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Part 1. The Line-Bundle Interpretation4

1. PRELIMINARIES AND NOTATION

1.1. Complex coordinates, frames, and indices.

Definition 1.1.1 (Local holomorphic coordinates). Let X be a complex manifold of complex dimension n.
Fix

U z−→ Cn, z = (z1, . . . ,zn).

For every j ∈ {1, . . . ,n}, write z j = x j + i · y j. Then

∂

∂ z j =
1
2
·
(

∂

∂x j − i · ∂

∂y j

)
,

∂

∂ z̄ j =
1
2
·
(

∂

∂x j + i · ∂

∂y j

)
.

Definition 1.1.2 (Index conventions). Throughout,

i, j,k, ℓ,m, p,q,r,s ∈ {1, . . . ,n}, ı̄, j̄, k̄, ℓ̄, m̄, p̄, q̄, r̄, s̄ ∈ {1̄, . . . , n̄}.
A barred index denotes an anti-holomorphic slot; its underlying numerical index lies in {1, . . . ,n}. Unless
explicitly stated otherwise, every sum below displays its full index range.

Definition 1.1.3 (Holomorphic and anti-holomorphic frames). In local holomorphic coordinates, define

e j =
∂

∂ z j , ēk =
∂

∂ z̄k .

For vector fields V ∈ Γ(U,T 1,0X) and W̄ ∈ Γ(U,T 0,1X), write

V =
n

∑
m=1

V m · em, [V ]e =

V 1

...
V n

 , W̄ =
n

∑
k=1

W k̄ · ēk, [W̄ ]ē =

W 1̄

...
W n̄

 , V m,W k̄ ∈C∞(U).

Definition 1.1.4 (Dual coframes). The dual coframes are

e j = dz j, ēk = dz̄k,

with
e j(ek) = δ

j
k , ēk(ēℓ) = δ

k
ℓ , e j(ēk) = ēk(e j) = 0.

Thus every (1,0)-form α and (0,1)-form β has the expansion

α =
n

∑
j=1

α j ·dz j, α = [α]e∗ =

α1
...

αn

 ,

β =
n

∑
k=1

βk̄ ·dz̄k, β = [β ]ē∗ =

β1̄
...

βn̄

 , α j,βk̄ ∈C∞(U).

4Based on lectures by Duong Phong [3] .
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1.2. Hermitian metrics and matrix identities.

Definition 1.2.1 (Hermitian metric). A Hermitian metric g on T 1,0X is complex-linear in its first slot and
conjugate-linear in its second slot. Set

g jk̄ = g(e j,ek).

Thus the bar on k̄ records the conjugate-linear slot; equivalently, if the underlying real metric is gR and
gR,C is its complex-bilinear extension, our normalization is

g jk̄ = 2 ·gR,C(e j, ēk).

This normalization produces the factor i/2 in the associated (1,1)-form. The coefficients satisfy

g jk̄ = gk j̄,
n

∑
j=1

n

∑
k=1

g jk̄ ·ξ j ·ξ k > 0 for every 0 ̸= ξ ∈ Cn.

We index the metric matrix by barred rows and holomorphic columns,

G = [g jk̄]k̄, j =


g11̄ g21̄ · · · gn1̄
g12̄ g22̄ · · · gn2̄

...
...

. . .
...

g1n̄ g2n̄ · · · gnn̄

≻ 0,

and, for coordinate columns,

g(V ,W ) = [W ]∗e ·G · [V ]e =
n

∑
j=1

n

∑
k=1

g jk̄ ·V j ·W k.

and write the Hermitian tensor as

g =
n

∑
j=1

n

∑
k=1

g jk̄ ·dz j⊗dzk.

Here the second tensor factor denotes the conjugate-linear covector slot, and dzk = dz̄k. The Hermitian
symmetry is precisely G = G∗ under this convention.

Definition 1.2.2 (Inverse metric matrix). Let

G−1 = [gmp̄]m,p̄ =


g11̄ g12̄ · · · g1n̄

g21̄ g22̄ · · · g2n̄

...
...

. . .
...

gn1̄ gn2̄ · · · gnn̄

 .
(G = G∗ ≻ 0) 1.2.1

=⇒ G−1 ·G = In, G ·G−1 = In,

or, entry by entry,
n

∑
p=1

gmp̄ ·g j p̄ = δ
m
j ,

n

∑
m=1

gmk̄ ·gmp̄ = δ
p̄
k̄ .

For n = 2, put
D = g11̄ ·g22̄−g21̄ ·g12̄ = det(G).

Then [
g11̄ g21̄
g12̄ g22̄

]−1

=
1
D
·
[

g22̄ −g21̄
−g12̄ g11̄

]
=

[
g11̄ g12̄

g21̄ g22̄

]
.

Moreover, G−1 = (G−1)∗, so gmp̄ = gpm̄.
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Definition 1.2.3 (Raising and lowering indices). For V = ∑
n
m=1V m · em, define

Vk̄ =
n

∑
m=1

gmk̄ ·V m, V ♭ =


V1̄
V2̄
...

Vn̄

=


g11̄ g21̄ · · · gn1̄
g12̄ g22̄ · · · gn2̄

...
...

. . .
...

g1n̄ g2n̄ · · · gnn̄

 ·


V 1

V 2

...
V n

= G · [V ]e.

For a (0,1)-covector with components α p̄, define

α
m =

n

∑
p=1

gmp̄ ·α p̄, α
♯ =


α1

α2

...
αn

= G−1 ·


α1̄
α2̄
...

αn̄

 .

G·G−1 = In
1.2.2
=⇒

n

∑
m=1

gmk̄ ·αm =
n

∑
m=1

gmk̄ ·

(
n

∑
p=1

gmp̄ ·α p̄

)
=

n

∑
p=1

(
n

∑
m=1

gmk̄ ·gmp̄

)
·αp̄

1.2.2
=⇒

n

∑
p=1

δ
p̄
k̄ ·α p̄ =αk̄.

Example 1.2.4 (A complete rank-two index computation). Let

G =

[
4 2
2 3

]
, det(G) = 4 ·3−2 ·2 = 12−4 = 8, G−1 =

1
8
·
[

3 −2
−2 4

]
.

Then every entry of the inverse check is

G−1 ·G =
1
8
·
[

3 −2
−2 4

]
·
[

4 2
2 3

]
=

1
8
·
[

3 ·4+(−2) ·2 3 ·2+(−2) ·3
(−2) ·4+4 ·2 (−2) ·2+4 ·3

]
=

1
8
·
[

12−4 6−6
−8+8 −4+12

]
=

1
8
·
[

8 0
0 8

]
=

[
1 0
0 1

]
= I2.

For [V ]e =

[
4
3

]
,

[V ]♭e = G · [V ]e =

[
4 2
2 3

]
·
[

4
3

]
=

[
4 ·4+2 ·3
2 ·4+3 ·3

]
=

[
16+6
8+9

]
=

[
22
17

]
,

G−1 · [V ]♭e =
1
8
·
[

3 −2
−2 4

]
·
[

22
17

]
=

1
8
·
[

3 ·22−2 ·17
−2 ·22+4 ·17

]
=

1
8
·
[

66−34
−44+68

]
=

[
4
3

]
.

1.3. Differential operators.

Definition 1.3.1 (Coordinate derivatives and type decomposition). In local holomorphic coordinates,
define

∂ j =
∂

∂ z j , ∂k̄ =
∂

∂ z̄k .

The exterior derivative splits as d = ∂ + ∂̄ . For u ∈C∞(U),

∂ (u)=
n

∑
j=1

∂ j(u)·dz j =
[
∂1(u) · · · ∂n(u)

]
·

dz1

...
dzn

 , ∂̄ (u)=
n

∑
k=1

∂k̄(u)·dz̄k, d(u)= ∂ (u)+ ∂̄ (u).

Since the summands below have types (2,0), (1,1), and (0,2),

0 = d2 = (∂ + ∂̄ )2 = ∂
2 +(∂ ∂̄ + ∂̄ ∂ )+ ∂̄

2 1.3.1
=⇒ ∂

2 = 0, ∂ ∂̄ + ∂̄ ∂ = 0, ∂̄
2 = 0.
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1.4. Kähler forms.

Definition 1.4.1 (Kähler form). For a Hermitian metric g, define the associated real (1,1)-form

ω =
i
2
·

n

∑
j=1

n

∑
k=1

g jk̄ ·dz j ∧dz̄k.

It is real because

ω̄ =− i
2
·

n

∑
j=1

n

∑
k=1

g jk̄ ·dz̄ j ∧dzk 1.2.1
=⇒ − i

2
·

n

∑
j=1

n

∑
k=1

gk j̄ ·dz̄ j ∧dzk

j↔k
= − i

2
·

n

∑
j=1

n

∑
k=1

g jk̄ ·dz̄k∧dz j =
i
2
·

n

∑
j=1

n

∑
k=1

g jk̄ ·dz j ∧dz̄k = ω.

Definition 1.4.2 (Kähler metric). The metric g and its associated form ω are Kähler if d(ω) = 0.

Proposition 1.4.3 (Coordinate characterization of the Kähler condition). The metric g is Kähler if and
only if

∂ j(gpq̄) = ∂p(g jq̄), ∂k̄(gpq̄) = ∂q̄(gpk̄).

Proof. By d = ∂ + ∂̄ , ω ∈Ω1,1(X), and d(ω) = ∂ (ω)+ ∂̄ (ω) ∈Ω2,1(X)⊕Ω1,2(X),

d(ω) = 0 1.3.1⇐⇒ ∂ (ω) = 0 = ∂̄ (ω).

∂ (ω) =
i
2
·

n

∑
j=1

n

∑
p=1

n

∑
q=1

(∂ j(gpq̄)) ·dz j ∧dzp∧dz̄q =
i
4
·

n

∑
j=1

n

∑
p=1

n

∑
q=1

(∂ j(gpq̄)−∂p(g jq̄)) ·dz j ∧dzp∧dz̄q,

∂ (ω) = 0 ⇐⇒ ∂ j(gpq̄) = ∂p(g jq̄) for all j, p,q ∈ {1, . . . ,n}.

∂̄ (ω) =− i
4
·

n

∑
k=1

n

∑
p=1

n

∑
q=1

(∂k̄(gpq̄)−∂q̄(gpk̄)) ·dzp∧dz̄k∧dz̄q.

∂̄ (ω) = 0 ⇐⇒ ∂k̄(gpq̄) = ∂q̄(gpk̄) for all k, p,q ∈ {1, . . . ,n}.
Thus both derivative symmetries are equivalent to d(ω) = 0. □

1.5. Connection matrices.

Definition 1.5.1 (Connection matrix in a holomorphic frame). Let ∇ be a connection on T 1,0X and fix
{ep}n

p=1. Define

A = [Am
p]m,p =


A1

1 A1
2 · · · A1

n
A2

1 A2
2 · · · A2

n
...

...
. . .

...
An

1 An
2 · · · An

n


by

∇(ep) =
n

∑
m=1

Am
p⊗ em.

Thus the p-th column records ∇(ep). Before any type condition is imposed,

Am
p =

n

∑
j=1

Am
jp ·dz j +

n

∑
k=1

Am
k̄p ·dz̄k,

A =
n

∑
j=1

A j ·dz j +
n

∑
k=1

Ak̄ ·dz̄k, A j = [Am
jp]m,p =

A1
j1 · · · A1

jn
...

. . .
...

An
j1 · · · An

jn

 .
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Definition 1.5.2 (Matrix wedge product). For matrix-valued differential forms B = [Bm
p] and C = [Cm

p],

(B∧C)m
p =

n

∑
q=1

Bm
q∧Cq

p.

If A = ∑
n
j=1 A j ·dz j has type (1,0), then

(A∧A)m
p =

n

∑
q=1

Am
q∧Aq

p =
n

∑
j=1

n

∑
ℓ=1

n

∑
q=1

Am
jq ·Aq

ℓp ·dz j ∧dzℓ,

A∧A =
n

∑
j=1

n

∑
ℓ=1

(A j ·Aℓ) ·dz j ∧dzℓ

=
n−1

∑
j=1

n

∑
ℓ= j+1

(A j ·Aℓ−Aℓ ·A j) ·dz j ∧dzℓ ∈Ω
2,0(End(T 1,0X)).

1.6. The Chern connection.

Theorem 1.6.1 (Chern connection). Let (X ,g) be a Hermitian manifold. There exists a unique connection
∇ on T 1,0X satisfying

(1.6.1) (i) ∇
0,1 = ∂̄ on T 1,0X ,

(1.6.2) (ii) ∇(g) = 0.

Proof. By e = (e1, . . . ,en), V = ∑
n
p=1V p · ep, and ∇(e) = e ·A,

∇
0,1(V )− ∂̄ (V ) =

n

∑
m=1

(
n

∑
p=1

(A0,1)m
p ·V p

)
⊗ em.

∇
0,1(V ) = ∂̄ (V )

1.6.1⇐⇒ (A0,1)m
p = 0 for all m, p ∈ {1, . . . ,n}, A = A1,0.

d(gpq̄) =
n

∑
m=1

Am
p ·gmq̄ +

n

∑
ℓ=1

gpℓ̄ ·Aℓ
q.

d(G) = G ·A+A∗ ·G 1.3.1
=⇒ ∂ (G) = G ·A, ∂̄ (G) = A∗ ·G.

A=G−1 ·∂ (G), Am
p =

n

∑
q=1

gmq̄ ·∂ (gpq̄) =
n

∑
j=1

(
n

∑
q=1

gmq̄ ·∂ j(gpq̄)

)
·dz j, Am

jp =
n

∑
q=1

gmq̄ ·∂ j(gpq̄).

(G ·A)q̄,p =
n

∑
m=1

gmq̄ ·Am
p =

n

∑
m=1

n

∑
ℓ=1

gmq̄ ·gmℓ̄ ·∂ (gpℓ̄)
1.2.2
=⇒

n

∑
ℓ=1

δ
ℓ̄
q̄ ·∂ (gpℓ̄) = ∂ (gpq̄).

A∗ = (G−1 ·∂ (G))∗ = ∂̄ (G) ·G−1, G ·A = ∂ (G), A∗ ·G = ∂̄ (G),

d(G) = ∂ (G)+ ∂̄ (G) = G ·A+A∗ ·G.

On an overlap let e′ = e ·T , where T is holomorphic.

G′ = T ∗ ·G ·T, (G′)−1 = T−1 ·G−1 · (T ∗)−1, ∂ (T ∗) = 0.

∂ (T ∗ ·G ·T ) = ∂ (T ∗) ·G ·T +T ∗ ·∂ (G) ·T +T ∗ ·G ·∂ (T ) = T ∗ ·∂ (G) ·T +T ∗ ·G ·∂ (T ).
(G′)−1 ·∂ (G′) = T−1 ·G−1 · (T ∗)−1 · (T ∗ ·∂ (G) ·T +T ∗ ·G ·∂ (T )) .

