lim M; "% = 0.
J—reo J—roo
qg;/zm ={q4oy = ker(an/zm) = ker(QGO) # 0= ker(qo) # 0= qo # Ig.

~ Nk
</XTr(hf°)-n,Zcoo>0> B2 40 0, 40> qo, #0.

(0o =g, a0 =timao ) =2 g0 € W0 ER(E). 0+ 3elao) =0,

(Ie — ) - I () = qo - I (Ig — 90) = —qo - I (qo) = 0.
Tr(n) € W'2(X,Z), X connected = d(Tr(m)) =0, Tr(m) =, O<s<r
Hence 7 is a nonzero proper weak holomorphic projection. O

Example 8.4.2 (A complete rank-two projection limit). On a coordinate disk set

D=1+, s(z)—_l], n(z)—l-[l Z].

D |z |z
The projection identity is the full multiplication

R 1z
2
n —_ —_— .
(2) D? |z \zlz} [z Izlz}
_ 1 T4z lz+z P _ 1 [ D zZD
D2 |z-1+z)%z z-Z2+z>-|z*|  D? |z-D |z*-D

S dz [—z 1 [P -z
aE(n)_'[—zz z}’ IEﬂ_D'[—Z 1|

=7(z).

Moreover,
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e-m-3em =i [0 | 5]
di.[—zz-i—i—z-z z-z—zi}_[O O] iz

D 7?7 —z+z | |0 O]
Atz=2,
12 » 1 11422 1.242:4
”(2)5‘[2 4]’ 7(2) 25'[2-1+4~2 2.2+4-4]

_ 1 144 248] 1 1 2 —22)
T 25 (248 4+16| 5 |2 4| :

Atz =2, set T = 7m(2). Then
—m—i.| % 72
E _5 ) 11

and the determinant-one family has the full matrix

_ 1 4-m>4+m? —2.m*+2-m?
— 2. —_ —.
= (Ig =7) +m "> 7 5 [—2-m2+2-m2 m?+4.-m2
1
det(hm):25 (4 m? 4+m=?)- (m2+4~m72)—(—2-m2—|—2'm72)2]
1 25
—.[4 17+4 4-m*—8+4-mH ===
25[m+7—|—m —(4-m*—8+4-m™*)] 5%

(5-m*+5-m) =mP+m .

Qll\»—

For every fixed ¢ > 0,

]’l o
=z —Ip — Ig—(Ig—7)=m.
<Tr(hm)> BT E-Up—m=n

Thus the numerical projection is exactly the projection extracted by the normalized-power construction.
Theorem 8.4.3 (Compactness alternative). Let €; | 0 and let He, solve the fixed-determinant perturbed
equation. After passing to a subsequence, exactly one of the following occurs.

supsup Tr(he, (x)) < oo = He; — Hoo  smoothly, i-Ag(Fu,)=A-Ig,
j>1xeX

or

supTr(he;(x)) —> o= T=7"1 = m*, O0<rank(m)<r, (Ig—m)-dg(w)=0.
xeX

Proof. By M; = sup,cy Tr(he;(x)), det(he;) = 1, and M; € (0,0),
(Mj)j>1 bounded or 3(j¢)e>1 with Mj, — co.
(M;);»1 bounded 22 H, —s H.,  i-Ao(Fu) = A -1z,
(M;) ;=1 unbounded =5 M;, —s o0 = 7= 7% =72, O <rank(n) <r, (Iz—7) Op(n)=
These alternatives are mutually exclusive and exhaust every sequence. g

Theorem 8.4.4 (Uhlenbeck—Yau regularity for weak projections). Let T € W'?(X,End(E)) be a nonzero
proper projection satisfying

n=nt=n  (Ig—n) Jg(m)=
Then there is an analytic subset Z C X with codimc(Z) > 2 such that 7t is smooth on X \ Z and 7t(E)|x\z
is a holomorphic subbundle. Moreover,

0 almost everywhere.

F(U)={se€ OE)U) | r-s=salmost everywhere}
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defines a saturated coherent subsheaf .# C O(E) with torsion-free quotient and
Flx\z = n(E), rank(.%) = rank(7).

This theorem is the deep weak-holomorphic-map regularity input. The preceding matrix and Sobolev
computations establish its hypotheses.

8.5. Exclusion of blow-up by stability.
Fact 8.5.1 (Weak projection degree inequality). The projection produced by a blow-up sequence satisfies

(8.5.1) /Tr Fg)—A-Ig)) f—/l

Proof. By M = sup,y Tr(h(x)) — eo, hj = M; ' - hj, and 7 = Iy — limg o lim e, 19,

—>0

n

M —ron, m=lp—a0) [ Te(w- - NolFy) — A1) 27— [ e(m - 2

n! —

Thus the cutoff-limit input gives the asserted inequality. g

Theorem 8.5.2 (Destabilizing subsheaf from blow-up). If the blow-up branch occurs, the saturated
coherent subsheaf supplied by weak-projection regularity satisfies

0 < rank(.%) < rank(E), Uo(F) > Ue(E).
Proof. By F|x\z = %(E), 0 < rank(7) < r, and codim¢(Z) > 2,
(r=n%" =1 (Iz—n)-9s(n)=0) B2 Z|y,=n(E), codime(Z) > 2.
0 <rank(.%) =Tr(m) <r.
The fixed-metric weak Chern—Weil identity is

Il
(ﬁCEsaturated, Flx\z=n(E ) 5 1. deg, (F# /Trir i-Ay(F, ——/y .

IPRE

i-Ao(Fg)=A-Ig+(i-Ap(F, ) Adlg) =2 -mw-deg,(F)=A- rank( Z) - Voly(X)

+ [ Te(x (i Aa(Fg) =2+ 1)) 7_/, \Hwn,

(/XTr(n~(i-A A -Ig))- ‘;’ /yaE( o >o> EST 5. 7-degy, (F) > A -rank(.F) - Voly(X).

n
2-7 o (E)
= W&) = degy,(F) = rank(F E) B 1y(7) > po(E).
Thus every blow-up sequence produces a proper destabilizing subsheaf. (|

Theorem 8.5.3 (The Uhlenbeck—Yau converse). If E is stable, then E admits a Hermitian—Einstein metric.
If E is polystable, the stable-factor metrics combine to a Hermitian—Einstein metric on E.

Proof. By E stable, 0 <& <1,and ¢; | 0,
(Estable, 0<e<1) 22 g, —A-he,  i-Ao(Fu,)—A-Ir =—e-log(he),  det(he) =1.

(E stable, Hg; solves the perturbed equation) 63 (the branch is bounded or a weak projection forms) .
Suppose first that the blow-up branch occurs.

(supTr(hgj (x)) — oo) B2 o< rank(.% ) < rank(E), Uo(F) > Up(E).

xeX

(0 <rank(.%) <rank(E), Uu(F)> Uu(E)) ZLY , contradiction.
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supsup Tr(he; (x)) < oo Ea He; — Ho, i-Ao(Fu,)=A-Ig.

j>1xeX
Suppose now that

N
E is polystable L g @Ea, E, stable, Ho(Es) =Ue(E) (1 <a<N).
a=1

Apply the stable case above to every E,,.