(G′)−1 ·∂ (G′) = T−1 ·G−1 ·
(
(T ∗)−1 ·T ∗

)
·∂ (G) ·T +T−1 ·G−1 ·

(
(T ∗)−1 ·T ∗

)
·G ·∂ (T )

(G′)−1 ·∂ (G′) = T−1 ·G−1 ·∂ (G) ·T +T−1 ·
(
G−1 ·G

)
·∂ (T ) = T−1 ·A ·T +T−1 ·∂ (T ).

(1.6.3) A′ = T−1 ·A ·T +T−1 ·∂ (T ).
∇(e ·T ) = (∇(e)) ·T + e ·d(T ) = (e ·T ) ·

(
T−1 ·A ·T +T−1 ·∂ (T )

)
.
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The frame-change law gives existence, while ∂ (G) = G ·A forces uniqueness. □

Definition 1.6.2 (Chern connection coefficients). For the Chern connection in a local holomorphic frame,

∇k̄(ep) = 0, ∇ j(ep) =
n

∑
m=1

Am
jp · em, Am

jp =
n

∑
q=1

gmq̄ ·∂ j(gpq̄).

For each fixed j ∈ {1, . . . ,n},

A j = [Am
jp]m,p =

∑
n
q=1 g1q̄ ·∂ j(g1q̄) · · · ∑

n
q=1 g1q̄ ·∂ j(gnq̄)

...
. . .

...
∑

n
q=1 gnq̄ ·∂ j(g1q̄) · · · ∑

n
q=1 gnq̄ ·∂ j(gnq̄)

= G−1 ·∂ j(G).

Proposition 1.6.3 (Action on components). For V = ∑
n
p=1V p · ep, the Chern connection satisfies

(∇k̄(V ))m = ∂k̄(V
m), (∇ j(V ))m = ∂ j(V m)+

n

∑
p=1

Am
jp ·V p.

Equivalently,

[∇ j(V )]e = ∂ j


V 1

...
V n


+

A1
j1 · · · A1

jn
...

. . .
...

An
j1 · · · An

jn

 ·
V 1

...
V n

= ∂ j([V ]e)+A j · [V ]e.

Proof. By ∇k̄(ep) = 0, ∇ j(ep) = ∑
n
m=1 Am

jp · em, and ∇ j( f ·V ) = ∂ j( f ) ·V + f ·∇ j(V ),

∇k̄(V ) =
n

∑
p=1

∂k̄(V
p) · ep.

∇ j(V ) =
n

∑
p=1

∂ j(V p) · ep +
n

∑
p=1

n

∑
m=1

V p ·Am
jp · em =

n

∑
m=1

(
∂ j(V m)+

n

∑
p=1

Am
jp ·V p

)
· em.

Thus the displayed component and column formulas agree. □

Proposition 1.6.4 (Metric compatibility and the connection matrix). The Chern connection matrix and
Hermitian metric satisfy

A = G−1 ·∂ (G), Am
jp =

n

∑
q=1

gmq̄ ·∂ j(gpq̄).

For every fixed j ∈ {1, . . . ,n},

A j =

g11̄ · · · g1n̄

...
. . .

...
gn1̄ · · · gnn̄

 ·
∂ j(g11̄) · · · ∂ j(gn1̄)

...
. . .

...
∂ j(g1n̄) · · · ∂ j(gnn̄)

= G−1 ·∂ j(G).

Proof. By ∇(g) = 0, G−1 ·G = In, and ∂ (G) = G ·A,

∇(g) = 0 1.6.2
=⇒ ∂ (G) = G ·A 1.2.2

=⇒ A = G−1 · (G ·A) = G−1 ·∂ (G).

For each m, p, j ∈ {1, . . . ,n},

(G−1 ·∂ j(G))m
p =

n

∑
q=1

gmq̄ ·∂ j(gpq̄) = Am
jp.

Thus the matrix identity and its component form coincide. □
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Corollary 1.6.5 (Kähler symmetry of Christoffel-type coefficients). If g is Kähler, then

Am
jp = Am

p j.

Proof. By g Kähler, Am
jp = ∑

n
q=1 gmq̄ ·∂ j(gpq̄), and ∂ j(gpq̄) = ∂p(g jq̄),

Am
jp =

n

∑
q=1

gmq̄ ·∂ j(gpq̄)
1.4.3
=⇒

n

∑
q=1

gmq̄ ·∂p(g jq̄) = Am
p j.

□

1.7. Chern curvature and its components.

Definition 1.7.1 (Curvature matrix). Let A be the Chern connection matrix. Its curvature is

F = d(A)+A∧A, F = [Fm
p]m,p =

F1
1 · · · F1

n
...

. . .
...

Fn
1 · · · Fn

n

 .
Since A = A1,0,

0 = ∂ (In) = ∂ (G−1 ·G) = ∂ (G−1) ·G+G−1 ·∂ (G) =⇒ ∂ (G−1) =−G−1 ·∂ (G) ·G−1.

∂ (A) = ∂ (G−1 ·∂ (G)) = ∂ (G−1)∧∂ (G)+G−1 ·∂ 2(G) = ∂ (G−1)∧∂ (G)+G−1 ·0.
∂ (A) =−(G−1 ·∂ (G) ·G−1)∧∂ (G) =−(G−1 ·∂ (G))∧ (G−1 ·∂ (G)) =−A∧A.

F2,0 = ∂ (A)+A∧A = 0, F = F1,1 = ∂̄ (A).

Definition 1.7.2 (Type decomposition of curvature entries). Using the local coframe and the curvature
matrix, write

Fm
p =

n

∑
k=1

n

∑
j=1

Fm
k̄ j p ·dz̄k∧dz j.

Equivalently,

F =
n

∑
k=1

n

∑
j=1

F1
k̄ j 1 · · · F1

k̄ j n
...

. . .
...

Fn
k̄ j 1 · · · Fn

k̄ j n

 ·dz̄k∧dz j.

Definition 1.7.3 (Curvature coefficients as commutators). For V = ∑
n
p=1V p · ep, define

(∇ j ◦∇k−∇k ◦∇ j)(V ) =
n

∑
m=1

(
n

∑
p=1

R jk
m

p ·V p

)
· em.

(∇ j ◦∇k̄−∇k̄ ◦∇ j)(V ) =
n

∑
m=1

(
n

∑
p=1

Rk̄ j
m

p ·V p

)
· em.

Proposition 1.7.4 (The (1,1)-curvature coefficients). For the Chern connection,

Rk̄ j
m

p =−∂k̄(A
m

jp), Fm
k̄ j p = ∂k̄(A

m
jp).

For every j,k ∈ {1, . . . ,n},

(Fm
k̄ j p)m,p =

∂k̄(A
1

j1) · · · ∂k̄(A
1

jn)
...

. . .
...

∂k̄(A
n

j1) · · · ∂k̄(A
n

jn)

= ∂k̄(A j) = ∂k̄(G
−1 ·∂ j(G)).
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Proof. By F = ∂̄ (A), Am
p = ∑

n
j=1 Am

jp ·dz j, and Fm
p = ∑

n
k=1 ∑

n
j=1 Fm

k̄ j p ·dz̄k∧dz j,

∂̄ (Am
p) = ∂̄

(
n

∑
j=1

Am
jp ·dz j

)
=

n

∑
j=1

n

∑
k=1

(∂k̄(A
m

jp)) ·dz̄k∧dz j = Fm
p

1.7.2
=⇒ Fm

k̄ j p = ∂k̄(A
m

jp).

(
∇k̄(∇ j(V ))

)m
= ∂k̄(∂ j(V m))+

n

∑
p=1

∂k̄(A
m

jp) ·V p +
n

∑
p=1

Am
jp ·∂k̄(V

p),

(
∇ j(∇k̄(V ))

)m
= ∂ j(∂k̄(V

m))+
n

∑
p=1

Am
jp ·∂k̄(V

p).

(
(∇ j ◦∇k̄−∇k̄ ◦∇ j)(V )

)m
=−

n

∑
p=1

∂k̄(A
m

jp) ·V p 1.7.3
=⇒ Rk̄ j

m
p =−∂k̄(A

m
jp) =−Fm

k̄ j p.

Thus the commutator coefficient is the negative of the displayed form coefficient. □

1.8. Ricci curvature.

Definition 1.8.1 (Ricci tensor). Trace the endomorphism indices over m = p and define

Rk̄ j =
n

∑
m=1

Rk̄ j
m

m =−
n

∑
m=1

∂k̄(A
m

jm).

Its coordinate matrix is

[Rk̄ j]k, j =


R1̄1 R1̄2 · · · R1̄n
R2̄1 R2̄2 · · · R2̄n

...
...

. . .
...

Rn̄1 Rn̄2 · · · Rn̄n

 .
Proposition 1.8.2 (Ricci log-determinant formula). In local holomorphic coordinates,

Rk̄ j =−∂k̄(∂ j(log(det(G)))) .

Proof. By A j = G−1 ·∂ j(G), Rk̄ j =−∂k̄(Tr(A j)), and ∂ j(det(G)) = det(G) ·Tr(G−1 ·∂ j(G)),

∂ j(det(G)) = det(G) ·Tr(G−1 ·∂ j(G)).

∂ j(log(det(G))) =
1

det(G)
·∂ j(det(G)) = Tr(G−1 ·∂ j(G)) =

n

∑
m=1

(G−1 ·∂ j(G))m
m =

n

∑
m=1

n

∑
q=1

gmq̄ ·∂ j(gmq̄).

Rk̄ j =−∂k̄

(
n

∑
m=1

Am
jm

)
1.6.4
=⇒ −∂k̄

(
Tr(G−1 ·∂ j(G))

)
=−∂k̄(∂ j(log(det(G)))) .

This is the Chern–Ricci tensor, equal to the usual Ricci tensor when g is Kähler. □

Definition 1.8.3 (Ricci form). Define the Chern–Ricci form by

ρ(ω) = i ·
n

∑
k=1

n

∑
j=1

Rk̄ j ·dz j ∧dz̄k 1.8.2
=⇒ −i ·∂

(
∂̄ (log(det(G)))

)
.

Since Fm
k̄ j p = ∂k̄(A

m
jp) and dz̄k∧dz j =−dz j ∧dz̄k,

i ·Tr(F) =−i ·
n

∑
k=1

n

∑
j=1

∂k̄(Tr(A j)) ·dz j ∧dz̄k = ρ(ω).
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For a complete row–column representation, set

η =

η1
...

ηn

= [Rk̄ j]
T
k, j ·

dz̄1

...
dz̄n



=


R1̄1 R2̄1 · · · Rn̄1
R1̄2 R2̄2 · · · Rn̄2

...
...

. . .
...

R1̄n R2̄n · · · Rn̄n

 ·


dz̄1

dz̄2

...
dz̄n

=


∑

n
k=1 Rk̄1 ·dz̄k

∑
n
k=1 Rk̄2 ·dz̄k

...
∑

n
k=1 Rk̄n ·dz̄k

 .
ρ(ω) = i ·

n

∑
j=1

dz j ∧η j = i ·
[
dz1 · · · dzn

]
∧η ,

where the last product means ∑
n
j=1 dz j ∧η j. Finally,

d(ρ(ω)) =−i ·∂
(
∂
(
∂̄ (log(det(G)))

))
− i · ∂̄

(
∂
(
∂̄ (log(det(G)))

)) 1.3.1
=⇒ i ·∂

(
∂̄

2(log(det(G)))
)
= 0.

Since log(det(G)) ∈ R, one also has ρ(ω) = ρ(ω).

2. THE CANONICAL LINE BUNDLE AND RICCI CURVATURE

The line-bundle interpretation begins with rank-one Chern geometry. A Hermitian holomorphic line
bundle produces a scalar connection and curvature. Applied to KX and K−1

X , this construction produces
the Ricci form and the volume-ratio identity that leads to the complex Monge–Ampère equation.

2.1. Hermitian holomorphic line bundles.

Definition 2.1.1 (Holomorphic line bundle). Let L π−→ X be a holomorphic line bundle. Choose an open
cover {Uµ}µ∈I and nowhere-vanishing holomorphic frames sµ ∈ H0(Uµ ,L). The transition functions
satisfy

sν = sµ ·λµν , λµν ∈O∗(Uµ ∩Uν), λµµ = 1, λµν ·λνµ = 1, λµν ·λνκ = λµκ .

Definition 2.1.2 (Hermitian line metric). A Hermitian metric h on L is determined by the positive local
weights

hµ = ∥sµ∥2
h > 0, hν = |λµν |2 ·hµ , σ = sµ · fµ =⇒∥σ∥2

h = | fµ |2 ·hµ , fν = λ
−1
µν · fµ .

Proposition 2.1.3 (Chern connection and curvature). The Chern connection of (L,h) has local connection
form

Ah,µ = h−1
µ ·∂ (hµ) = ∂ (log(hµ)), Ah,ν = Ah,µ +λ

−1
µν ·∂ (λµν).

Its curvature is a global closed (1,1)-form, and i ·Fh is real. Moreover,

(2.1.1) Fh = ∂̄ (Ah,µ) =−∂ (∂̄ (log(hµ))).

The closed class

c1(L) =
[

i
2 ·π
·Fh

]
is independent of h.
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Proof. By sν = sµ ·λµν , hν = |λµν |2 ·hµ , and ∂̄ (λµν) = 0,

Ah,ν = ∂ (log(hν))= ∂ (log(hµ))+∂ (log(|λµν |2))=Ah,µ +λ
−1
µν ·∂ (λµν), Fh,ν−Fh,µ = ∂̄

(
λ
−1
µν ·∂ (λµν)

)
= 0.

∂ (Ah,µ) = ∂
2(log(hµ)) = 0, Ah,µ ∧Ah,µ = 0.

Fh = d(Ah,µ)+Ah,µ∧Ah,µ = ∂ (Ah,µ)+ ∂̄ (Ah,µ)+Ah,µ∧Ah,µ = ∂̄ (Ah,µ)= ∂̄ (∂ (log(hµ)))
1.3.1
=⇒ −∂ (∂̄ (log(hµ))).

d(Fh) =−∂ (∂ (∂̄ (log(hµ))))− ∂̄ (∂ (∂̄ (log(hµ)))) = 0, Fh =−Fh, i ·Fh = i ·Fh.

ψ ∈C∞(X ,R), h̃ = exp(ψ) ·h =⇒ F̃h−Fh =−∂ (∂̄ (ψ)) =−d(∂̄ (ψ)) =⇒
[

i
2 ·π
· F̃h

]
=

[
i

2 ·π
·Fh

]
.

If Ãh,µ is another compatible (1,0) connection form, then

∂ (hµ) = hµ ·Ah,µ = hµ · Ãh,µ =⇒ Ah,µ = Ãh,µ .

Thus the curvature and its first Chern class are global and metric-independent. □

2.2. Canonical and anticanonical bundles. Let (Xn,ω) be Kähler. The metric matrix, Kähler form, and
canonical line bundles are

G = [g jk̄]k̄, j, ω =
i
2
·

n

∑
j=1

n

∑
k=1

g jk̄ ·dz j ∧dz̄k, KX = Λ
n,0T ∗X = (det(T 1,0X))∗, K−1

X = det(T 1,0X).

On a holomorphic coordinate chart write

θ = dz1∧·· ·∧dzn, s = e1∧·· ·∧ en, θ(s) = 1.