. . L . 2.7 U (E, 2.7 Up(E
(H, is Hermitian—Einstein, Uy (E;) = Uo(E)) Bod i-Ao(Fu,) = Voli,t(z))(()a) Ag, = Volf(a;(()) Ig, = A -Ig,.
Fg, O 0
N N 0 FH 0
<E:@Ea, H:@Ha) 2 gy = ’ .
a=1 a=1 .
0 0 Fh,
A I, 0 e 0
0 ALy, - 0
i-Ap(Fy) = . o ] . =A-Ig 581 J is Hermitian—Einstein.
0 0 o A-Ig,
Thus stability gives existence and equal-slope direct sums give the polystable case. g

If Hy and H, are Hermitian—FEinstein metrics on a stable bundle, the standard convexity identity for
h :HO’1 - Hj gives

n

n n - _ 0)
0=2 /X Y Y g Te(Vigg g () b Vi () —- = Vi3 (h) = 0 = Vi (h) = 0.
j=lk=1 :

Stability makes every parallel holomorphic endomorphism scalar, so &2 = ¢ - Ig for some ¢ > 0. The two
directions are
(E admits a Hermitian—Einstein metric) =4 (E is polystable) .

(E is polystable) 633 (E admits a Hermitian—Einstein metric) .

Hence
(E admits a Hermitian—Einstein metric) <= (E is polystable) .

9. HEISENBURG GROUP

Definition 9.0.1 (Heisenberg Lie algebra). Let n be a positive integer, we denote the Heisenberg Lie
algebra by, as the real Lie algebra of dimension 2n + 1 generated by elements Py, ...,P,,01,...,0, and S
satisfy the following structure equation,

[Pijk]:Sij) (jakzla"'vn)v
[Py, P = 10,0 = [P;,S] =[0;,8] =0,  (j,k=1,....n),
where 5J~k is the usual Kronecker symbol such that Sjk =1if j=k & ik = 0 otherwise. Thus, b, is nilpotent
of step 2 (all third-order brackets [[X,Y],Z] vanish), and the linear span of S is both the center and the
commutator subalgebra of b,,.
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Definition 9.0.2. Define

O pr - pn s
0 0 - 0 q
bt ={m(p,q,s):p,qeR",seR},  m(p,q,s)=|: = - 1
0 0 - 0 g
0 0 - 0 0]

Fact 9.0.3. b/ is a Lie subalgebra of gl(n+ 2,R), and the map (p,q,s) — m(p,q,s) is an isomorphism
b — b,
Proof. Let a, B € R be constants, and to prove linearity of the map to show it is a linear subspace of
gl(n+2,R). Letx = (p,q,s),y = (p',q,s') and ¢ (x) = m(x) such that

ax+ By = (ap+pp’,aq+aq, as+Bs),

0 (ap+Bp)" s
= ¢(ax+Py) =m(ax+Py)= |0 Onxn (aq+B4q) |,
0 0 0
0 p' s 0 ()" s
=a |0 Opxn q +ﬁ 0 Ouxn (]/ :a¢(x)+ﬁ¢(y):Otm(x)+ﬁm(y),
0 0 0 0 0 0

proving linearity. Hence, h™ C gl(n+2,R) is a linear subspace. To show it is closed, it suffice to show
that it is closed under the Lie bracket of form [X,Y] = XY —YX. Let

[0 pl ] 0 (pH)T s
X :m(pa%s) =10 Ouxn ¢, Y :m(p',q asl) =10 Ouxn g/,
_0 0 0_ 0 0 0
0 p' 5] [0 ()" s 0 ()" s][0 pl s
= [X,Y]=XY—-YX=|0 Oupn q| |0 Ouxn ¢|—10 Oun ¢| |0 Ouxn ¢
o o o o o of [0 o oflo 0 o0

0-0+p"-0+s-0 0-(p)"+ p Opn+s0  0-s+pl-g+s-0
— 00+0n><n0+q() 0- (P)T n><n an-HIO 0’S+On><n‘q/+Q'0

=

~

0-0+0-0+0-0 0-(p)T+0-0,%,+0-0 0-s+0-¢4+0-0
0-0+(p)"-0+5-0 0-p" +(p')" -0psn+5-0 0-54+(p")"-g+s-0
— 0‘0+Oan'0+q"0 0- PT 0n><n 0n><n+q -0 O'S+On><n'q+q,’0
0-04+0-0+0-0 0-pT +0-0y5,+0-0 0-540-¢g4+0-0
0 (0)" p'-q] O (0)" ()4 0 (0)" p'-d =) q
= On 0n><n On - On On><n On = On 0n><n On
0 ()7 0 0 ) 0 0 (0,7 0

=m(0,0,p" ¢ — (p)" - q) € h™ C gl(n+2,R) is a closed linear subspace.
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Part 3. Seminar talksﬁ
10. SPINORIAL PERELMAN ENTROPY AND GRADIENT FLOW

Let (M", g) be a closed Riemannian spin manifold, let f € C*(M,R), let T > 0, and let XM denote the
complex spin bundle.

Definition 10.0.1 (Weighted spin geometry). Define

dQy = W -exp(—f) - dig, divs(ct) = exp(f)-div(exp(—f)- o).
Foru € C*(M,R) and y € I'(M,EM), define

Af(u) = M)~ (Vf.Vu) . Dp(w) = exp(f/2) - Dlexp(—f/2)- ).

1
(10.0.1) D(y) =D(y) ~ 5 -<(V) - .
The weighted spinor Laplacian and weighted curvatures are
AF(W) = =V*(V(¥)) = Vve(w),  Rics = Ric(g) +Hess(f),
2 2
(10.0.2) Ry =R(g)+2-A(f) — |Vf], = R(g) + V[, = 2-Ar(f).
Proposition 10.0.2 (Weighted integration by parts). For u,v € C*(M,R),
/MAf(u) v-exp(—f)-dug = —/M<Vu,Vv>g -exp(—f) -du,.
Consequently Ay is self-adjoint on L* (M ,exp(—f)d ,ug). For y,x € I'(M,XM), one also has
| Re((=85(w).20) -exp(—f)-dite = [ Re((V(). V())e)-exp(~)-dy
Proof. By u,v € C*(M,R), M = &, and div as in the displayed definition,
div(v-exp(—f)-Vu) =v-As(u) -exp(—f) + (Vu, Vv>g -exp(—f).
oM=0o :>/ div(v-exp(—f)-Vu)-duy =0 ot / Ar(u)-v-exp(—f)-dug = f/ (Vu,Vv),-exp(—f)-du.
M M M

Interchanging u and v proves self-adjointness. The same divergence computation applied componentwise
in a synchronous spin frame gives the spinor identity. U

Definition 10.0.3 (Perelman functional). Perelman’s .% -functional is
2
F(ef) = [ (R)+|VrL) - exp(—s)-du,
This is Perelman’s original weighted curvature functional [2].

Proposition 10.0.4 (Weighted scalar-curvature form). The functional satisfies
(10.0.3) F(e.f) = [ Ry expl(~f)-du.