Proposition 2.2.1 (Canonical curvature and the Ricci form). The induced metrics and curvatures satisfy

∥s∥2
ω = det(G), ∥θ∥2

ω = (det(G))−1, FK−1
X

=−∂ (∂̄ (log(det(G)))), FKX = ∂ (∂̄ (log(det(G)))).

Consequently,

(2.2.1) ρ(ω) =−i ·FKX = i ·FK−1
X
,

1
2 ·π

[ρ(ω)] = c1(K−1
X ) = c1(X) =−c1(KX).

Proof. By θ(s) = 1, G = [g jk̄]k̄, j, and ρ(ω) =−i ·∂ (∂̄ (log(det(G)))),

∥s∥2
ω = det

(
[⟨e j,ek⟩ω ]k̄, j

)
1.2.1
=⇒ ∥s∥2

ω = det(G), ∥θ∥2
ω = ∥s∥−2

ω = (det(G))−1.

hK−1
X

= det(G)
2.1.3
=⇒ FK−1

X
=−∂ (∂̄ (log(det(G)))), hKX =(det(G))−1 2.1.3

=⇒ FKX = ∂ (∂̄ (log(det(G)))).

ρ(ω)
1.8.2
=⇒ ρ(ω) =−i ·∂ (∂̄ (log(det(G)))) =−i ·FKX = i ·FK−1

X
.

c1(K−1
X )=

[
i

2 ·π
·FK−1

X

]
=

1
2 ·π

[ρ(ω)]=−c1(KX), c1(X)= c1(T 1,0X)= c1(det(T 1,0X))= c1(K−1
X ).

Thus Ricci curvature is the curvature of the canonical line bundle up to −i. □
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2.3. Divisor currents and the Poincaré–Lelong formula.

Definition 2.3.1 (Divisor current). A (1,1)-current acts continuously on compactly supported smooth
(n−1,n−1)-forms. For an irreducible hypersurface V ⊂U , its integration current is

[V ](η) =
∫

Vreg

η .

For a nonzero meromorphic function f define

div( f ) = ∑
V⊂U

V irreducible hypersurface

ordV ( f ) ·V, [div( f )] = ∑
V⊂U

V irreducible hypersurface

ordV ( f ) · [V ].

Fact 2.3.2 (Dimension principle for divisor currents). If a closed order-zero (1,1)-current is supported
on an analytic subset of complex codimension at least two, then it vanishes.

Theorem 2.3.3 (Poincaré–Lelong formula). For every nonzero meromorphic function f ,

(2.3.1) log(| f |2) ∈ L1
loc(U),

i
2 ·π
·∂ (∂̄ (log(| f |2))) = [div( f )]

as (1,1)-currents.

Proof. By f = g/h locally with g,h∈O(U)\{0} having no common divisor, D = div( f ) = ∑
N
α=1 mα ·Vα ,

and T = i
2·π ·∂ (∂̄ (log(| f |2)))− [D],

log(|g|2), log(|h|2) ∈ PSHloc(U), i ·∂ (∂̄ (log(|g|2)))≥ 0, i ·∂ (∂̄ (log(|h|2)))≥ 0.

log(| f |2) = log(|g|2)− log(|h|2) ∈ L1
loc(U), ord(T ) = 0, d(T ) = 0.

For p ∈ Vα,reg away from every other component and the indeterminacy set, choose coordinates with
Vα ∩U = {z1 = 0}.

f = u · (z1)mα , u ∈O∗(U) =⇒ log(| f |2) = mα · log(|z1|2)+ log(|u|2), ∂ (∂̄ (log(|u|2))) = 0.

∆R2(log(|z|2)) = 4 ·π ·δ{0},
i

2 ·π
·∂ (∂̄ (log(|z|2))) = [{0}].〈

i
2 ·π
·∂ (∂̄ (log(|z1|2))),η

〉
=
∫
{z1=0}

η = [{z1 = 0}](η)=⇒ i
2 ·π
·∂ (∂̄ (log(|z1|2)))= [{z1 = 0}] = [Vα ].

i
2 ·π
·∂ (∂̄ (log(| f |2))) = mα · [Vα ] = ordVα

( f ) · [Vα ].

I( f ) = {x ∈U | g(x) = h(x) = 0}, Z = I( f )∪
N⋃

α=1

Vα,sing∪
N⋃

α=1

N⋃
β=1
β ̸=α

(Vα ∩Vβ ),

supp(T )⊂ Z, d(T ) = 0, ord(T ) = 0, codimC(Z)≥ 2 2.3.2
=⇒ T = 0.

T = 0 =⇒ i
2 ·π
·∂ (∂̄ (log(| f |2))) = [div( f )].

Thus the local divisor identity extends across the codimension-two locus. □
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2.4. Meromorphic canonical forms.

Proposition 2.4.1 (Meromorphic Ricci formula). Let Ω = f ·θ be a nonzero meromorphic section of KX
on U and let D = div(Ω) = div( f ). Then

∥Ω∥2
ω =

| f |2

det(G)
, ρ(ω) = i ·∂ (∂̄ (log(∥Ω∥2

ω))) on U \ supp(D).

As currents on U,

(2.4.1) ρ(ω) = i ·∂ (∂̄ (log(∥Ω∥2
ω)))−2 ·π · [D].

Proof. By Ω = f ·θ , D = div( f ), and ∥θ∥2
ω = (det(G))−1,

Ω = f ·θ 2.2.1
=⇒ ∥Ω∥2

ω = | f |2 · (det(G))−1, log(∥Ω∥2
ω) = log(| f |2)− log(det(G)).

i ·∂ (∂̄ (log(∥Ω∥2
ω))) = i ·∂ (∂̄ (log(| f |2)))− i ·∂ (∂̄ (log(det(G))))

1.8.2
=⇒= i ·∂ (∂̄ (log(| f |2)))+ρ(ω).

(D = div( f ), f ̸≡ 0) 2.3.3
=⇒ i ·∂ (∂̄ (log(| f |2))) = 2 ·π · [D] =⇒ ρ(ω) = i ·∂ (∂̄ (log(∥Ω∥2

ω)))−2 ·π · [D].

This proves both the smooth and current identities. □

Corollary 2.4.2 (Holomorphic volume form). If Ω ∈ H0(U,KX) is nowhere vanishing, then

ρ(ω) = i ·∂ (∂̄ (log(∥Ω∥2
ω))).

Proof. By Ω ∈ H0(U,KX), Ω(x) ̸= 0 for every x ∈U , and D = div(Ω),

Ω(x) ̸= 0 =⇒ D = 0 =⇒ [D] = 0 2.4.1
=⇒ ρ(ω) = i ·∂ (∂̄ (log(∥Ω∥2

ω))).

Thus the divisor contribution vanishes. □

2.5. Volume normalization.

Proposition 2.5.1 (Volume normalization and Ricci curvature). Let Ω = f ·θ be a nonzero meromorphic
section of KX , let D = div(Ω), and suppose

ω
n = exp(Φ) · in2 ·Ω∧Ω

on U \ supp(D). Then

Φ = log(det(G))− log(| f |2)+ log
(

n!
2n

)
=− log(∥Ω∥2

ω)+ log
(

n!
2n

)
.

The right-hand side gives the locally integrable extension of Φ across D, and

(2.5.1) ρ(ω) =−i ·∂ (∂̄ (Φ))−2 ·π · [D]

as currents. If Ω is holomorphic and nowhere vanishing, then

ρ(ω) =−i ·∂ (∂̄ (Φ)).

Proof. By Ω = f ·θ , D = div(Ω), and ωn = exp(Φ) · in2 ·Ω∧Ω,

ω
n 1.4.1
=⇒ ω

n = n! ·
(

i
2

)n

·det(G) ·dz1∧dz̄1∧·· ·∧dzn∧dz̄n =
n!
2n · i

n2 ·det(G) ·θ ∧θ .

Ω∧Ω = | f |2 ·θ ∧θ =⇒ exp(Φ) =
n! ·det(G)

2n · | f |2
.

Φ= log(det(G))−log(| f |2)+log
(

n!
2n

)
=− log(∥Ω∥2

ω)+log
(

n!
2n

)
, log(| f |2)∈L1

loc(U)
2.3.3
=⇒ Φ∈L1

loc(U).

−i ·∂ (∂̄ (Φ)) = i ·∂ (∂̄ (log(∥Ω∥2
ω)))

2.4.1
=⇒ −i ·∂ (∂̄ (Φ)) = ρ(ω)+2 ·π · [D].

Ω ∈ H0(U,KX), Ω(x) ̸= 0 for every x ∈U =⇒ D = 0 =⇒ [D] = 0 2.5.1
=⇒ ρ(ω) =−i ·∂ (∂̄ (Φ)).
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Thus the volume potential determines the Ricci current. □

Example 2.5.2 (A two-dimensional volume coefficient). Let n = 2, G =

[
4 2
2 3

]
, and f = 2. Then

det(G) = 4 ·3−2 ·2 = 12−4 = 8, | f |2 = 2 ·2 = 4,

exp(Φ) =
2! ·det(G)

22 · | f |2
=

2 ·8
(2 ·2) · (2 ·2)

=
16

4 ·4
=

16
16

= 1, Φ = log(1) = 0.

Corollary 2.5.3 (Ricci variation by a volume ratio). For Kähler forms ω0 and ω1 on X,

(2.5.2) ρ(ω1)−ρ(ω0) =−i ·∂
(

∂̄

(
log
(

ωn
1

ωn
0

)))
.

If F ∈C∞(X ,R), then

ω
n
1 = exp(F) ·ωn

0
2.5.2
=⇒ ρ(ω1) = ρ(ω0)− i ·∂ (∂̄ (F)).

Proof. By Ga = [ga, jk̄]k̄, j, ωa =
i
2 ·∑

n
j=1 ∑

n
k=1 ga, jk̄ ·dz j ∧dz̄k, and a ∈ {0,1}, F ∈C∞(X ,R),

ωn
1

ωn
0
=

det(G1)

det(G0)
, log

(
ωn

1
ωn

0

)
= log(det(G1))−log(det(G0))

1.8.2
=⇒ ρ(ω1)−ρ(ω0)=−i·∂

(
∂̄

(
log
(

ωn
1

ωn
0

)))
.

ω
n
1 = exp(F) ·ωn

0 =⇒ log
(

ωn
1

ωn
0

)
= F =⇒ ρ(ω1) = ρ(ω0)− i ·∂ (∂̄ (F)).

Thus the volume ratio is the Ricci potential. □

3. THE COMPLEX MONGE–AMPÈRE EQUATION AND THE CONTINUITY METHOD

The line-bundle formula converts prescribed Ricci curvature into a scalar volume equation. We
formulate that equation, compute its linearization, prove uniqueness, and establish openness of the
continuity path.

3.1. Kähler potentials and prescribed Ricci forms. Fix a connected compact Kähler manifold (Xn,ω0)
and define

Hω0 =

{
φ ∈C∞(X ,R)

∣∣∣∣ ωφ = ω0 +
i
2
·∂
(
∂̄ (φ)

)
> 0
}
.

Proposition 3.1.1 (Kähler potentials and volume invariance). If ω is Kähler and [ω] = [ω0], then ω = ωφ

for some φ ∈Hω0 , unique modulo constants. Moreover,∫
X

ω
n
φ =

∫
X

ω
n
0 (φ ∈Hω0).

Proof. By [ω] = [ω0], d(ω−ω0) = 0, and [ω−ω0] = 0,

α = ω−ω0, d(α) = 0, [α] = 0 A.2.3
=⇒ α =

i
2
·∂
(
∂̄ (φ)

)
, ω = ωφ .

ωφ = ωψ =⇒ ∂
(
∂̄ (φ −ψ)

)
= 0 =⇒ ∆ω0(φ −ψ) = 0 3.5.2

=⇒ φ −ψ ∈ R.

Θφ =
n−1

∑
q=0

ω
q
φ
∧ω

n−1−q
0 , d(ωφ ) = d(ω0) = 0 1.4.1

=⇒ d(Θφ ) = 0.

(3.1.1) ω
n
φ −ω

n
0 =

i
2
·∂
(
∂̄ (φ)

)
∧Θφ = d

(
i
2
· ∂̄ (φ)∧Θφ

)
.∫

X
(ωn

φ −ω
n
0 )

3.1.1
=⇒

∫
X

d
(

i
2
· ∂̄ (φ)∧Θφ

)
= 0.
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Thus the potential is unique modulo constants and its volume is fixed by [ω0]. □

Proposition 3.1.2 (Prescribed Ricci reduction). Let η be a real d-closed (1,1)-form satisfying

[η ] = 2 ·π · c1(X).

There is a unique F ∈C∞(X ,R) satisfying

ρ(ω0)−η = i ·∂
(
∂̄ (F)

)
,

∫
X

eF ·ωn
0 =

∫
X

ω
n
0 .

For every φ ∈Hω0 ,

(3.1.2) ρ(ωφ ) = η ⇐⇒ ω
n
φ = eF ·ωn

0 .

Proof. By [η ] = 2 ·π · c1(X), [ρ(ω0)] = 2 ·π · c1(X), and X is connected compact Kähler,

[η ] = 2 ·π · c1(X)
2.2.1
=⇒ [ρ(ω0)−η ] = 0 A.2.3

=⇒ ρ(ω0)−η =
i
2
·∂
(
∂̄ (u)

)
= i ·∂

(
∂̄ ( f )

)
, f =

u
2
.

V0 =
∫

X
ω

n
0 , c = log

(
V0∫

X e f ·ωn
0

)
, F = f + c =⇒

∫
X

eF ·ωn
0 =V0.

ω
n
φ = eF ·ωn

0
2.5.2
=⇒ ρ(ωφ ) = ρ(ω0)− i ·∂

(
∂̄ (F)

)
= η .

Conversely, let h = log(ωn
φ
/ωn

0 )−F .

ρ(ωφ ) = η
2.5.2
=⇒ ∂

(
∂̄ (h)

)
= 0 =⇒ ∆ω0(h) = 0 3.5.2

=⇒ h = a ∈ R.

φ ∈Hω0

3.1.1
=⇒ V0 =

∫
X

ω
n
φ =

∫
X

eF+a ·ωn
0 = ea ·V0 =⇒ a = 0 =⇒ ω

n
φ = eF ·ωn

0 .

i ·∂
(
∂̄ (F1−F2)

)
= 0 =⇒ ∆ω0(F1−F2) = 0 3.5.2

=⇒ F1−F2 = b ∈ R, V0 = eb ·V0 =⇒ b = 0.
Thus the normalized Ricci potential is unique. □

3.2. The complex Monge–Ampère equation. For φ ∈Hω0 write

Hφ =

φ11̄ · · · φn1̄
...

. . .
...

φ1n̄ · · · φnn̄

 , φ jk̄ =
∂ 2φ

∂ z j∂ z̄k , Gφ = G0 +Hφ .

The complex Monge–Ampère equation with datum F ∈C∞(X ,R) is

(3.2.1) ω
n
φ = eF ·ωn

0 , ωφ > 0,
∫

X
φ ·dµω0 = 0.

Equivalently,
ωn

φ

ωn
0
=

det(Gφ )

det(G0)
= eF , Gφ = G0 +Hφ > 0.

Corollary 3.2.1 (Volume normalization). The complex Monge–Ampère equation can hold only if

(3.2.2)
∫

X
eF ·ωn

0 =
∫

X
ω

n
0 .

Proof. By φ ∈Hω0 , ωn
φ
= eF ·ωn

0 , and
∫

X ωn
φ
=
∫

X ωn
0 ,

ω
n
φ = eF ·ωn

0
3.1.1
=⇒

∫
X

eF ·ωn
0 =

∫
X

ω
n
φ =

∫
X

ω
n
0 .

Thus the volume constraint is necessary. □



COMPLEX ANALYSIS AND RIEMANN SURFACES 17

Example 3.2.2 (Complex dimension one). If n = 1, then

G0 =
[
g11̄
]
, Hφ =

[
φ11̄
]
,

det(G0 +Hφ )

det(G0)
=

det
([

g11̄ +φ11̄
])

det
([

g11̄
]) = 1+g11̄ ·φ11̄

3.4.1
=⇒= 1+∆ω0(φ).

Hence

ωφ = eF ·ω0 ⇐⇒ ∆ω0(φ) = eF −1, ωφ = eF ·ω0
3.2.1
=⇒

∫
X
(eF −1) ·ω0 = 0.

Example 3.2.3 (Complex dimension two). At a point write

G0 =

[
a b
b̄ c

]
, Hφ =

[
p q
q̄ r

]
, det(G0) = a · c−|b|2 > 0 1.2.2

=⇒ G−1
0 =

1
a · c−|b|2

·
[

c −b
−b̄ a

]
.

G−1
0 ·Hφ =

1
det(G0)

·
[

c −b
−b̄ a

]
·
[

p q
q̄ r

]
.

(G−1
0 ·Hφ )

1
1 =

c · p+(−b) · q̄
det(G0)

=
c · p−b · q̄

det(G0)
, (G−1

0 ·Hφ )
1

2 =
c ·q+(−b) · r

det(G0)
=

c ·q−b · r
det(G0)

.

(G−1
0 ·Hφ )

2
1 =

(−b̄) · p+a · q̄
det(G0)

=
−b̄ · p+a · q̄

det(G0)
, (G−1

0 ·Hφ )
2

2 =
(−b̄) ·q+a · r

det(G0)
=
−b̄ ·q+a · r

det(G0)
.

G−1
0 ·Hφ =

1
det(G0)

·
[

c · p−b · q̄ c ·q−b · r
−b̄ · p+a · q̄ −b̄ ·q+a · r

]
.

det(G0 +Hφ ) = (a+ p) · (c+ r)− (b+q) · (b̄+ q̄)

= a · c+a · r+ p · c+ p · r−|b|2−b · q̄−q · b̄−|q|2

= det(G0)+ c · p+a · r−b · q̄− b̄ ·q+det(Hφ ).

Therefore
det(G0 +Hφ )

det(G0)
= 1+Tr(G−1

0 ·Hφ )+
det(Hφ )

det(G0)

3.4.1
=⇒= 1+∆ω0(φ)+

det(Hφ )

det(G0)
= eF .

Theorem 3.2.4 (Calabi–Yau). Let (X ,ω0) be compact Kähler and let F ∈C∞(X ,R) satisfy∫
X

eF ·ωn
0 =

∫
X

ω
n
0 =⇒∃!φ ∈Hω0 ,

∫
X

φ ·dµω0 = 0, ω
n
φ = eF ·ωn

0 .

3.3. Hölder spaces and analytic input.

Definition 3.3.1 (Hölder spaces). For a bounded domain Ω⊂ Rm, α ∈ (0,1), and φ ∈C0(Ω), define

[φ ]C0,α (Ω) = sup
x,y∈Ω

x ̸=y

|φ(x)−φ(y)|
|x− y|α

, ∥φ∥C0,α (Ω) = sup
x∈Ω

|φ(x)|+[φ ]C0,α (Ω).

For k ∈ N set
Ck,α(Ω) =

{
φ ∈Ck(Ω)

∣∣∣ [∂ β (φ)]C0,α (Ω) < ∞ (|β |= k)
}
,

∥φ∥Ck,α (Ω) = ∑
β∈Nm

0≤|β |≤k

∥∂ β (φ)∥C0(Ω)+ ∑
β∈Nm

|β |=k

[∂ β (φ)]C0,α (Ω).

The manifold norm is obtained from a fixed finite atlas and partition of unity.

Lemma 3.3.2. The normed space Ck,α(X) is Banach.
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Proof. By (φν)
∞
ν=1 is Cauchy in Ck,α(X), 0≤ |β | ≤ k, and ∥∂ β (φν −φµ)∥C0 ≤ ∥φν −φµ∥Ck,α ,

∥φν−φµ∥Ck,α −→ 0 3.3.1
=⇒ ∥∂ β (φν)−∂

β (φµ)∥C0 ≤∥φν−φµ∥Ck,α −→ 0=⇒ ∂
β (φν)

C0

−→ uβ (0≤ |β | ≤ k).

For every test function ψ supported in a coordinate chart U with Euclidean density dx,∫
U

uβ ·ψ ·dx = lim
ν→∞

∫
U

∂
β (φν) ·ψ ·dx = (−1)|β | · lim

ν→∞

∫
U

φν ·∂ β (ψ) ·dx = (−1)|β | ·
∫

U
u0 ·∂ β (ψ) ·dx.

uβ = ∂
β (u0), [∂ β (φν)−uβ ]C0,α ≤ liminf

µ→∞
[∂ β (φν)−∂

β (φµ)]C0,α −→ 0 (|β |= k),

∂
β (φν)

C0

−→ ∂
β (u0), [∂ β (φν)−∂

β (u0)]C0,α −→ 0 3.3.1
=⇒ ∥φν −u0∥Ck,α −→ 0.

Thus every Cauchy sequence converges in Ck,α(X). □

Definition 3.3.3 (Banach spaces for the Monge–Ampère map). Fix N ∈ N and α ∈ (0,1). Define

B1 =CN+2,α(X), B2 =CN,α(X), B0
a =

{
u ∈Ba

∣∣∣∣ ∫X
u ·ωn

0 = 0
}

(a ∈ {1,2}).

Then u 7→ Hu is bounded from B1 to the CN,α Hermitian-matrix fields.

Theorem 3.3.4 (Banach implicit function theorem). Let X ,Y ,Z be Banach spaces, let O ⊂X ×Y
be open, and let Ψ ∈C1(O,Z ). If

Ψ(x0,y0) = 0, DyΨ(x0,y0) ∈ Iso(Y ,Z ),

then Ψ(x, f (x)) = 0 on a neighborhood of x0 for a unique local C1 map f satisfying f (x0) = y0.

We also use the bounded inverse theorem, the compact embedding H1(X) ↪→ L2(X), and elliptic
Schauder regularity.

3.4. The complex Laplacian.

Definition 3.4.1 (Complex Laplacian). Let (X ,ω) be compact Kähler. For u ∈C∞(X ,R) define

Hu =

u11̄ · · · un1̄
...

. . .
...

u1n̄ · · · unn̄

 , ∆ω(u) = Tr(G−1 ·Hu) =
n

∑
j=1

n

∑
k=1

g jk̄ ·u jk̄, dµω =
ωn

n!
.

Explicitly,

G−1 ·Hu =

g11̄ · · · g1n̄

...
. . .

...
gn1̄ · · · gnn̄

 ·
u11̄ · · · un1̄

...
. . .

...
u1n̄ · · · unn̄

=

∑
n
k=1 g1k̄ ·u1k̄ · · · ∑

n
k=1 g1k̄ ·unk̄

...
. . .

...
∑

n
k=1 gnk̄ ·u1k̄ · · · ∑

n
k=1 gnk̄ ·unk̄

 ,
∆ω(u) =

n

∑
j=1

(G−1 ·Hu)
j

j =
n

∑
j=1

n

∑
k=1

g jk̄ ·u jk̄.

Example 3.4.2 (Flat complex Laplacian). For z j = x j + i · y j and ωstd = (i/2) ·∑n
j=1 dz j ∧dz̄ j,

z j = x j + i · y j 1.1.1
=⇒ ∂

∂ z j =
1
2
·
(

∂

∂x j − i · ∂

∂y j

)
,

∂

∂ z̄ j =
1
2
·
(

∂

∂x j + i · ∂

∂y j

)
.

u j j̄ =
1
4
·
(

∂ 2u
∂ (x j)2 +

∂ 2u
∂ (y j)2

)
3.4.1
=⇒ ∆ωstd(u) =

1
4
·∆R2n(u).

Lemma 3.4.3 (Trace–wedge identity). For u ∈C∞(X ,R),

(3.4.1)
i
2
·∂
(
∂̄ (u)

)
∧ ωn−1

(n−1)!
= (∆ω(u)) ·dµω .
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Proof. By p ∈ X , G(p) = In, and α j = (i/2) ·dz j ∧dz̄ j,

α̂m = α1∧·· ·∧ α̂m∧·· ·∧αn, ω
n−1(p) = (n−1)! ·

n

∑
m=1

α̂m.

i
2
·∂
(
∂̄ (u)

)
∧ α̂m = umm̄ ·α1∧·· ·∧αn.

i
2
·∂
(
∂̄ (u)

)
∧ ωn−1

(n−1)!
=

n

∑
m=1

umm̄ ·dµω = Tr(In ·Hu) ·dµω

3.4.1
=⇒= (∆ω(u)) ·dµω .

Since p was arbitrary, the identity is global. □

3.5. Analysis of the Laplacian.

Lemma 3.5.1 (Integration by parts). For u,v ∈C∞(X ,R),

(3.5.1)
∫

X
(∆ω(u)) · v ·dµω =−

∫
X

n

∑
j=1

n

∑
k=1

g jk̄ ·u j · vk̄ ·dµω .

Consequently
∫

X ∆ω(u) ·dµω = 0 and ∆ω is self-adjoint.

Proof. By u,v ∈C∞(X ,R), d(ω) = 0, and ωn−1/(n−1)! ∈Ωn−1,n−1(X),

d(ω) = 0 1.4.1
=⇒ d

(
ωn−1

(n−1)!

)
= 0,

∫
X
(∆ω(u)) · v ·dµω

3.4.3
=⇒

∫
X

i
2
· v ·∂

(
∂̄ (u)

)
∧ ωn−1

(n−1)!
.

d
(

i
2
· v ·∂ (u)∧ ωn−1

(n−1)!

)
=− i

2
·∂ (u)∧ ∂̄ (v)∧ ωn−1

(n−1)!
− i

2
· v ·∂

(
∂̄ (u)

)
∧ ωn−1

(n−1)!
.∫

X
(∆ω(u)) · v ·dµω =−

∫
X

i
2
·∂ (u)∧ ∂̄ (v)∧ ωn−1

(n−1)!
=−

∫
X

n

∑
j=1

n

∑
k=1

g jk̄ ·u j · vk̄ ·dµω .

v = 1 3.5.1
=⇒

∫
X

∆ω(u) ·dµω = 0, g jk̄ = gk j̄, u,v∈R 3.5.1
=⇒

∫
X
(∆ω(u)) ·v ·dµω =

∫
X

u ·(∆ω(v)) ·dµω .

Thus the energy identity gives both conclusions. □

Corollary 3.5.2 (Kernel of the complex Laplacian). If X is connected, then ∆ω(u) = 0 if and only if u is
constant.

Proof. By u ∈C∞(X ,R), ∆ω(u) = 0, and (G−1)∗ = G−1 ≻ 0,

uz̄ =

u1̄
...

un̄

 , ∆ω(u) = 0 3.5.1
=⇒ 0 =−

∫
X

uz̄
∗ ·G−1 ·uz̄ ·dµω =⇒ uz̄ = 0.

∂̄ (u) = 0, u ∈ R=⇒ ∂ (u) = 0 1.3.1
=⇒ d(u) = ∂ (u)+ ∂̄ (u) = 0 =⇒ u ∈ R ·1X .

The converse follows by direct differentiation. □

Lemma 3.5.3 (Mean-zero Poincaré inequality). There is Cω > 0 such that∫
X

u2 ·dµω ≤Cω ·
∫

X
uz̄
∗ ·G−1 ·uz̄ ·dµω

whenever u ∈ H1(X ,R) and
∫

X u ·dµω = 0.
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Proof. By (uν)
∞
ν=1 ⊂ H1(X ,R),

∫
X uν ·dµω = 0, ∥uν∥L2 = 1, and

∫
X uν ,z̄

∗ ·G−1 ·uν ,z̄ ·dµω → 0,∫
X

uν ,z̄
∗ ·G−1 ·uν ,z̄ ·dµω −→ 0.

G−1 = (G−1)∗ ≻ 0, X compact 1.2.2
=⇒ c · In ⪯ G−1 ⪯C · In.

c · ∥d(uν)∥2
L2 ≤

∫
X

uν ,z̄
∗ ·G−1 ·uν ,z̄ ·dµω ≤C · ∥d(uν)∥2

L2 =⇒∥d(uν)∥L2 −→ 0.

Compactness of H1(X) ↪→ L2(X) gives a subsequence with

uν

L2

−→ u, d(u) = 0,
∫

X
u ·dµω = 0, ∥u∥L2 = 1.

The conditions d(u) = 0 and
∫

X u ·dµω = 0 force u = 0, contradicting ∥u∥L2 = 1. □

Theorem 3.5.4 (Lax–Milgram). Let H be a real Hilbert space and let B ∈L (H ×H ,R) satisfy

|B(u,v)| ≤M · ∥u∥ · ∥v∥, B(u,u)≥ c · ∥u∥2

for M,c > 0. For every ℓ ∈H ∗ there is a unique u ∈H such that B(u,v) = ℓ(v) for every v ∈H .

Proof. By B(u,v) = ⟨T (u),v⟩, ℓ(v) = ⟨ f ,v⟩, and B(u,u)≥ c · ∥u∥2,

c · ∥u∥2 ≤ ⟨T (u),u⟩ ≤ ∥T (u)∥ · ∥u∥=⇒∥T (u)∥ ≥ c · ∥u∥.

T (uν)−→ y =⇒∥uν −uµ∥ ≤
1
c
· ∥T (uν)−T (uµ)∥ −→ 0

=⇒ uν −→ u, y = lim
ν→∞

T (uν) = T (u) =⇒ ran(T ) = ran(T ).

ker(T ) = {0}, w⊥ ran(T ) =⇒ 0 = ⟨T (w),w⟩ ≥ c · ∥w∥2 =⇒ w = 0.
Thus ran(T ) is closed and dense, so T is bijective and T (u) = f has a unique solution. □

Theorem 3.5.5 (Solvability of the complex Laplacian). For v ∈CN,α(X ,R), the equation ∆ω(u) = v has
a solution u ∈CN+2,α(X ,R) if and only if ∫

X
v ·dµω = 0.

The solution is unique after imposing
∫

X u ·dµω = 0. Smooth data produce a smooth solution.

Proof. By u ∈CN+2,α(X ,R), v ∈CN,α(X ,R), and ∆ω(u) = v,

∆ω(u) = v 3.5.1
=⇒

∫
X

v ·dµω =
∫

X
∆ω(u) ·dµω = 0.