6Based on lectures by Mu-Tao Wang, Aaron Chow [4] [6].
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Proof. By Ry = R(g) +2A(f) — |Vf|2, M = @, and weighted integration by parts,
| AU -exp(—f)-dy = [ (V£ 5(exp(=1),-dite = [ 1VF-exp(~F)-dte.
| Re-exp(=1)-due= [ (R(&)+2800) = V1) -exp(=f)-dite BB | (R(g)-+[V1F)-exp(~f)-dy
(/ Ry -exp(— dug—/( (8)+IVS13) - exp(— dug> @/Rf exp(—f) -dug = F (8. f)-

Thus the two forms of Perelman’s functional agree. g

Proposition 10.0.5 (Weighted Weitzenbock identity). For every smooth spinor y,

1
(10.0.4) Di(y) =—A%(y) + 1

Procf. By D;() = xpl/2)- DIexp(—f/2)- ). D(y) = V"(V() + Rlg) /4 and the weighia
efinitions,
D(w) = exp(f/2) - D*(exp(—f/2) - ¥).
exp(/2)- V*V{exp(~£/2) W) = ~&5(W) + ;- (M)~ V1) v

DA(y) = ~AHw) + - (R(e)+28(1) ~ [V/) - v T2 D3 () = ~aF(y) + 3 Ry w.

This is the weighted Weitzenbdck identity. O

Theorem 10.0.6 (Spinorial form of Perelman’s functional). For every smooth spinor y,
(100.5) 4+ [ D (W) -exp(~1)-dite — () = [ @VO)E+RA(IWP 1) -exp(~1) - dpe
This is the spinorial identity of Chow and Fong |1}, Eq. (1.1)].
Proof. By w e I'(M,XM), dM = &, and the weighted Weitzenbdck identity,
Ur(y) =exp(—f/2)-y,  De(y)=U; ' (D(Us(y))).
[ (D w).2)-exp(=1) - dpe = [ (DU W)U (1))
D=0"— [ (D;(w).2)-exp(~1)-dite = [ (w.D1(1) exp(~F) - dt.
4 [ 1DAW)P-exp(=f)-dug =4+ [ Re((D3(y),¥) - exp(~f) - die

1
D} (y) =—A5(y)+ Ry T2 4 | Dy(w)Pexp(—f)-dpg= | (AV(W)R+Re|w]) -exp(—f)-dp.

4 M M

F(5.0) BB (0.)= [ Ry-expl—)-dus
Subtracting the last equality gives the stated spinorial identity. U

Example 10.0.7 (A complete Clifford-matrix calculation). In an oriented Euclidean two-plane take

c(el):[_ol (1)] 0(62)2[(.) (’J v=3-e1+4-er.

i
Then

c(v)zs-c<e1>+4.c<e2):[ 0 3+4i]

—3+4i 0
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The full adjoint product is

* —3 4i 3+4i
() elv) = [3 4i ] [ 3440 ]
. [ (=3-4i)-(=3+4) o (3+4z —3-4i)-0] _[9+16 0
c(v)c(v) = [(3_40.0_{_0.(—3-}-41) (3—4i)- (3+4l) } a [ 0 9+16
Thus

| =251

c)*c(v)=(3-3+4-4)-L=9+16)-L=|v* L
Definition 10.0.8 (Perelman lambda functional). Define
Mo =int{ 7 (e.f) | e 0nB). [ explop)-dug =1}
For the weighted rough spinor Laplacian define

Ju IV ( )IZ'CXP(_f)'ng
i Af) ‘V?‘éfo Sy lwl?-exp(—f) - dug

Fact 10.0.9 (Perelman minimizer). The infimum defining A(g) is achieved by a smooth function f,
normalized by [,,exp(—f)dug = 1, and
Ry = A(g).

This is the variational characterization underlying Perelman’s entropy [2l].

Theorem 10.0.10 (Dirac and weighted-Laplacian identity). Let A;(D)? be the lowest eigenvalue of D*. At
the Perelman minimizer 7,

(10.0.6) A(g) =4-M(D)* —4-vi(=4%).
The identity is the spectral comparison in |1}, Section 1.1].

Proof. By [,,|w|*exp(—f)dug = 1, n = exp(—f/2) v, and the weighted Dirac conjugation,
/m|2-dug=/ WP exp(—f) - dp = 1.

Dy(y) = exp(£/2)- D) BB [ D) -exp(—1)-dity = | 1D dy

inf 4. / D (y exp(—f)-dyg:4-7Ll(D)2.
JulwPPexp(—f)du,=1
Ri=a(e) BB 40P ~2(e) = inf 4o [ V(YR exp(~f)-di.
Iu |‘V|2€XP(_f)d.“g:1
inf / V(y)2-exp(—1) - dpg T2 4-24(D)? = A(g) =4+ vi(—A%).
JulwPexp(=f)dug=1/M
Rearrangement gives the eigenvalue identity. g

Definition 10.0.11 (Spinorial Perelman entropy). For A € R, define
(10.0.7) Wi (g, f,y,1) = /M 4V + Ryl = 1) = A(f —n)) -dQy.
Perelman’s % -functional is
W(e.f.1)= [ (1(R()+IVIR)+f —n)-d2y.
This is the Chow—Fong spinorial entropy [1, Definition 1.1].
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Proposition 10.0.12 (Specializations of the spinorial entropy). The weighted Weitzenbdck identity gives
(1008)  Wale.f.y.0)= [ (@DWF = (R + VFE) = A(f ~n)) -4y,
If Df(y) =0, then

T
)L:1:>W1(gaf7W7T):_W(gafvr)v A‘:O:WO(gafauhT):_ n/zg(gaf)

(4-m-1)
At A =0and t =1, Wy is the normalized Baldauf-Ozuch spinorial energy.
Proof. By W, as displayed, D}(y/) = —A?(l]/) +Rry /4, and OM = @,

(D%<w>=—A§<w>+1wa, aMz@) R4 [ DR -d = [ (HYE+R Y P) -9y,

R

Wi (e, f; II/ﬂf):/M(4|Df(ll/)|2—T(R(g)+|vf|§)—/1(f—”l))'de-
Df("l’):oa )’:1Wl(gaf7W7T):_W(g7faT)'

(a0 = (@70 " Pexp(f)dpe) T2 [ Ry = F(2.f).

T
D =0, A =025 v St ) =———— - F(g, f).
/(¥) 0 WD) =~ P (s )
Setting T = 1 gives the normalized Baldauf-Ozuch energy. g
Definition 10.0.13 (Spinorial tensors). For a local orthonormal frame ey,...,e,, define
n
Vi =Y Re((w,cle;)-Dr(w))) -e;.

j=1
For vector fields X, Y, define
Se.fy(X,Y) =Re((Dr(),c(X) - Vy(¥) +c(Y) Vx(y))).
Fact 10.0.14 (Chow—Fong critical-point equations). Fix T > 0. Under the constraints

aQ; =1, / 2,40, =,
/M £ .MW! f

a constrained critical point satisfies, for constants o, B € R,
Ricls) + Lyyy 1, (8)~ 2 Sepy—ac-g=0.  Diy)=
2 TV T o 27T
T-Re+A(f—n)=21—a.
Thus the metric is a twisted Ricci soliton and the spinor is an eigen-spinor of D}. These are the constrained
critical-point equations in |1, Proposition 3.1].

B
4 W?