Conversely, let
∫

X v ·dµω = 0 and define on H1
0 (X) = {u ∈ H1(X ,R) |

∫
X u ·dµω = 0}

B(u,w) = Re
(∫

X
uz̄
∗ ·G−1 ·wz̄ ·dµω

)
, ℓ(w) =−

∫
X

v ·w ·dµω .

|B(u,w)| ≤C · ∥u∥H1 · ∥w∥H1 , B(u,u)≥ c · ∥d(u)∥2
L2

3.5.3
=⇒ B(u,u)≥ c′ · ∥u∥2

H1 .

B ∈L (H1
0 (X)×H1

0 (X),R), B(u,u)≥ c′ · ∥u∥2
H1

3.5.4
=⇒ ∃!u ∈ H1

0 (X) B(u,w) = ℓ(w) (w ∈ H1
0 (X)).

B(u,w) = ℓ(w) 3.5.1
=⇒ −

∫
X
(∆ω(u)) ·w ·dµω =−

∫
X

v ·w ·dµω (w ∈ H1
0 (X)).

w̃=w−
∫

X w ·dµω∫
X dµω

=⇒ w̃∈H1
0 (X),

∫
X

v·(w−w̃)·dµω = 0, B(u,w)=B(u, w̃)=⇒∆ω(u)= v (H−1(X)),

∆ω(u) = v (H−1(X))
A.3.2
=⇒ u ∈CN+2,α(X), v ∈C∞(X) =⇒ u ∈C∞(X).

∆ω(u1−u2) = 0 3.5.2
=⇒ u1−u2 ∈ R.

Thus the mean-zero solution exists and is unique. □
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Remark 3.5.6. Self-adjointness and the kernel computation give

∆
∗
ω =∆ω

3.5.1
=⇒ (ran(∆ω))

⊥= ker(∆ω), ker(∆ω)=R 3.5.2
=⇒ ran(∆ω)=

{
v ∈C∞(X ,R)

∣∣∣∣ ∫X
v ·dµω = 0

}
.

3.6. The Monge–Ampère map. Let J ⊂R be an open interval containing [0,1] and let H ∈C∞(J×X ,R)
satisfy ∫

X
eH(t) ·ωn

0 =
∫

X
ω

n
0 (t ∈ J).

Definition 3.6.1 (Monge–Ampère map). On the open set

U =
{
(t,φ) ∈ J×B0

1
∣∣ ωφ > 0

}
define U

Φ−→B0
2 by

Φ(t,φ) =
ωn

φ

ωn
0
− eH(t) =

det(Gφ )

det(G0)
− eH(t).

Indeed,
φ ∈Hω0

3.1.1
=⇒

∫
X

Φ(t,φ) ·ωn
0 =

∫
X

ω
n
φ −

∫
X

eH(t) ·ωn
0 = 0.

Lemma 3.6.2. The map U
Φ−→B0

2 is continuously differentiable.

Proof. By (t,φ) ∈U , u ∈B0
1 , and Gφ+s·u = Gφ + s ·Hu,

Gφ+s·u = Gφ + s ·Hu = Gφ ·
(

In + s ·G−1
φ
·Hu

)
,

det(Gφ+s·u) = det(Gφ ) ·det
(

In + s ·G−1
φ
·Hu

)
??
=⇒= det(Gφ ) ·

(
1+ s ·Tr(G−1

φ
·Hu)+O(s2)

)
.

∥u∥CN+2,α ≤ δ =⇒
∥∥∥det(Gφ +Hu)−det(Gφ )−det(Gφ ) ·Tr(G−1

φ
·Hu)

∥∥∥
CN,α
≤Cδ · ∥u∥2

CN+2,α .

u ∈B1
3.3.3
=⇒ Hu ∈CN,α(X ,Herm(n)), ∥Hu∥CN,α ≤C · ∥u∥CN+2,α .

The space CN,α(X) is a Banach algebra, while determinant, matrix inverse, and exponential are smooth on
their open domains. Thus Φ is continuously differentiable. □

Proposition 3.6.3 (Linearization of the Monge–Ampère map). For (t,φ) ∈U and u ∈B0
1 ,

(3.6.1) Dφ Φ(t,φ)[u] = ∆ωφ
(u) ·

ωn
φ

ωn
0
.

If Φ(t,φ) = 0, then
Dφ Φ(t,φ)[u] = eH(t) ·∆ωφ

(u).

Proof. By φs = φ + s ·u, Gs = Gφ + s ·Hu, and d
ds(Gs) = Hu,

d
ds

(det(Gs))
??
=⇒= det(Gs) ·Tr(G−1

s ·Hu) =⇒
d
ds

∣∣∣∣
s=0

(
det(Gs)

det(G0)

)
3.4.1
=⇒= ∆ωφ

(u) ·
det(Gφ )

det(G0)
.

det(Gφ )

det(G0)
=

ωn
φ

ωn
0
=⇒ Dφ Φ(t,φ)[u] = ∆ωφ

(u) ·
ωn

φ

ωn
0
, Φ(t,φ) = 0 3.6.1

=⇒
ωn

φ

ωn
0
= eH(t).

Thus the linearization is the weighted complex Laplacian. □
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3.7. Calabi uniqueness.

Lemma 3.7.1 (Positivity of intermediate wedge forms). For Kähler forms ωφ and ωψ , define

Θφ ,ψ =
n−1

∑
q=0

ω
q
φ
∧ω

n−1−q
ψ ,

i
2
·∂ (u)∧ ∂̄ (u)∧Θφ ,ψ ≥ 0,

where Θφ ,ψ is strictly positive, u ∈C∞(X ,R) is arbitrary, and equality holds at a point if and only if ∂ (u)
vanishes there.

Proof. By p ∈ X , Gφ (p) = In, and Gψ(p) = diag(µ1, . . . ,µn),

Gφ (p) = In, Gψ(p) =

µ1 0
. . .

0 µn

 , µ j > 0, α j =
i
2
·dz j ∧dz̄ j.

For I = {i1 < · · ·< iq} ⊂ {1, . . . ,n} write αI = αi1 ∧·· ·∧αiq .

ω
q
φ
= q! · ∑

I⊂{1,...,n}
|I|=q

αI, ω
n−1−q
ψ = (n−1−q)! · ∑

J⊂{1,...,n}
|J|=n−1−q

(
∏
j∈J

µ j

)
·αJ.

Θφ ,ψ(p) =
n

∑
m=1

cm ·α1∧·· ·∧ α̂m∧·· ·∧αn,

cm =
n−1

∑
q=0

q! · (n−1−q)! · ∑
J⊂{1,...,n}\{m}
|J|=n−1−q

∏
j∈J

µ j > 0.

∂ (u)(p) =
n

∑
m=1

um ·dzm =⇒ i
2
·∂ (u)∧ ∂̄ (u)∧Θφ ,ψ =

(
n

∑
m=1

cm · |um|2
)
·α1∧·· ·∧αn.

Thus positivity is strict precisely when ∂ (u)(p) ̸= 0. □

Lemma 3.7.2 (Monge–Ampère difference factorization). For φ ,ψ ∈Hω0 ,

(3.7.1) ω
n
φ −ω

n
ψ =

i
2
·∂
(
∂̄ (φ −ψ)

)
∧Θφ ,ψ .

Proof. By A = ωφ , B = ωψ , and A−B = (i/2) ·∂ (∂̄ (φ −ψ)),

An−Bn = (A−B)∧
n−1

∑
q=0

Aq∧Bn−1−q, A−B =
i
2
·∂
(
∂̄ (φ −ψ)

)
.

Substitution gives the claimed factorization. □

Theorem 3.7.3 (Calabi uniqueness). If φ ,ψ ∈Hω0 and ωn
φ
= ωn

ψ , then φ −ψ is constant. If both
potentials have zero ω0-mean, then φ = ψ .

Proof. By u = φ −ψ , ωn
φ
= ωn

ψ , and φ ,ψ ∈Hω0 ,

d(ωφ ) = d(ωψ) = 0 1.4.1
=⇒ d(Θφ ,ψ) = 0,

ω
n
φ = ω

n
ψ

3.7.2
=⇒ i

2
·∂
(
∂̄ (u)

)
∧Θφ ,ψ = 0.

0 =
∫

X
d
(

i
2
·u · ∂̄ (u)∧Θφ ,ψ

)
=
∫

X

i
2
·∂ (u)∧ ∂̄ (u)∧Θφ ,ψ +

∫
X

i
2
·u ·∂

(
∂̄ (u)

)
∧Θφ ,ψ .
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i
2
·∂
(
∂̄ (u)

)
∧Θφ ,ψ = 0 3.7.1

=⇒
∫

X

i
2
·u ·∂

(
∂̄ (u)

)
∧Θφ ,ψ = 0=⇒

∫
X

i
2
·∂ (u)∧ ∂̄ (u)∧Θφ ,ψ = 0 3.7.1

=⇒ ∂ (u)= 0.

∂ (u) = 0, u ∈C∞(X ,R) 3.4.1
=⇒ ∆ω0(u) = 0 3.5.2

=⇒ u ∈ R.
Thus the mean normalization makes that constant zero. □

Theorem 3.7.4 (Comparison principle). If φ ,ψ ∈Hω0 satisfy ωn
φ
≥ ωn

ψ and both have zero ω0-mean,
then φ = ψ .

Proof. By φ ,ψ ∈Hω0 , ωn
φ
−ωn

ψ ≥ 0, and
∫

X(φ −ψ) ·ωn
0 = 0,

0≤
∫

X
(ωn

φ−ω
n
ψ)

3.1.1
=⇒

∫
X
(ωn

φ−ω
n
ψ)= 0=⇒ω

n
φ =ω

n
ψ

3.7.3
=⇒ φ−ψ ∈R,

∫
X
(φ−ψ)·ωn

0 = 0=⇒ φ =ψ.

Thus the ordered normalized potentials coincide. □

3.8. The continuity path. Assume from now on that F satisfies the volume normalization above.

Definition 3.8.1 (Continuity family). For t ∈ R choose ct ∈ R so that
∫

X et·F+ct ·ωn
0 =

∫
X ωn

0 . The
continuity family is

(3.8.1) ω
n
φ = et·F+ct ·ωn

0 , ωφ > 0,
∫

X
φ ·ωn

0 = 0.

The solution set is

I =
{

t ∈ [0,1]
∣∣ there is φ ∈Hω0 ∩B0

1 satisfying the displayed equation
}
.

Lemma 3.8.2 (Normalization constant and nonemptiness). The normalization constant is

ct = log
( ∫

X ωn
0∫

X et·F ·ωn
0

)
, c0 = c1 = 0, 0 ∈ I.

Proof. By ct ∈ R,
∫

X et·F+ct ·ωn
0 =

∫
X ωn

0 , and
∫

X eF ·ωn
0 =

∫
X ωn

0 ,

ect ·
∫

X
et·F ·ωn

0 =
∫

X
ω

n
0 =⇒ ct = log

( ∫
X ωn

0∫
X et·F ·ωn

0

)
, t = 0=⇒ c0 = 0, φ0 = 0, t = 1 3.2.2

=⇒ c1 = 0.

t = 0, c0 = 0, φ0 = 0 3.8.1
=⇒ 0 ∈ I.

Thus the path begins at the reference metric and ends at the target equation. □

3.9. Openness.

Proposition 3.9.1 (Openness of the continuity set). For every t0 ∈ I there is ε > 0 such that

(t0− ε, t0 + ε)∩ [0,1]⊂ I.

Proof. By t0 ∈ I, H(t) = t ·F + ct , H0 = t0 ·F + ct0 , and U
Φ−→B0

2 ,

ct = log
( ∫

X ωn
0∫

X et·F ·ωn
0

)
3.8.2
=⇒ ct ∈C∞(R), H ∈C∞(R×X).

t0 ∈ I 3.8.1
=⇒ ∃φ0 ∈Hω0 ∩B0

1 , ω
′ = ωφ0 , Φ(t0,φ0) = 0.

Φ(t0,φ0) = 0,
ω ′n

ωn
0
= eH0 3.6.3

=⇒ Dφ Φ(t0,φ0)[u] = eH0 ·∆ω ′(u).∫
X

Dφ Φ(t0,φ0)[u] ·ωn
0 =

∫
X

eH0 ·∆ω ′(u) ·ωn
0 =

∫
X

∆ω ′(u) ·ω ′n
3.5.1
=⇒ 0.

v ∈B0
2 , q = e−H0 ·v,

∫
X

q ·ω ′n =
∫

X
e−H0 ·v ·eH0 ·ωn

0 =
∫

X
v ·ωn

0 = 0 3.5.5
=⇒ ∃u ∈B1 ∆ω ′(u) = q.
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û = u−
∫

X u ·ωn
0∫

X ωn
0

=⇒ û ∈B0
1 , ∆ω ′(û) = q, Dφ Φ(t0,φ0)[û] = v.

Dφ Φ(t0,φ0)[u] = 0 =⇒ ∆ω ′(u) = 0 3.5.2
=⇒ u ∈ R, u ∈B0

1 =⇒ u = 0.

Φ ∈C1(U ,B0
2)

3.6.2
=⇒ Dφ Φ(t0,φ0) ∈L (B0

1 ,B
0
2), ker

(
Dφ Φ(t0,φ0)

)
= {0}.

ran
(
Dφ Φ(t0,φ0)

)
= B0

2 =⇒ Dφ Φ(t0,φ0) ∈ Iso(B0
1 ,B

0
2).

Φ(t0,φ0)= 0, Φ∈C1(U ,B0
2), Dφ Φ(t0,φ0)∈ Iso(B0

1 ,B
0
2)

3.3.4
=⇒ ∃ε > 0, ∃φ ∈C1((t0−ε, t0+ε),B0

1),

Φ(t,φ(t)) = 0, |t− t0|< ε, φ(t) ∈B0
1 , ωφ(t) > 0 ??

=⇒ φ(t) ∈B0
1 ∩Hω0 .

Φ(t,φ(t)) = 0, φ(t) ∈B0
1 ∩Hω0 , t ∈ (t0− ε, t0 + ε)∩ [0,1] 3.8.1

=⇒ t ∈ I.
Thus every t0 ∈ I is interior relative to [0,1]. □

4. CLOSEDNESS THROUGH COMPACTNESS AND EIGENVALUE CONTROL

Openness continues one solution locally in the path parameter. Closedness requires a sequence of
solutions to converge while preserving the Monge–Ampère equation and strict positivity. The compactness
and eigenvalue mechanisms are isolated here.

t0 ∈ I 3.9.1
=⇒ t0 ∈ int[0,1](I).

∥φν∥C2,α ≤C 4.1.3
=⇒ φνℓ

C2,β

−−→ φ∞.(
Tr(hν)≤C,

∣∣∣∣log
(

ωn
ν

ωn
0

)∣∣∣∣≤C
)

4.2.6
=⇒ ω∞ > 0.

Throughout this section, C is a positive constant depending only on fixed background data and may
increase from line to line. Reused constants carry descriptive subscripts.