Definition 10.0.15 (Spinorial Ricci flow). Assume |yp|> = ¢ >0, [,,dQy =1, and fix T > 0. The
Chow-Fong flow is

dg . 2 )
(10.0.9) E-—2 (Rlc(g) + g1, (@)= Sory— o .g> .
of A-n 4 2
(10.0.10) 5= A R+ 5+~ Trg(Sep) + - div(Vy).
\V4 2
(10.0.11) o _ AS(y)+ VWl |

ot |w[?
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This is the coupled flow introduced in [[1, Definition 3.5] and discussed in the chalkboard lectures [?].

Proposition 10.0.16 (Pointwise spinor-norm preservation). Every smooth solution with |yy|> = ¢ > 0
satisfies

P)
(10.0.12) SV =a[), P =c

Proof. By 9,(y) = A% () + [V(w) 2w/ W% [wo|* = ¢, and V(w, y) = 2Re((V(y), ¥)).

2
s ),

2Re((A7(y), ¥)) +2IV(W)[g = Ar(JwP).

d
SV =2, vl =e=y(OF =c.

The last implication is the scalar maximum principle on the closed manifold. g

bl

Fact 10.0.17 (Chow—Fong constraint preservation and dissipation). Along every smooth solution with
JudQp = Land [y|* =,

/de:l, () =c.
M

Moreover
d
(10.0.13) EWl(g,f, v, T) = —/ (21| [;+8-|B|*) -dQs <0,
JM
where the two displayed terms are written completely as
. 2 A > V(y)le
M:Rlc(g)+$%fo%Vf(g)7;'Sgafﬂllizi,r'g’ %:Af(q/)+ |II/|2 :

Equality holds precisely when o/ = 0 and % = 0. The complete first variation includes the variation of
dQy; its cancellation with the three coupled flow equations is retained here as the principal analytic input
from Chow and Fong. The complete argument is |1, Proposition 3.6].

Fact 10.0.18 (Chow—Fong short-time existence). Let (go, fo, Wo) be smooth with |yo|> = c. If ¢ > t, the
DeTurck-gauged system is uniformly forward parabolic in (g, f, W) and has a unique short-time solution
with initial data (go, fo, Wo). If ¢ < 7, the (g, W)-equations are forward parabolic while the f-equation is
backward parabolic, and the short-time solution uses

800)=g0, vO)=w,  f(&)=/fo

The case ¢ = 7T is degenerate at the principal-symbol level. This is the short-time theory in |1, Theorem 4.1].
Lemma 10.0.19 (Stationary integral balance). At a stationary solution with |y|> = c and [,;dQs =1, set
A= [ DiwPdes  B= [ V(y)E-dey.

M M
Then

A
(10.0.14) (1_%)'A:n861 +B.

This balance is |1, Lemma 3.7].
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Proof. By d:(g) =0, d;(y) =0, |y|> =c, and [,,dQ; =1,
V(w)lz
Y
c
1 c
( Hw) = 85w + Ry, [P =c) =Bty /M Ry-dQy.

The tensor definitions and weighted integration by parts give

/M (diV(Vf)-i-Trg(Sg,f?W)) ‘delglz'/”ADf(W)P.de =2A.

A () =0 A% (y) = —

a(g) =02 0= R(g)+A(f) - %div(Vf) - %Trg(gg,fvw) _ ';i
/A/I(R(g)—i-A(f))-de@/M(R(g)—|-]Vf’ﬁ).dgf.:/MRf_de.

4 2
(/ (div(vf)+Trg(sg_f_w)).dgf:2A> :>/ Rp-dQs=—. A+ ™2
M o M T 27T

4 2
A=B+S (2442 :(1—5)A:B+”C .
4\ 1 27T T 87

This is the stationary balance. g

Corollary 10.0.20 (Stationary points in the forward regime). At a stationary point with ¢ > 7, |y|* = ¢,

and [,,dQ s =1, one has A <0. If L =0, then
V(l]/) =0, Df(ll/) =0, V=0, Ric(g) =0.

This is the forward-regime conclusion in |1, Corollary 3.8].
Proof By c>1,9,(g)=d(f) =(w) =0, |y]>=c,and [,,dQs =1,
c n-c-A
(@) =) =aw =0, [yP=c) TP (1=5). | py(wP-ae,=""+ [ V(w)-aay.
M T M
e>t=1-5<0, /|Df<w)yzdgfzo, /’V(W)|§dﬂj‘20:>l§0.
M M
r=0— (1-2) | IDi(y)Pas = [ |V(y)Raes — D;(w) =0, V(y)=o0.
1
Dy(w) =D(Y) = 5e(VAY, DY) =0, |yf=c>0=E vr=0.

2@ =02 -0,  Dy)=0Fy, =0, s5,,,=0
(;z% =0, Vf=0, Vy=0, Sery=0 A= 0) = 0=/ =Ric(g) + %(g) —0—0=Ric(g).
Thus a zero-sign stationary point in the forward regime is Ricci-flat with a parallel spinor. g
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11. CALIBRATING FORMS FOR MINIMAL GRAPHS
Let Q C R" be a domain and let Q i> R™ be smooth. Write
F=(f1,--,fm)s 1p(x) = (x, F(x)), Y =17 (Q) C R,

Definition 11.0.1 (Minimal graph). The induced metric and volume form of the graph are
m
Ge=8u+ Y 3(f) %fu)  G=lgallyrs  g=det(G),
o=l

voly, = \/§~de A Ndx".
The graph is minimal precisely when every component satisfies

(11.0.1) Z aj(\/g.(G*I)f"-ak(fa)):o, 1 <a<m.
J=lk=1

Definition 11.0.2 (Calibration and comass). For an n-form ® on Euclidean space, define

n

k=

comass(®) = sup{|®(ey,...,e,)| | e1,...,ey is an oriented orthonormal frame} .
The form O is a calibration when
d(®) =0, comass(®) < 1.
An oriented n-submanifold X is calibrated by ® when
Oy = voly.
This is the calibration framework of Harvey and Lawson [3]].

Proposition 11.0.3 (Calibration implies area minimization). If X is calibrated by ®, then ¥ minimizes
area in its homology class. This is the fundamental calibration inequality [3l].

Proof. By d(®) =0, comass(®) < 1, and B|y = volg, let Y’ — X = dC.

//®_/z®:/ac®:/cd(®>:0'

Area(X) = / voly 22 Area(X) = / 0=/ 6.
> > ¥/
comass(®) < 1 Qo2 / C) S/ volys = Area(Y).
¥/ ¥/

Thus every homologous competitor has at least the area of X. U
Example 11.0.4 (Classical calibrations). On CV, the Kihler form
i
0= ;dzfAdzf
]_
satisfies the Wirtinger inequality, so @* /k! calibrates each complex k-fold. For ¢ € R,
Re(exp(—i- 1) dz A AdZV)
calibrates the special Lagrangian N-folds of phase 9.
For a hypersurface graph y = f(x), set
_dx' A Adx"+dy Axd(f)
VIV '

Then every multiplication in the pullback is explicit
U (dy Axd(f)) = d(f) Axd(f) = [VfP-dx' A A,

o(f)
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1 | J|2 1 VvV dl d
l*@f = .dx /\/\dxn_ 1+ f2, 5 AVARERIAN xn-

Moreover

= iv 7Vf =
dO(f))=0<=d (W) 0.