4.1. Equicontinuity and Hölder compactness.

Definition 4.1.1 (Equicontinuity). Let K ⊂ Rm be compact and let F ⊂ C0(K). The family F is
equicontinuous if

ε > 0 =⇒∃δ > 0 ∥x− y∥< δ =⇒ |u(x)−u(y)|< ε (u ∈F , x,y ∈ K).

In particular,

[u]C0,α (K) ≤C,
3.3.1
=⇒ |u(x)−u(y)| ≤C · ∥x− y∥α , δ =

(
ε

C

)1/α

=⇒ |u(x)−u(y)|< ε.

Theorem 4.1.2 (Arzelà–Ascoli). Every uniformly bounded equicontinuous sequence (uν)
∞
ν=1 ⊂C0(K)

has a uniformly convergent subsequence.

Proof. By K ⋐ Rm, supν≥1 ∥uν∥C0(K) < ∞, and (uν)
∞
ν=1 equicontinuous,

{xr}∞
r=1 ⊂ K countable and dense, uνℓ

(xr)−→ ar (r ∈ N).

F equicontinuous 4.1.1
=⇒ sup

u∈F
∥y−z∥<δ

|u(y)−u(z)|< ε

3
.

∥x− xr∥< δ , ℓ,q≥ L =⇒ |uνℓ
(x)−uνq(x)| ≤ |uνℓ

(x)−uνℓ
(xr)|+ |uνℓ

(xr)−uνq(x)|.
|uνℓ

(xr)−uνq(x)| ≤ |uνℓ
(xr)−uνq(xr)|+ |uνq(xr)−uνq(x)|.

|uνℓ
(x)−uνq(x)|<

ε

3
+

ε

3
+

ε

3
= ε.

K ⊂
R⋃

r=1

Bδ (xr) =⇒ ℓ,q≥ L =⇒ sup
x∈K
|uνℓ

(x)−uνq(x)|< ε.
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Thus the extracted subsequence is Cauchy in C0(K) and converges uniformly. □

Corollary 4.1.3 (Compact Hölder embedding). For 0 < β < α < 1,

C2,α(X)⋐C2,β (X).

Consequently, every C2,α -bounded sequence has a subsequence converging in C2,β (X).

Proof. By 0 < β < α < 1, ∥uν∥C2,α (X) ≤C, and X covered by a fixed finite atlas,

∥Dγ(uν)∥C0 +[Dγ(uν)]C0,α ≤C (0≤ |γ| ≤ 2) 3.3.1
=⇒ |Dγ(uν)(x)−Dγ(uν)(y)| ≤C · ∥x− y∥α .

|Dγ(uν)(x)−Dγ(uν)(y)| ≤C · ∥x− y∥α 4.1.1
=⇒ {Dγ(uν)}∞

ν=1 uniformly bounded and equicontinuous.

{Dγ(uν)}∞
ν=1 uniformly bounded and equicontinuous 4.1.2

=⇒ Dγ(uνℓ
)

C0

−→ Dγ(u∞).

fℓ = Dγ(uνℓ
−u∞), [ fℓ]C0,β ≤ 21−β/α · ∥ fℓ∥

1−β/α

C0 · [ fℓ]
β/α

C0,α −→ 0.

The finite atlas and the finitely many derivatives give convergence in C2,β (X). □

4.2. Relative metrics and scalar identities.

Definition 4.2.1 (Relative eigenvalues). Let

ω =
i
2
·

n

∑
j=1

n

∑
k=1

g jk̄ ·dz j ∧dz̄k, η =
i
2
·

n

∑
j=1

n

∑
k=1

h jk̄ ·dz j ∧dz̄k.

With barred rows and holomorphic columns, set

G = [g jk̄]k̄, j, H = [h jk̄]k̄, j, A = G−1 ·H =

g11̄ · · · g1n̄

...
. . .

...
gn1̄ · · · gnn̄

 ·
h11̄ · · · hn1̄

...
. . .

...
h1n̄ · · · hnn̄

 .
If ω,η > 0, then

ω,η > 0 1.2.1
=⇒ G,H > 0, B=G−1/2 ·H ·G−1/2 > 0, A=G−1/2 ·B·G1/2, B=Q·

λ1 0
. . .

0 λn

·Q∗.
The positive numbers λ1, . . . ,λn are the eigenvalues of η relative to ω . Equivalently,

A · va = λa · va (1≤ a≤ n).

Lemma 4.2.2 (Perturbed metric matrix). For φ ∈Hω0 ,

(4.2.1) Gφ = G0 +Hφ , Hφ = [φ jk̄]k̄, j, h = G−1
0 ·Gφ = In +G−1

0 ·Hφ .

Moreover, ωφ > 0 if and only if Gφ > 0.

Proof. By φ ∈Hω0 , V =

V 1

...
V n

 ̸= 0, and [Gφ ]k̄, j in barred-row convention,

φ ∈Hω0

3.1.1
=⇒ Gφ =

g0,11̄ +φ11̄ · · · g0,n1̄ +φn1̄
...

. . .
...

g0,1n̄ +φ1n̄ · · · g0,nn̄ +φnn̄

 , −2 · i ·ωφ (V ,V ) =VT ·Gφ ·V .

VT ·Gφ ·V =−2 · i ·ωφ (V ,V )
1.2.1
=⇒ ωφ > 0⇐⇒VT ·Gφ ·V > 0 (V ̸= 0)⇐⇒ Gφ > 0.
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h j
p =

n

∑
k=1

g jk̄
0 · (g0,pk̄ +φpk̄) = δ

j
p +

n

∑
k=1

g jk̄
0 ·φpk̄

4.2.1
=⇒ spec(h) = {λ1, . . . ,λn}.

Thus positivity and the relative spectrum are encoded by the displayed matrices. □

Lemma 4.2.3 (Determinant and trace identities). Let λ1, . . . ,λn > 0 be the eigenvalues of ωφ relative to
ω0. Then

(4.2.2)
ωn

φ

ωn
0
=

det(Gφ )

det(G0)
= det(h) =

n

∏
a=1

λa.

Tr(h) =
n

∑
a=1

λa = n+
n

∑
j=1

n

∑
k=1

g jk̄
0 ·φ jk̄ = n+∆ω0(φ).

Tr(h−1) =
n

∑
a=1

λ
−1
a = n−

n

∑
j=1

n

∑
k=1

g jk̄
φ
·φ jk̄ = n−∆ωφ

(φ).

Proof. By ωφ > 0, λ1, . . . ,λn > 0, and p ∈ X ,

G0(p) = In, Gφ (p) =

λ1 0
. . .

0 λn

 , Gφ (p)−1 =

λ
−1
1 0

. . .
0 λ−1

n

 .
ω0,ωφ

1.4.1
=⇒

ωn
φ

ωn
0
=

det(Gφ )

det(G0)
= det(h) =

n

∏
a=1

λa.

Tr(h) = Tr(G−1
0 ·Gφ ) =

n

∑
a=1

λa, Tr(h−1) = Tr(G−1
φ
·G0) =

n

∑
a=1

λ
−1
a .

h = In +G−1
0 ·Hφ

4.2.1
=⇒ Tr(h) = Tr(In +G−1

0 ·Hφ ) = n+
n

∑
j=1

n

∑
k=1

g jk̄
0 ·φ jk̄

3.4.1
=⇒ Tr(h) = n+∆ω0(φ).

Tr(h−1) = Tr(In−G−1
φ
·Hφ ) = n−

n

∑
j=1

n

∑
k=1

g jk̄
φ
·φ jk̄

3.4.1
=⇒ Tr(h−1) = n−∆ωφ

(φ).

Thus determinant and both metric traces are the elementary spectral data. □

Lemma 4.2.4 (Uniform right-hand-side bounds). Set

mF = min
X

(F), MF = max
X

(F), oscX(F) = MF −mF , V0 =
∫

X
ω

n
0 .

For 0≤ t ≤ 1,

(4.2.3) −t ·MF ≤ ct ≤−t ·mF , −t ·oscX(F)≤ t ·F + ct ≤ t ·oscX(F).

Hence every solution of the continuity equation satisfies

e−oscX (F) ≤ ωn
t

ωn
0
≤ eoscX (F).

Set Ht = t ·F + ct . For every integer r ≥ 0 and 0 < α < 1,

sup
0≤t≤1

∥Ht∥Cr,α (X) ≤ oscX(F)+∥F∥Cr,α (X).

Moreover,

D∗ = sup
0≤t≤1

x∈X

∣∣∣∣∣ n

∑
j=1

n

∑
k=1

g jk̄
0 (x) · (Ht) jk̄(x)−S(ω0)(x)

∣∣∣∣∣≤
∥∥∥∥∥ n

∑
j=1

n

∑
k=1

g jk̄
0 ·Fjk̄

∥∥∥∥∥
C0(X)

+∥S(ω0)∥C0(X).
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Proof. By 0≤ t ≤ 1, mF ≤ F ≤MF , and ect ·
∫

X et·F ·ωn
0 =V0,

ω
n
t = et·F+ct ·ωn

0
3.8.1
=⇒ ect ·

∫
X

et·F ·ωn
0 =V0, et·mF ·V0≤

∫
X

et·F ·ωn
0 ≤ et·MF ·V0

3.8.2
=⇒ −t ·MF ≤ ct ≤−t ·mF .

t ·mF − t ·MF ≤ t ·F + ct ≤ t ·MF − t ·mF
3.8.1
=⇒ e−oscX (F) ≤ ωn

t

ωn
0
≤ eoscX (F).

(Ht) jk̄ = t ·Fjk̄, ∂
γ(Ht) = t ·∂ γ(F) (1≤ |γ| ≤ r) =⇒ sup

0≤t≤1
∥Ht∥Cr,α ≤ oscX(F)+∥F∥Cr,α .∣∣∣∣∣ n

∑
j=1

n

∑
k=1

g jk̄
0 · (Ht) jk̄−S(ω0)

∣∣∣∣∣≤
∣∣∣∣∣ n

∑
j=1

n

∑
k=1

g jk̄
0 ·Fjk̄

∣∣∣∣∣+ |S(ω0)|=⇒ D∗ ≤

∥∥∥∥∥ n

∑
j=1

n

∑
k=1

g jk̄
0 ·Fjk̄

∥∥∥∥∥
C0

+∥S(ω0)∥C0 .

Thus the density and all spatial derivatives of its logarithm are uniformly bounded. □

Lemma 4.2.5 (Trace comparison). For n≥ 2,

(4.2.4) Tr(h)≤ 1
(n−1)!

· (Tr(h−1))n−1 ·
ωn

φ

ωn
0
.

For n = 1 the corresponding identity is immediate.

Proof. By n≥ 2, λ1, . . . ,λn > 0, and ωn
φ
/ωn

0 = ∏
n
a=1 λa,(

n

∑
a=1

λ
−1
a

)n−1

= ∑
(a1,...,an−1)∈{1,...,n}n−1

n−1

∏
q=1

λ
−1
aq
≥ (n−1)! ·

n

∑
a=1

∏
1≤b≤n

b̸=a

λ
−1
b .

1
(n−1)!

·

(
n

∑
a=1

λ
−1
a

)n−1

·
n

∏
a=1

λa ≥
n

∑
a=1

λa
4.2.3
=⇒ 1

(n−1)!
· (Tr(h−1))n−1 ·

ωn
φ

ωn
0
≥ Tr(h).

This is the standard spectral trace comparison. □

Corollary 4.2.6 (Trace–determinant eigenvalue bounds). Suppose

Tr(h)≤Ctr,
ωn

φ

ωn
0
= eH , ∥H∥C0(X) ≤Cvol.

Then every relative eigenvalue satisfies

(4.2.5) e−Cvol ·C1−n
tr ≤ λa ≤Ctr (1≤ a≤ n).

Proof. By ∑
n
a=1 λa ≤Ctr, ∏

n
a=1 λa = eH , and |H| ≤Cvol,

Tr(h)≤Ctr
4.2.3
=⇒

n

∑
b=1

λb ≤Ctr =⇒ 0 < λa ≤
n

∑
b=1

λb ≤Ctr.

ωn
φ

ωn
0
= eH 4.2.2

=⇒
n

∏
b=1

λb = eH .

|H| ≤Cvol =⇒ e−Cvol ≤ eH = λa · ∏
1≤b≤n

b̸=a

λb ≤ λa ·Cn−1
tr .

Rearrangement gives the claimed lower bound. □
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Theorem 4.2.7 (Explicit eigenvalue bounds from scalar data). Let φ j ∈Hω0 be normalized solutions, and
set

ω j = ωφ j , G j = G0 +[∂p(∂q̄(φ j))]q̄,p, h j = G−1
0 ·G j.

Suppose

ω
n
j = eFt j ·ωn

0 ,
∫

X
φ j ·ωn

0 = 0, ∥φ j∥C0(X) ≤C0, Tr(h j)≤C2, ∥Ft j∥C0(X) ≤CF .

Then

(4.2.6) e−CF ·C1−n
2 ·ω0 ≤ ω j ≤C2 ·ω0.

Proof. By Tr(h j)≤C2, det(h j) = eFt j , and ∥Ft j∥C0(X) ≤CF ,

G j = G0 +[∂p(∂q̄(φ j))]q̄,p, h j = G−1
0 ·G j

4.2.1
=⇒ spec(h j) = {λ ( j)

1 , . . . ,λ
( j)
n }.

Tr(h j)≤C2
4.2.3
=⇒

n

∑
a=1

λ
( j)
a = Tr(h j)≤C2.

det(h j) = eFt j
4.2.3
=⇒

n

∏
a=1

λ
( j)
a = det(h j) = eFt j ≥ e−CF .

0 < λ
( j)
a ≤C2, e−CF ≤ λ

( j)
a · ∏

1≤b≤n
b̸=a

λ
( j)
b ≤ λ

( j)
a ·Cn−1

2 .

e−CF ·C1−n
2 ≤ λ

( j)
a ≤C2

4.2.1
=⇒ e−CF ·C1−n

2 ·ω0 ≤ ω j ≤C2 ·ω0.

□

4.3. Log-volume linearization and uniform ellipticity.

Proposition 4.3.1 (Log-volume linearization). For

M (φ) = log
(

ωn
φ

ωn
0

)
, u ∈C∞(X ,R),

one has

(4.3.1) DMφ [u] = Tr(G−1
φ
·Hu) =

n

∑
j=1

n

∑
k=1

g jk̄
φ
·u jk̄.

Proof. By φs = φ + s ·u, Hu = [u jk̄]k̄, j, and |s| ≪ 1 =⇒ ωφs > 0,

ωn
φs

ωn
0
=

det(Gφs)

det(G0)

4.2.3
=⇒ M (φs) = log(det(Gφs))− log(det(G0)).

d
ds

∣∣∣∣
s=0

M (φs) =
ωn

0
ωn

φ

· d
ds

∣∣∣∣
s=0

ωn
φs

ωn
0

3.6.3
=⇒

n

∑
j=1

n

∑
k=1

g jk̄
φ
·u jk̄.

n

∑
j=1

n

∑
k=1

g jk̄
φ
·u jk̄

3.4.1
=⇒ ∆ωφ

(u) = Tr(G−1
φ
·Hu)

1.2.2
=⇒ Tr(

g11̄
φ
· · · g1n̄

φ

...
. . .