Thus the usual minimal-hypersurface equation is the first case of the calibration construction.
Definition 11.0.5 (Graph linear algebra). At p = 1x(x), write
Ap =d(F)|, e R™", Gy=15+A, A, Hy=1In+A, A,
Define isometries
L, = (G,"?v.4,-G,"v) e Tz,
L (w) = ( —AHy w,Hp_l/z-w> €N, Zp.
The graph-normal map is
(11.0.2) Jy=LyoA,oL," € Hom(T,Zr,NpLF).
Lemma 11.0.6 (Sylvester identities). For every A € R™*",
det(l, +A*-A) =det(l,, +A-A"),
(In+A-A)"'=1,—A-(I, +A*-A)"1. A%,
(11.0.3) (In+A-A)" VA=A (I, +A*- AL
Proof. ByAe R™" G=1,+A"-A,and H =1,,+A-A",
H-A=(,+A-A") A=A+A-A" A=A -(I,+A"-A) =A-G.
H-A=A-G=H"'A=A.G".
H-(ly—A-G VA =1,+A-A"—A-G 1. A" —A-A"-A.G'-A".
H (In—A-G A =1,+A-(l,-G ' = (A" A)-G ") A" =1, +A-(I,-G-G ') - A" =1,.

The determinant identity follows by multiplying the nonzero singular-value factors 1+ ljz on both
sides. U

Example 11.0.7 (A complete graph-matrix calculation). Take n =m =2 and
1 1 0
F(x'x?) = (xl 2x2) A=d(F)= [0 1] .
1
A*.A:[l 0}[1 ] [1 1+0-0 1-040 %]:[1
2

o% 5] 101430 0-0+5-

{ I 8- 3

Then

)
Bl— O
| I

G=hL+A"-A 2 (5) H=L+A-A"= 2 (5)
0 3 0 S
5 10 5 5 5

This verifies the determinant identity and will give an explicit calibrated graph below.
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Definition 11.0.8 (Tsai-Wang form). Fix p € X, choose an oriented orthonormal basis ey, ... e, of
T,XF, and define an operator on forms by

n

b
P(E) =) (Jn(e) Ate;(6)-
j=1
Set
¥O(F) = volg,, W(F) =% (voly,) (1<¢<min(n,m)).

The Tsai—Wang n-form is

min(n,m) , /-1

_ g0

(11.0.4) O(F)=Y(F) — 1;2 (-1) S
Each W!(F) is extended from Zx to Q x R™ by parallel translation in the R”-direction. Thus @(F) is an
ambient form whose exterior derivative and comass are defined on the whole graphical cylinder. Thus

mm:ww%;wﬂ+%@wy%wWHm-

This is the form introduced in [4, Definition 2.4] and presented in the chalkboard lecture [?].

w(F).

Proposition 11.0.9 (Singular-value form). A p € Xr, let r =rank(d(F)|,), choose singular frames with
Jplej) =Ajens; (1<j<r), A =-2>4>0,
and let ®',..., "™ be the dual ambient coframe. For % C {1,...,r}, define
ny=e" (jes), =0 (j¢S),

Ay=nl Ay

Then
(11.0.5) OF)=0'ANo"= Y (-Di(-1) ¥ <H /lj> Ag.
(=2 Il,...r} \jes
|7 |=t

This is the singular-frame expansion in [4, Eq. (2.10)].
Proof- By Jp(ej) = Aj-entj ¥(§) = X1_ (Jp(€))) Ao, (§), and ¥O(F) = @' A+ A",

PRy =0 Y (HAJ-)-M.
I,y \Jes
| #1=t

¢F)y =0y (ij)-Af @]®(F)ZwIA"'Aw"—i(—l)é(f—l) )3 (H/l,
Lt}

J{L,.. a4 (=2 FJ{L,..r} \JES
|| =¢ |.7|=¢
This is the singular-value expansion. U

Proposition 11.0.10 (Restriction to the graph). The Tsai—Wang form satisfies
®(F)|Ep = VOIEF .

).M.
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Proof. By J,(T,£r) C NpZr, (J5(e;))’|1,5, = 0, and the definition of P,

n

T(§)|TPEF = Z(Jp(ej))b|TpEF Al@j(é) =0.

j=1
1 < ¢ < min(n,m) = W (F)|r,z, =0.
(‘Pé( )\TZF =0 for 1 < ¢ < min(n,m > g O(F ’TPZF = ( )’TpZF = volg, |p.
Since p is arbitrary, the restriction identity holds globally. ([l
Proposition 11.0.11 (Coordinate form). Let

hap =Oap+ Y, 0i(fa)-9i(fp),  H=lhaplyp_y,  h=det(H).
j=1
Then
(11.0.6) O(F)=Vh- (Te(H ") —(m—1))-dx" A Adx"+ Y Y dy* AvVR-(H")*P - xd(fp).
a=1p=1
Here x is the Euclidean Hodge star on R". This is the coordinate representation in [4}, Proposition 3.1].

Proof. By a singular-value decomposition of d(F), the singular-value form of ®(F), and the Euclidean
Hodge star, set q = min(n,m), put A; = 0 after the rank of d(F), and choose orthonormal coordinates with

d(F)(aj)=Aj-bj (1<j<q),  9di(fa)=A; Oj

When n > m, introduce dummy b; and y/ for j > m, with A ; = 0. The paper’s oriented tangent and normal

frames are
_aj+7Lj-bj e _—lj'aj—kbj

€j = ) n+j —
,/1+/1j2 1/1+7Lj2

Ak = dx' A AT AT A A, (ddk) = (1) dak,
the expansion of the defining finite sum gives

(1<j<n).

For

(11.0.7) (0;(fa) = A;- 5a,, A; = 0 after rank(d(F))) 2 ©(F) = @y(F) + 0, (F).
12
2 J n
‘/ 1+/1 ( J;l /1/2> dx' A+ Ady",
q *1 —
l—i—lz Z dyk/\dxk.
On the oriented tangent frame, every factor is Vlslble
,1}_2 n ;Lz
(@o(F)+O1(F))(er,....,en) = 1=y 1+M+Z 1+/12

For 2 </ <rank(d(F)), evaluation on the frame with its first £ tangent vectors replaced by normal vectors
gives
(O0(F)+@1(F)) (€ns 1. remstrersts-ren)

n 212 I4 14 A Héf ~2 n 22 14
=(1—21;12)-H<—xk>+21+’12 e 3 s TR
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l 2 14 1

Hlk< ZHJ)@ X;%)_(—l “Hlk

These evaluations agree with every coefficient in the singular-value form. The two dlagonal graph matrices
are

14+ A7 02--- 0 1+ A} 02--- 0

o I A

0 0 . 1A 0 0 - 1422
(1+47) 0 0
det(H Im]1+/12:n1+7t =det(G), H'= 0 (”@ ?
“ = 0 0 (1+)12)

(det(H)=h, Aq=0foro>q)== Vh (Te(H ")~ (m—1)) = ]£[(1+7L2 < y )

= ]

m m n A
Y Y ay*avh-(H P xd(fp) = 1+12 Z - dy* A dak,
a=1p=1
The last two displays reproduce @ (F) and O (F), so orthogonal invariance gives the coordinate formula
in the original frame. 0

Theorem 11.0.12 (Closedness and the minimal graph system). The form O(F) is closed if and only if ¥
is minimal. This equivalence is [4, Theorem 3.3].