...
gn1̄

φ
· · · gnn̄

φ

 ·
u11̄ · · · un1̄

...
. . .

...
u1n̄ · · · unn̄

).
Thus the logarithmic linearization is the complex Laplacian. □
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Proposition 4.3.2 (Explicit uniform ellipticity). Suppose

Tr(h)≤Ctr,
ωn

φ

ωn
0
= eH , ∥H∥C0(X) ≤Cvol.

Set h̃ = G1/2
0 ·h ·G

−1/2
0 = G−1/2

0 ·Gφ ·G−1/2
0 . Then

(4.3.2) e−Cvol ·C1−n
tr ·ω0 ≤ ωφ ≤Ctr ·ω0, e−Cvol ·C1−n

tr · In ≤ h̃≤Ctr · In.

Moreover,
C−1

tr ·G−1
0 ≤ G−1

φ
≤ eCvol ·Cn−1

tr ·G−1
0 ,

and, for ξ =
[
ξ1 · · · ξn

]T ̸= 0,

C−1
tr ·ξ

T ·G−1
0 ·ξ ≤

n

∑
j=1

n

∑
k=1

g jk̄
φ
·ξ j ·ξk ≤ eCvol ·Cn−1

tr ·ξT ·G−1
0 ·ξ .

Thus the complete linearized elliptic equation is

DMφ [u] =
n

∑
j=1

n

∑
k=1

g jk̄
φ
· ∂ 2u

∂ z j∂ z̄k .

Proof. By Tr(h)≤Ctr, ωn
φ
/ωn

0 = eH , and ∥H∥C0(X) ≤Cvol,(
Tr(h)≤Ctr,

ωn
φ

ωn
0
= eH , ∥H∥C0(X) ≤Cvol

)
4.2.6
=⇒ e−Cvol ·C1−n

tr ≤ λa ≤Ctr (1≤ a≤ n).

e−Cvol ·C1−n
tr ≤ λa ≤Ctr (1≤ a≤ n) 4.2.1

=⇒ e−Cvol ·C1−n
tr · In ≤ h̃≤Ctr · In.

Gφ = G1/2
0 · h̃ ·G

1/2
0

4.2.1
=⇒ e−Cvol ·C1−n

tr ·G0 ≤ Gφ ≤Ctr ·G0
1.2.2
=⇒ C−1

tr ·G−1
0 ≤ G−1

φ
≤ eCvol ·Cn−1

tr ·G−1
0 .

ξ
T ·G−1

φ
·ξ =

n

∑
j=1

n

∑
k=1

g jk̄
φ
·ξ j ·ξk.

(φ ∈Hω0 , u ∈C∞(X ,R)) 4.3.1
=⇒ DMφ [u] =

n

∑
j=1

n

∑
k=1

g jk̄
φ
· ∂ 2u

∂ z j∂ z̄k .

Thus the displayed lower and upper coefficients are the ellipticity constants. □

4.4. Computational eigenvalue experiments.

Example 4.4.1 (Fixed determinant without uniform ellipticity). At one point take G0 = I2. For N ≥ 1 set

Q2 =
1√
2
·
[

1 −1
1 1

]
=
[
v+ v−

]
, DN =

[
N 0
0 N−1

]
, v+ =

1√
2
·
[

1
1

]
, v− =

1√
2
·
[
−1
1

]
.

Q∗2 ·Q2 =
1
2
·
[

1 1
−1 1

]
·
[

1 −1
1 1

]
=

1
2
·
[

1 ·1+1 ·1 1 · (−1)+1 ·1
(−1) ·1+1 ·1 (−1) · (−1)+1 ·1

]
=

1
2
·
[

2 0
0 2

]
= I2.

The full relative metric is

GN = hN =
1√
2
·
[

1 −1
1 1

]
·
[

N 0
0 N−1

]
· 1√

2
·
[

1 1
−1 1

]
=

1
2
·
[

N −N−1

N N−1

]
·
[

1 1
−1 1

]
=

1
2
·
[

N ·1+(−N−1) · (−1) N ·1+(−N−1) ·1
N ·1+N−1 · (−1) N ·1+N−1 ·1

]
=

1
2
·
[

N +N−1 N−N−1

N−N−1 N +N−1

]
.

Q∗2 ·Q2 = I2, hN = Q2 ·DN ·Q∗2
4.2.1
=⇒ hN · v+ = N · v+, hN · v− = N−1 · v−.
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Let ωN be the associated Hermitian form. For N = 100, all eigenvectors are checked simultaneously by[
50.005 49.995
49.995 50.005

]
· 1√

2
·
[

1 −1
1 1

]
=

1√
2
·
[

50.005 ·1+49.995 ·1 50.005 · (−1)+49.995 ·1
49.995 ·1+50.005 ·1 49.995 · (−1)+50.005 ·1

]
=

1√
2
·
[

100 −0.01
100 0.01

]
=

1√
2
·
[

1 −1
1 1

]
·
[

100 0
0 0.01

]
.

The deterministic sweep Nr = 10r for 0≤ r ≤ 6 gives

spec(hNr) = {10r,10−r} 4.2.1
=⇒ (λmin(hNr),λmax(hNr),κ2(hNr)) = (10−r,10r,102r).

κ2(A) =
λmax(A)
λmin(A)

, det(hNr) = 1 4.2.3
=⇒

ω 2
Nr

ω2
0
= 1.

Hence fixed volume does not prevent the ellipticity ratio from diverging.

Remark 4.4.2. The Monge–Ampère equation controls det(h) = ∏
n
a=1 λa, but a fixed positive determinant

does not bound the individual eigenvalues.

ωφ > 0 4.2.3
=⇒ det(h) =

n

∏
a=1

λa
4.4.1
=⇒

(
det(hN) = 1, λmin(hN) = N−1, λmax(hN) = N

)
.

det(h)≥ e−Cvol , Tr(h)≤Ctr
4.2.6
=⇒ e−Cvol ·C1−n

tr ≤ λa ≤Ctr.

Thus the determinant and trace together preserve strict positivity in a limit.

Example 4.4.3 (Determinant and trace control). At one point take G0 = I3 and set

Q3 =
1
3
·

2 −2 1
2 1 −2
1 2 2

=
[
v1 v2 v3

]
, Ds =

s 0 0
0 1 0
0 0 s−1

 .
Q∗3 ·Q3 =

1
9
·

 2 2 1
−2 1 2
1 −2 2

 ·
2 −2 1

2 1 −2
1 2 2


1
9
·

 2 2 1
−2 1 2
1 −2 2

 ·
2

2
1

=
1
9
·

 2 ·2+2 ·2+1 ·1
(−2) ·2+1 ·2+2 ·1
1 ·2+(−2) ·2+2 ·1

=

1
0
0

 .
1
9
·

 2 2 1
−2 1 2
1 −2 2

 ·
−2

1
2

=
1
9
·

 2 · (−2)+2 ·1+1 ·2
(−2) · (−2)+1 ·1+2 ·2
1 · (−2)+(−2) ·1+2 ·2

=

0
1
0

 .
1
9
·

 2 2 1
−2 1 2
1 −2 2

 ·
 1
−2
2

=
1
9
·

 2 ·1+2 · (−2)+1 ·2
(−2) ·1+1 · (−2)+2 ·2
1 ·1+(−2) · (−2)+2 ·2

=

0
0
1

 .
Q∗3 ·Q3 =

1
9
·

9 0 0
0 9 0
0 0 9

= I3.

v1 =
1
3
·

2
2
1

 , v2 =
1
3
·

−2
1
2

 , v3 =
1
3
·

 1
−2
2

 .
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Gs = hs =
1
3
·

2 −2 1
2 1 −2
1 2 2

 ·
s 0 0

0 1 0
0 0 s−1

 · 1
3
·

 2 2 1
−2 1 2
1 −2 2

 .
Q∗3 ·Q3 = I3, hs = Q3 ·Ds ·Q∗3

4.2.1
=⇒ spec(hs) = {s,1,s−1}.

spec(hs) = {s,1,s−1} 4.2.3
=⇒ det(hs) = s ·1 · s−1 = 1, Tr(hs) = s+1+ s−1.

For the deterministic grid sℓ = (ℓ+4)/10 with 0≤ ℓ≤ 21, direct evaluation gives

det(hsℓ) = 1, max
0≤ℓ≤21

Tr(hsℓ) =
39
10

, min
0≤ℓ≤21
1≤a≤3

λa =
2
5
, max

0≤ℓ≤21
1≤a≤3

λa =
5
2
, max

0≤ℓ≤21
κ2(hsℓ) =

25
4
.

The scalar estimate alone gives

det(hsℓ) = 1, Tr(hsℓ)≤
39
10

4.2.6
=⇒ 100

1521
· I3 ≤ hsℓ ≤

39
10
· I3 =⇒

10
39
· I3 ≤ h−1

sℓ ≤
1521
100
· I3.

The explicit endpoint bounds give
100

1521
≤ λmin(hsℓ)≤ λmax(hsℓ)≤

39
10

4.3.2
=⇒ κ2(hsℓ)≤

39
10
· 1521

100
=

59319
1000

.

At s = 2 the complete multiplication is

h2 =
1
3
·

2 −2 1
2 1 −2
1 2 2

 ·
2 0 0

0 1 0
0 0 1

2

 · 1
3
·

 2 2 1
−2 1 2
1 −2 2

=
1
9
·

4 −2 1
2

4 1 −1
2 2 1

 ·
 2 2 1
−2 1 2
1 −2 2


=

1
9
·

4 ·2+(−2) · (−2)+ 1
2 ·1 4 ·2+(−2) ·1+ 1

2 · (−2) 4 ·1+(−2) ·2+ 1
2 ·2

4 ·2+1 · (−2)+(−1) ·1 4 ·2+1 ·1+(−1) · (−2) 4 ·1+1 ·2+(−1) ·2
2 ·2+2 · (−2)+1 ·1 2 ·2+2 ·1+1 · (−2) 2 ·1+2 ·2+1 ·2

=
1
18
·

25 10 2
10 22 8
2 8 16

 .
Each bold eigenvector is verified directly.

1
18
·

25 10 2
10 22 8
2 8 16

 · 1
3
·

2
2
1

=
1

54
·

25 ·2+10 ·2+2 ·1
10 ·2+22 ·2+8 ·1
2 ·2+8 ·2+16 ·1

=
1
3
·

4
4
2

= 2 · v1.

1
18
·

25 10 2
10 22 8
2 8 16

 · 1
3
·

−2
1
2

=
1
54
·

25 · (−2)+10 ·1+2 ·2
10 · (−2)+22 ·1+8 ·2
2 · (−2)+8 ·1+16 ·2

=
1
3
·

−2
1
2

= v2.

1
18
·

25 10 2
10 22 8
2 8 16

 · 1
3
·

 1
−2
2

=
1

54
·

25 ·1+10 · (−2)+2 ·2
10 ·1+22 · (−2)+8 ·2
2 ·1+8 · (−2)+16 ·2

=
1
3
·

 1
2
−1
1

=
1
2
· v3.(

h2 · v1 = 2 · v1, h2 · v2 = v2, h2 · v3 =
1
2
· v3

)
4.2.1
=⇒ spec(h2) =

{
2,1,

1
2

}
.

spec(h2) =

{
2,1,

1
2

}
4.2.3
=⇒ det(h2) = 2 ·1 · 1

2
= 1, Tr(h2) = 2+1+

1
2
=

7
2
.

Finally,

h−1
2 =

1
18
·

16 −8 2
−8 22 −10
2 −10 25

 .
h2 ·h−1

2 =
1
18
·

25 10 2
10 22 8
2 8 16

 · 1
18
·

16 −8 2
−8 22 −10
2 −10 25


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1
324
·

25 10 2
10 22 8
2 8 16

 ·
16
−8
2

=
1

324
·

25 ·16+10 · (−8)+2 ·2
10 ·16+22 · (−8)+8 ·2
2 ·16+8 · (−8)+16 ·2

=

1
0
0

 .
1

324
·

25 10 2
10 22 8
2 8 16

 ·
 −8

22
−10

=
1

324
·

25 · (−8)+10 ·22+2 · (−10)
10 · (−8)+22 ·22+8 · (−10)
2 · (−8)+8 ·22+16 · (−10)

=

0
1
0

 .
1

324
·

25 10 2
10 22 8
2 8 16

 ·
 2
−10
25

=
1

324
·

25 ·2+10 · (−10)+2 ·25
10 ·2+22 · (−10)+8 ·25
2 ·2+8 · (−10)+16 ·25

=

0
0
1

 .
h2 ·h−1

2 =
1

324
·

324 0 0
0 324 0
0 0 324

= I3.

Thus the trace and determinant controls produce fixed ellipticity constants.

4.5. Differentiation along the continuity path.

Lemma 4.5.1 (Differentiated continuity equation). Let t 7→ φt be a smooth branch of normalized solutions
and write ωt = ωφt and G−1

t = [g jk̄
t ]k̄, j. Then

(4.5.1)
n

∑
j=1

n

∑
k=1

g jk̄
t ·

∂ 2φ̇t

∂ z j∂ z̄k = F + ċt , ċt =−
∫

X F ·ωn
t∫

X ωn
t

,
∫

X
φ̇t ·ωn

0 = 0.

Proof. By ωn
t = et·F+ct ·ωn

0 ,
∫

X φt ·ωn
0 = 0, and G−1

t = [g jk̄
t ]k̄, j,

ω
n
t = et·F+ct ·ωn

0
3.8.1
=⇒ log

(
ωn

t

ωn
0

)
= t ·F + ct =⇒

d
dt

log
(

ωn
t

ωn
0

)
= F + ċt .

d
dt

log
(

ωn
t

ωn
0

)
4.3.1
=⇒

n

∑
j=1

n

∑
k=1

g jk̄
t ·

∂ 2φ̇t

∂ z j∂ z̄k = F + ċt .∫
X

φt ·ωn
0 = 0 3.8.1

=⇒
∫

X
φ̇t ·ωn

0 = 0.(
ct = log(V0)− log

(∫
X

et·F ·ωn
0

))
3.8.2
=⇒ ċt =−

∫
X F · et·F ·ωn

0∫
X et·F ·ωn

0
=−

∫
X F ·ωn

t∫
X ωn

t
.∫

X
(F + ċt) ·ωn

t = 0 3.5.5
=⇒ ∃ut ∈C∞(X ,R)

n

∑
j=1

n

∑
k=1

g jk̄
t ·

∂ 2ut

∂ z j∂ z̄k = F + ċt ,
∫

X
ut ·ωn

t = 0.

ût = ut −
∫

X ut ·ωn
0

V0

3.4.1
=⇒ ∆ωt (ût) = ∆ωt (ut) = F + ċt ,

∫
X

ût ·ωn
0 = 0.