Proof. By the coordinate form of ®(F'), the Sylvester identities, and the definition of the induced metric,

Vi= V&, Z B 9i(f5) = Y (G-l fu).

k=1

d(\/E(Tr(H’ )— (m—1)) .dxlA-.-Adx") —0.
) 2 d@(F) =~ Y. Y. v nd(Vi- (1) wd(fy))
a=1p=1

n n

d©(F) =0T ¥y ¥ 9 (@-(G*)/‘k-ak(fa)) —0 (1<a<m).

j=lk=1

(Z Y 9 )0k (fa)) = ) TLT 5. is minimal.

j=1lk=
Thus closedness is exactly the minirnal graph system. U

Definition 11.0.13 (Two-dilation). Let A; > A, > --- > 0 be the singular values of d(F). Define
| A2d(F)| = A o,
with value zero when rank(d(F)) < 1. The map F is area-non-increasing when || A2d(F)|| < 1.
Lemma 11.0.14 (Comass of a block two-form). For
a=a o'N0*+b Ao
on an oriented Euclidean four-space,

comass (o) = max(|al, |b|).
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Proof. By o', ..., * orthonormal, a,b € R, and the skew matrix of «,
0 a 0 O] 0 —a 0 0
_|=a 0 0 0 T a 0 0 O
K=10 0 0o s> X =]o 0 o b
0 0 —b 0] 0 0 b O
0 a 0 0] [0 —a 0 0 a 0 0 0
K.kT— | ¢ 0 0 O a 0 0 O _ 0 > 0 0
0 0 0 b 0 0 0 —b 0 0 » 0
0 0 - 0] |0 0O b O 0 0 0 »?
comass(a) = ||K||op = 1/ max(a?,b?) = max(|al,|b]).
This proves the comass formula. g

Theorem 11.0.15 (Codimension-two calibration). Ler Q Ly R? have a minimal graph. If
IAZd(F)| =A% <1,

then O(F) calibrates Xf, and L is area-minimizing. This is the codimension-two criterion in [4}
Theorem 1.4].

Proof. By r minimal, A;A, < 1, and the SVD frame o', ..., ®"2,
% is minimal 222 4(®(F)) = 0.
n=1=rank(d(F)) <1 T @(F)=w',  comass(®(F))=1.
(n=1, d(O®(F))=0, O(F)|g, =volg,, comass(O(F))=1) Q52 O(F) calibrates L.

O(F) calibrates L O8I 5 - is area-minimizing.
Assume henceforth that n > 2. Then

O(F) I o(F) = (0' A* —MAr- 0 AR AP A A 0"
The terminal wedge is interpreted as 1 when n = 2.
comass(@(F)) l@]comass(G(F)) =max(1,414;) = 1.
O(F)|z, =voly,, d(O(F))=0, comass(®(F))=1 ao2 O(F) calibrates .

O(F) calibrates Lp O8I 5, s area-minimizing.
Thus the two-dilation bound promotes minimality to area minimization. ([l

Proposition 11.0.16 (Explicit codimension-two form). Write F = (f,g) and set
E=(1+|V/P)(1+|VgP) — (V£ Vg)*.

Define
Ao =1—|VfP?|Vg]*+(Vf,Vg)?,
By = (1+|Vg[*)-*d(f) — (Vf,Vg)-xd(g),
By =—(Vf,Vg) - #d(f)+ (1+|Vf]*) - d(g).
Then
(11.0.8) O(F) = \1F (Ag-dx' A---AdxX"+dy' ABy +dy* NB).

This is the explicit formula in [4, Eq. (1.3)].
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Proof. By m = 2, the coordinate formula for ®(F), and
e [1 +IVFP (VS Vg>]
(Vf.Vg) 14|Vl

det(H) = (1+ IVflz)(l +|Vgl) = (Vf,Vg)? =E.
gL [1+!Vg!2 —<Vf,Vg>]
E|—(Vf,Ve) 1+|Vf? |

T A

1+|Vf24+1+|Vg?—E

"]

VE-(Tr(H ) —1) = NG =
ion. ]

Substitution in the coordinate form gives the displayed expression
Example 11.0.17 (An explicit calibrated plane). Continue the complete matrix example with

1
flxt,x?) =x!, g(x!,x?) = Exz, sdx! = dx?, wdx® = —dx".
Then
1 1 5 5
VIP=1 NPl (VAVE =0 z=<1+1>(1+ )=23-3
1 3 N, 5, | .
Ag=1—-1--+0=—, 1 dx” = —-d (1+1) -
0 4+ 1 ( +4> X 1 x°, + <2 >
2
@ \/g (idxl Adx® + %dyl Adx? —dyzAdxl> .

Along the graph,
* * 1
(dyh) =dx',  1p(dy?) = Sdx’.

lp
3 5 25 5 1 )
+ >dx /\dx—\/gzd /\dX—\/g-dx ANdx®.

det(G) = g B8 voly, = \E -dx' NdxP = 11(O(F)).

Moreover F is linear, so every second derivative vanishes and the minimal graph system is zero term by

term. Its singular values are 1 and 1/2, hence
1 1
| A2d(F)||=1- 3=3 <1228y, s area-minimizing.
> .- > A >0, and define

Fact 11.0.18 (Tsai-Wang comass estimate). Let r =rank(d(F)) > 2, let 1

Ay= max A 2<0<r).
¢ I{1,or <]I€_lf ) ( - _)

7=t
((cos 9)' + i Ae(L—1) <2> (cos ) ~*(sin®¥) ) .

comass(@(F)) < max
0<9<m/2 =

Then
(r—1)"2 for all j < k, the right-hand side is at most one. This is the quantitative comass bound

If AjA <
in (4}, Proposition 4.3].
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Theorem 11.0.19 (Arbitrary-codimension calibration). Let X C R"™™ be a minimal graph and set
r = sup (rank(d(F)|y)) > 2.
xX€Q

If every pair of singular values satisfies

Ajdg <

(r—1)2
then O(F) calibrates L, so Xp is area-minimizing. This is the arbitrary-codimension theorem in [4,
Theorem 4.4].

(1<j<k<r),

Proof. By Ly minimal, the pairwise singular-value bound, and the Tsai—Wang comass estimate,
% is minimal 222 d(@(F)) = 0.
p=1p(x), s =rank(d(F)l;) <r, s<1 @comass (F)|p) =1.
Suppose s > 2. Then

A <

:>Ag§

1 < 1
(r—1)2 = (s—1)?

Indeed, multiplying all ( ) pairwise bounds gives

-1 1\ 1\
jeS JjeS

The bounded binomial sum is

sy
Lo
For x = cos(¥) and y = sin(%),
0<x,y<1=2x"<x’ XhH <y (2<e<s).

(Ag <(s—1)7" P4yr= 1) @comass(@(F)]p) <xPHy'=1.

Since x is arbitrary, comass(O(F)) < 1.
(F € C*(Q,R™), O(F) is the Tsai-Wang form) et O(F)|z, = voly, .

(d(O(F)) =0, comass(®(F))<1, O(F)|g, =volg,) e O(F) calibrates Lr 00 5 r is area-minimizing.
This proves the arbitrary-codimension criterion. t
Fact 11.0.20 (Weak Lawson—Osserman consequence). Let F = (fi,..., fm) be locally Lipschitz. Write

gjk = Oj+ i di(fa) k(fa),  G=l[guljs1,  §=det(G).

a=1

It is a weak solution of the minimal graph system when, for every ¢ € C*(Q,R) and 1 < o0 < m,

(11.0.9) /ZZ\[ DK 9 (fo) - 95(@) -dx' A+~ Adx" = 0.

jlk

Set
r = esssup (rank(d(F)|y)) -

xeQ
Ifr <1, ifm=2and || N*d(F)|| < 1 almost everywhere, or ifr > 2 and

Aj < (r—1)72 (1<j<k<r)
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almost everywhere, then the graph current of F is locally mass minimizing. It is therefore stationary, and
the Tsai—Wang regularity theorem implies

F e C7(Q,R™).
The proof uses the locally real flat-cochain representation of the weakly closed L™ calibration, a higher-

codimension Bernstein theorem, and Allard regularity. These three results are analytic inputs here. The
weak formulation and regularity conclusion are |4, Proposition 5.1 and Corollary 5.2].
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Part 4. Appendix
APPENDIX A. FOUNDATIONAL TOOLS
A.1. Scale and Shape in the Trace-Gradient Defect.

Definition A.1.1 (Trace-normalized shape). Let E — X be a rank-r Hermitian bundle with unitary
connection D, and let & = h* > 0 be a positive endomorphism. Define
(A.1.1) s =Tr(h), g=s'-h, g '=s-nl.
Then ~
det(h) ~ h h
y h= ef -h — = —.
(Tr(h))" Tr(h)  Tr(h)

Theorem A.1.2 (Projectivized trace—gradient identities). Let gj’; be the inverse coefficients of a Hermitian
metric on the base. For h = h* >0, s =Tr(h), and g = h/s, one has

= Z Zg"‘ Te((D;(h)) b~ - Dy (k).

Tr(q) =1,  det(q) =

= i;gjk~Tr((D;;(h)) hH-Di(h), Y(h) = Z Y ¢ -0;(Te(h)) - (T (1)).

o) G0
Tr(h) (Tr(h)) st
The reversed adjoint order satisfies

A(h) D)
Tr(h)  (Tr(h))? X )¢

(A.1.2) P, (h) =

(A.1.3) D (h) =

Both defects are invariant under h — e/ - h.
Proof. Byh=s-q,h "' =s7'-¢g7!,and Tr(q) = 1,

Dj(h) =0dj(s)-q+s-Dj(q),  Dp(h)=0d(s)-q+s-Dp(q),  Tr(Dj(q)) =Tr(Di(q)) =0.
The complete first ordered product is

(Dj(h))-h="-Dy(h) = (9;(s)-q+5-Dj(q)) -5~ g~ (G(s)-q+5-Di(q)).
(s

0y )yl = P K 4 5,65). i)+ 4(5)-Da) +5-Dyta) -4 - Dila).

Taking the trace removes both mixed terms and gives
_ di(s) - o _
To((D; ) -~ -Dg() = 2 1)) D))

Te((D;(h))-h™" - Dy(h)) — 9;(Tr(h)) - F(Tr(h))
s () (Ti(h))?
At a fixed point choose coordinates and a unitary frame satisfying

g]k Ojk, g = diag(vy,...,v,), v, >0, Bj=Dj(q), D+(q) = B’.

n r

Tr(Bj-qfl-B;‘-):Z zr:vl;l >>0,

1 j=la=1b=1

-

J
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which proves the forward identity. Reversing the first and last factors gives

r

n n r
_ZITr<B§-q‘1-Bj>=_ZIZZ vl |(B) %2 >0,
j= j=la=1b=1

and the same four-term expansion proves the reverse identity. Finally g(e/ - h) = g(h), so both defects
ignore scalar rescaling. U

Corollary A.1.3 (Exact spectral remainder and equality). At a point with
-
g]k 5]/(7 h:diag(.ulv"'mur)v Bj:Dj(h)7 §= Z.um
a=1

the forward defect equals

n 1 r B .
oL =Y Y )

j=1 a,b=1

a#
=1 Mo K ?
Y=Y 5 - R
j; S2 1<a<b<r Ha ! Hbp !
(A.1.4) D, (h) = 6 (h) + ¥ (h).

The reverse defect replaces L, Uby u; ! in the off-diagonal sum. Equality holds if and only if D(q) = 0,

equivalently
D(h) = d(log(s)) - h.
If det(h) is constant, equality holds if and only if D(h) = 0.

Proof: By s =Y, Ha, Bj = ((Bj)ub)z.,b:v and h~! = diag(lil_ oo by

s.iugl-\xaf— zr:xa ”%- 1/“” - Xp
a=1 a

a=1
Indeed, the coefficient of |x,|? on the right is

r —
Hp s~ Ha :S'.Ua_l—L
b=1 Ha Ha
b+#a
and the cross terms sum to —2-Re(¥|<,<p<,¥4Xp). Apply this identity to x, = (B;)%,, separate the terms
with a # b, and use

1<a<b<r

(ta = (B))as a# b) BB 9,(h) = 6,(h) + ¥/ (h).

defect =0 212 D(g)=0 Bl D(h) = d(log(s)) - h.
det(h) constant, D(h) =d(log(s))-h==0=d(log(det(h))) = Tr(h~'-D(h)) = r-d(log(s)) = D(h) =0.
The converse is immediate. g

Corollary A.1.4 (Kéhler r1g1d1ty of equality). Let ® and ® be Kiihler metrics and h = G~ - G. Compute
the forward defect with D = V. If n > 2 and it vanishes at p, then V'"°(h)(p) = 0. If n = 1, the defect
vanishes identically.
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Proof. ByD =V, G(p ) =1, a( G)(p) =0, and G(p) = diag(Ai, ..., A),
P (h —0 &L 0i(845)(P) =c¢j-8.4(P) (1<j,a,b<n).
For fixed j, choose a # j and set b = a. Kihler symmetry gives
¢j-Aa=Cj 8aa = aj(gaﬁ) @ aa(gja’) =Ca-8ja=0.
Thus ¢; = 0 for every j, and V'-0(h)(p) = d(h)(p) = 0. If n = 1, then g = h/Tr(h) = 1, so the projectivized
identity gives zero directly. U

Example A.1.5 (A complete rank-two defect computation). Take

40 S_[; 0 (4 2 . 4 3
=l o] =l x=f A e=f A

The complete multiplication is
4 2][; o] [4 1+2-0 4-0+2-1}_{
3 —1] |0 1 3.1 4(=1)-0 3-04+(=1)-1]
2 4 31 | 1-4+2.2 1-:342-(—1)
S ) TR
Since Tr(h) = 5, Tr(X) = 3, and Tr(X - h~! - X*) = 45/4,
Te(X-n~'-X*)  [Te(X)P? 45 3.3 225-36 189
Tr(h) (Tr(h))> 45 5-5 100 100°
The spectral remainder reproduces the same number entry by entry,

iy

Corollary A.1.6 (The positive remainder in the Aubin—Yau computation). For h = G- G and q =

h/Tr(h)’ n n n n
B (h,F) = Ao(F) =S+ Z YY ¥ &Ry,

X-hlz[

X-hl.xr= F
4

—_
I
1
— 0
&5 —
| IS

9 16 80+45+64 189

1 |27 132 7
20 25 100 100

5 T+* *+*

j=lk=1p=1m=1
% n )
(A.1.5) Ao, (log(Tr(h))) = o F) | Y Z g* Te(Vi(9) a7 Vilg)).
j=lk=

Thus the trace-gradient term measures only variation of the normalized shape q, not scalar variation of h.

Proof. By p € X, G(p) =1, 8(@)(1)) =0, T =Tr(h) > 0, and Ay, (log(T)) = T*IA%(T) —
T7210(T) |5, 9= /T,

80, (7) =2 Aw(”‘“iki Y % Ry, W Y YT 0) 350
(T3 noono . .
= Zlng”‘ Tr(( h_l-ak(h))—‘(Tzq’ = Zlkzlg’k-Tr((Vj(q))-q_l-V/;(CI))-
J j=lk=

Substitution gives the claimed projective-remainder formula. g
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A.2. Exact Real (1,1)-Forms. Only the real (1, 1)-case of the dd-lemma is used in the main notes. In
that case a Poisson equation and one primitive-form identity give a short proof with every normalization
visible.

Lemma A.2.1 (Trace-wedge identity for a real (1, 1)-form). Let

i . -
a:E-ZZaﬂ;-dzj/\de, Aw(a):ZZg-’k-aj,-(.
j=lk=1 j=1k=1
Then
wnfl
(n—1)!
Proof. By p € X, G(p) =1, and oy, = (i/2) - dz" NdZ™,

o™ '(p)

(n—1)!
Every off-diagonal term of & repeats one holomorphic or antiholomorphic differential and vanishes after
wedging. Therefore

(A.2.1) an

:Aw(a)~ﬁ.

n
= Zal/\"‘/\@/\"‘/\an-
m=1

an i) = B e o, = Aafp): L
Since p was arbitrary, the identity is global. U
Lemma A.2.2 (Primitive (1,1)-star identity). If B € Q" (X,R) and Ay (B) =0, then forn > 2,
wn—2
(A2.2) *B = —[Mm.

Proof. By p e X, G(p) =1,, B(p) = Xh_ Ua- O in an -unitary frame diagonalizing B(p), and
a=1Ma =No(B)(p) =0,

n

Op =0 N NOGA- Ny, *B(p) =Y 1y 0.
b=1

wnfz n n n R

BA 2,(P):Z Zﬂa 'OCbZ—ZlJb'O!b:—*ﬁ(P)-
(n=2)! b=1 \ a=1 b=1
a#b
The pointwise calculation proves the star identity. g

Theorem A.2.3 (Real d0-lemma). Let (X", @) be a connected compact Kihler manifold. If o €
QU(X,R) is exact, then there is u € C*(X,R), unique modulo constants, such that

(A23) a= % 9(3(w).

The condition

makes u unique.

Proof. By a = d(n) for some 1 € Q!(X,R), d(®) =0, and X compact without boundary,

/XAw(oc)-C:!n E2] /Xd(n)/\ (:)n_ll)! :/Xd(n/\(n“ﬂ_;)J —0.
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/XAa,(oc)-C:T:O 553 31, e C°(X,R),  Ao(n) = Aol(at), /Xu.“’":o.
Set )
B=a—3-3(3w).
Then )
aB) =0, p=a(n-33w).  AalB)=Aul(@)Bulu) =0

If n = 1, every primitive real (1,1)-form vanishes, so f = 0. If n > 2, then
2
2 "
= A — ANPpN——r.
B3 = [ Brep 52— [ BBy
Writing B = d({) and using d(B) = d(w) =0,
) (})”_2
=—/d
181 = - [a(£nBrgs;

Hence a = (i/2)-9(d(u)). Finally
%-8(9(u—v)):0 B0 A (u—v)=0 B2 y_veR,

):O:>[3:O.

and the mean-zero condition removes that constant. O

Corollary A.2.4 (Quantitative potential estimate). For k € NU{0}, 0 < y < 1, and the mean-zero potential
above,
||“”ck+2~7(x) <C(X,0,k,y)- ||O‘||ck-7(x)'

Proof. By Ap(1) = A (@), [yu-®"/n! =0, and Ay (o) € CY(X),
(Ao () = Ap(@), u€ L2(X)) B2 [lul|cens < CX, 0,4,7) - ([ A0(@)lctr + [[ull ).
Ao (u) ZAw(Oﬂl = dw)} < CX, @) - [ Aw(@)]12 - |11l 2-
o2 =0 B2 ul <cx,0)- ().
Combining the two inequalities and || Ay ()| vy < C(X, @,k,7) - || || cxy proves the estimate. O

A.3. Elliptic Upgrade on Compact Manifolds. This section isolates what is genuinely imported from
elliptic theory, writes the complex Laplacian as a real uniformly elliptic operator, and then gives the
complete difference-quotient equation that bootstraps a C2¥ Monge—Ampere solution.

Proposition A.3.1 (Real form of the complex Laplacian). Write z/ = x/ +i-y/ and
G '=A+i-B, A'=A, B'=-B.

For real u,
Pau) = % : ZlkZlAfk- (90 (0 (1)) + 0, (9 (),
=1 k=
Mp(u) = % i Xn:BJk 9 (9 ()
j=1k=1
(A.3.1) Ap(u) = Pa(u) — Mp(u).

Its real principal matrix is
1 _
(A.3.2) o =—- [A B} .
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Ifm-1, 2G=M-1I, then
L . 2 T, . L . 2 2n
el =8 o< — ¢ (§ eR™).
1)/2, % = (du +i-9y)/2, and gk = AT + i B,
1 . .
9j(9(u)) = 7 - (9 (s (1)) + 9y (I () +1- s (I () — i 9y (9 (w)) ).

The symmetric matrix A annihilates the antisymmetric mixed bracket, while the antisymmetric matrix B
annihilates the symmetric pure bracket. Hence

Proof. By d;j = (d,;j—i-0

Y

n

jééBﬂ‘-(axj@yk(u))—ay( :2 Zi"Bﬂc 24 yk(u))’

Jj=lk=1

which proves the real-form and principal-matrix identities. For & = [p' ¢
1 A -B 1 cNE e .
§hag= 2 [p 4" [B A] [p] = (p+ig) G (p+i-q)

q 4
2 2
ml,<GM-I,—=M"'"1,<G'<m" I, = L1 <ET. .o E< Isl”.

4-M -m
]
Theorem A.3.2 (Global Schauder estimate and elliptic regularity). Let M be compact, k € NU {0},

0 <y < 1, and suppose that in every real coordinate chart

d d
:Z:ll;a“b(x)- —l—Zba u)+c(x)-u

where the coefficients are smooth, a®® = ab and

d d
S W ORI
a=1b=1
Ifu € L*(M), P(u) = f distributionally, and f € C*Y(M), then u € C**%Y(M) and
(A3.3) lullexasan < CO PR T AA) - (L llcwaqon + 2o ) -
In particular, smooth f gives smooth u.
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