∆ωt (ût) = F + ċt
3.4.1
=⇒

n

∑
j=1

n

∑
k=1

g jk̄
t ·

∂ 2ût

∂ z j∂ z̄k = F + ċt ,
∫

X
ût ·ωn

0 = 0.

n

∑
j=1

n

∑
k=1

g jk̄
t ·

∂ 2(φ̇t − ût)

∂ z j∂ z̄k = 0 3.5.2
=⇒ φ̇t − ût ∈ R.∫

X
(φ̇t − ût) ·ωn

0 = 0 =⇒ φ̇t = ût .

Thus the tangent to the solution branch is the unique ωn
0 -normalized solution of the Poisson equation. □
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4.6. Conditional closedness.

Theorem 4.6.1 (Closedness under uniform C2,α control). Fix 0 < β < α < 1. Let tν ∈ I satisfy tν → t∞ ∈
[0,1], and let φν be the normalized solution at tν . If

sup
ν≥1
∥φν∥C2,α (X) ≤C,

then t∞ ∈ I.

Proof. By tν → t∞, supν≥1 ∥φν∥C2,α (X) ≤C, and Gν = G0 +Hφν
,

sup
ν≥1
∥φν∥C2,α ≤C 4.1.3

=⇒ φνℓ

C2,β

−−→ φ∞, Gν = G0 +Hφν

4.2.2
=⇒ Gνℓ

C0,β

−−→ G∞ = G0 +Hφ∞
.

ωφνℓ
> 0 4.2.2

=⇒ Gνℓ
> 0 =⇒ G∞ ≥ 0.

tνℓ ∈ I 3.8.1
=⇒ ω

n
φνℓ

= etνℓ ·F+ctνℓ ·ωn
0 .

ω
n
φνℓ

= etνℓ ·F+ctνℓ ·ωn
0

1.4.1
=⇒ det(Gνℓ

)

det(G0)
= etνℓ ·F+ctνℓ =⇒ det(Gνℓ

) = etνℓ ·F+ctνℓ ·det(G0).

tνℓ −→ t∞
3.8.2
=⇒ ctνℓ

−→ ct∞ , Gνℓ
−→ G∞ =⇒ det(G∞) = et∞·F+ct∞ ·det(G0)> 0.

G∞ ≥ 0, det(G∞)> 0 =⇒ G∞ > 0, ω
n
φ∞

= et∞·F+ct∞ ·ωn
0 ,

∫
X

φνℓ
·ωn

0 = 0 3.8.1
=⇒

∫
X

φ∞ ·ωn
0 = 0.

G∞ > 0, X compact, m∞ = min
x∈X

1≤a≤n

λa(G−1
0 ·G∞)> 0, M∞ = max

x∈X
1≤a≤n

λa(G−1
0 ·G∞)< ∞.

0 < m∞ ≤M∞

4.2.1
=⇒ m∞ ·G0 ≤ G∞ ≤M∞ ·G0, ∥φ∞∥C0 < ∞.(

φ∞ ∈C2,β (X), m∞ ·ω0 ≤ ωφ∞
≤M∞ ·ω0, ω

n
φ∞

= et∞·F+ct∞ ·ωn
0

)
5.8.1
=⇒ φ∞ ∈C∞(X)

3.8.1
=⇒ t∞ ∈ I.

Thus every limit point of I belongs to I once the uniform estimate is known. □

5. AUBIN–YAU ESTIMATES AND COMPLETION OF THE CONTINUITY METHOD

This section supplies the estimates required by the compactness argument. Fix a compact connected
Kähler manifold (Xn, ω̂) and a normalized solution

ωφ = ω̂ +
i
2
·∂ ∂̄φ > 0, ω

n
φ = eF · ω̂n,

∫
X

φ · ω̂n = 0.

The analytic chain is

ω
n
φ = eF · ω̂n,

∫
X

φ · ω̂n = 0 5.3.1
=⇒ ∥φ∥C0 ≤C0

5.6.1
=⇒ Tr(h)≤C2.

Tr(h)≤C2
5.6.2
=⇒ C−1 · ω̂ ≤ ωφ ≤C · ω̂ 5.8.1

=⇒ ∥φ∥Ck,α ≤Ck,α .
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5.1. Continuity data.

Definition 5.1.1 (Continuity notation). The continuity set I and its normalized solutions are the objects
satisfying

t ∈ I 3.8.1
=⇒

(
ωt = ω̂ +

i
2
·∂ ∂̄φt > 0, ω

n
t = et·F+ct · ω̂n,

∫
X

φt · ω̂n = 0
)
.

(t ∈ I, Ht = t ·F + ct)
3.8.1
=⇒ ω

n
t = eHt · ω̂n.

Fact 5.1.2 (Uniform continuity density). Set Ht = t ·F + ct . For 0≤ t ≤ 1,

−oscX(F)≤ Ht ≤ oscX(F), e−oscX (F) ≤ eHt ≤ eoscX (F).

For every integer r ≥ 0 and 0 < α < 1,

sup
0≤t≤1

∥Ht∥Cr,α (X) ≤ oscX(F)+∥F∥Cr,α (X),

D∗ = sup
0≤t≤1

x∈X

∣∣∣∣∣ n

∑
j,k=1

ĝ jk̄(x) · (Ht) jk̄(x)− Ŝ(x)

∣∣∣∣∣≤
∥∥∥∥∥ n

∑
j,k=1

ĝ jk̄ ·Fjk̄

∥∥∥∥∥
C0(X)

+∥Ŝ∥C0(X).

Proof. By 0≤ t ≤ 1, mF = minX(F), MF = maxX(F), V =
∫

X ω̂n, and ct normalized, apply the density
estimates.

− log(
1
V
·
∫

X
et·F · ω̂n) = ct

3.8.2
=⇒ −t ·MF ≤ ct ≤−t ·mF .

−t ·MF ≤ ct ≤−t ·mF , −t ·(MF−mF)≤ t ·F+ct ≤ t ·(MF−mF)
4.2.4
=⇒ e−oscX (F)≤ et·F+ct ≤ eoscX (F).

(Ht) jk̄ = t ·Fjk̄, sup
0≤t≤1

∥Ht∥Cr,α ≤ oscX(F)+∥F∥Cr,α , D∗ ≤

∥∥∥∥∥ n

∑
j,k=1

ĝ jk̄ ·Fjk̄

∥∥∥∥∥
C0

+∥Ŝ∥C0 .

Thus every continuity density and every spatial derivative of its logarithm are uniformly controlled. □

5.2. Logarithmic matrix calculus.

Theorem 5.2.1 (Jacobi formulas for the logarithmic determinant). Let A(s) be a C2 path of positive
Hermitian n×n matrices. Then

(5.2.1)
d
ds

log(det(A)) = Tr(A−1 ·A′), d2

ds2 log(det(A)) = Tr(A−1 ·A′′)−Tr(A−1 ·A′ ·A−1 ·A′).

Proof. By A(s)> 0, A ∈C2, and A−1 ·A = In, differentiate the determinant and the inverse identity.
d
ds

det(A) = Tr(adj(A) ·A′) = det(A) ·Tr(A−1 ·A′) ??
=⇒ d

ds
log(det(A)) = Tr(A−1 ·A′).

0 = (A−1 ·A)′ = (A−1)′ ·A+A−1 ·A′ =⇒ (A−1)′ =−A−1 ·A′ ·A−1.

d2

ds2 log(det(A)) = Tr((A−1)′ ·A′+A−1 ·A′′) = Tr(A−1 ·A′′)−Tr(A−1 ·A′ ·A−1 ·A′).
Thus both variations are obtained without choosing an s-dependent eigenbasis. □

Theorem 5.2.2 (Concavity of the logarithmic determinant). If As = A0 + s ·B > 0 and B = B∗, then

d2

ds2 log(det(As)) =−Tr([A−1/2
s ·B ·A−1/2

s ]2) =−
n

∑
a=1

µa(s)2 ≤ 0.

Consequently, A 7→ log(det(A)) is concave on the positive Hermitian cone.
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Proof. By A′s = B, A′′s = 0, and Ks = A−1/2
s ·B ·A−1/2

s = K∗s , apply the second Jacobi formula.

d2

ds2 log(det(As))
5.2.1
=⇒ −Tr(A−1

s ·B ·A−1
s ·B) =−Tr(K2

s ) =−
n

∑
a=1

µa(s)2 ≤ 0.

Thus every affine restriction has nonpositive second derivative. □

Example 5.2.3 (Exact logarithmic Hessian computation). Take

A =

[
3 1
1 2

]
, B =

[
1 −1

2
−1

2 2

]
, A−1 =

1
5
·
[

2 −1
−1 3

]
.

The full product and the determinant polynomial are

A−1 ·B =
1
5
·
[

2 −1
−1 3

]
·
[

1 −1
2

−1
2 2

]
=

[ 1
2 −3

5
−1

2
13
10

]
, det(A+ s ·B) = 5+9 · s+ 7

4
· s2.[ 1

2 −3
5

−1
2

13
10

]
·
[ 1

2 −3
5

−1
2

13
10

]
=

[ 11
20 −27

25
− 9

10
199
100

]
, Tr([A−1 ·B]2) = 11

20
+

199
100

=
127
50

.

Hence
d
ds

∣∣∣∣
s=0

log(det(A+ s ·B)) = 9
5

5.2.1
=⇒ Tr(A−1 ·B).

d2

ds2

∣∣∣∣
s=0

log(det(A+ s ·B)) =−127
50

5.2.1
=⇒ −Tr(

[ 11
20 −27

25
− 9

10
199
100

]
)< 0.

The computed derivatives satisfy(
9
5
,−127

50

)
5.2.1
=⇒

(
Tr(
[ 1

2 −3
5

−1
2

13
10

]
),−Tr(

[ 11
20 −27

25
− 9

10
199
100

]
)

)
.

(A+ s ·B > 0, B = B∗) 5.2.2
=⇒ d2

ds2 log(det(A+ s ·B))≤ 0.

5.3. The zeroth-order estimate.

Theorem 5.3.1 (Yau C0 estimate). Let φ ∈C∞(X ,R) satisfy

ω̂ +
i
2
·∂ ∂̄φ > 0,

(
ω̂ +

i
2
·∂ ∂̄φ

)n

= eF · ω̂n,
∫

X
φ · ω̂n = 0.

Then

(5.3.1) ∥φ∥C0(X) ≤C(X , ω̂,∥F∥C0(X)).

Along the continuity path the right side depends only on (X , ω̂,oscX(F)).

Proof. By ωφ > 0, ωn
φ
= eF · ω̂n, and

∫
X φ · ω̂n = 0, set V =

∫
X ω̂n, shift φ so that supX(φ) = 0, and write

ψ =−φ ≥ 0, w = 1+ψ ≥ 1, Θ =
n−1

∑
q=0

ω
q
φ
∧ ω̂

n−1−q > 0, Gω̂(x,y)≤ 0, CS > 0.

n

∑
j=1

n

∑
k=1

ĝ jk̄ ·φ jk̄ = Tr(h)−n 4.2.3
=⇒≥−n, φ(x)− 1

V

∫
X

φ · ω̂n =
∫

X
Gω̂(x,y) ·

n

∑
j=1

n

∑
k=1

ĝ jk̄ ·φ jk̄(y) · ω̂n(y).

φ(x0) = sup
X
(φ) = 0, Gω̂ ≤ 0 =⇒− 1

V

∫
X

φ · ω̂n ≤ n · sup
x∈X

∫
X
[−Gω̂(x,y)] · ω̂n(y) =⇒∥w∥L1(ω̂n) ≤CG.

p≥ 2, dΘ = 0 =⇒ ω
n
φ − ω̂

n 3.7.2
=⇒ − i

2
·∂ ∂̄w∧Θ

3.2.1
=⇒ (eF −1) · ω̂n.

(p≥ 2, dΘ = 0) 3.5.1
=⇒ (p−1)·

∫
X

wp−2 · i
2
·∂w∧ ∂̄w∧Θ=

∫
X

wp−1 ·(eF−1)·ω̂n≤ (1+e∥F∥C0 )·
∫

X
wp−1 ·ω̂n.
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Θ= ω̂
n−1+

n−1

∑
q=1

ω
q
φ
∧ω̂

n−1−q 3.7.1
=⇒ Θ≥ ω̂

n−1, n · i
2
·∂v∧ ∂̄v∧ω̂

n−1 =

(
n

∑
j=1

n

∑
k=1

ĝ jk̄ · v j · vk̄

)
·ω̂n, v=wp/2,

∫
X

n

∑
j=1

n

∑
k=1

ĝ jk̄ · ∂wp/2

∂ z j ·
∂wp/2

∂ z̄k · ω̂
n ≤ n · (1+ e∥F∥C0 ) · p2

4 · (p−1)
·
∫

X
wp−1 · ω̂n ≤ n · (1+ e∥F∥C0 ) · p

2
·
∫

X
wp · ω̂n.

γ =
n

n−1
(n≥ 2), γ = 2 (n = 1), ∥w∥Lpγ ≤

[
CS ·

(
1+

n · (1+ e∥F∥C0 ) · p
2

)]1/p

· ∥w∥Lp .

p = 2, ∥w∥L2γ ≤C · ∥w∥L2 , ∥w∥L2 ≤ ∥w∥
γ−1
2γ−1

L1 · ∥w∥
γ

2γ−1

L2γ =⇒∥w∥L2 ≤C.

pr = 2 · γr, ∥w∥Lpr+1 ≤ (C · pr)
1/pr · ∥w∥Lpr ,

∞

∑
r=0

log(C · pr)

pr
< ∞ =⇒∥w∥L∞ ≤C.

Thus oscX(φ)≤C. Returning to
∫

X φ · ω̂n = 0 gives ∥φ∥C0 ≤C. Along the path,

0≤ t ≤ 1 5.1.2
=⇒ ∥t ·F + ct∥C0(X) ≤ oscX(F) =⇒ sup

t∈I
∥φt∥C0(X) ≤C(X , ω̂,oscX(F)).

This proves the uniform zeroth-order estimate. □

5.4. Fixed-time matrices and curvature identities. Write

Ĝ = [ĝ jk̄]k̄, j, Hφ = [φ jk̄]k̄, j, G = Ĝ+Hφ = [g jk̄]k̄, j, h = Ĝ−1 ·G.

G = Ĝ+Hφ

4.2.2
=⇒ h = In + Ĝ−1 ·Hφ , ωφ > 0 4.2.2⇐⇒ G > 0.

Tr(h) = Tr(Ĝ−1 ·G) =
n

∑
j=1

n

∑
k=1

ĝ jk̄ ·g jk̄, Tr(h−1) = Tr(G−1 · Ĝ) =
n

∑
j=1

n

∑
k=1

g jk̄ · ĝ jk̄.

Fact 5.4.1 (Determinant and Laplacian identities).
(5.4.1)

det(h) = eF , ∆ω̂(φ) =
n

∑
j=1

n

∑
k=1

ĝ jk̄ ·φ jk̄ = Tr(h)−n, ∆ωφ
(φ) =

n

∑
j=1

n

∑
k=1

g jk̄ ·φ jk̄ = n−Tr(h−1).

Proof. By G = Ĝ+Hφ , ωn
φ
= eF · ω̂n, and h = Ĝ−1 ·G, expand both matrix traces.

det(h) = det(Ĝ−1 ·G) =
det(G)

det(Ĝ)

4.2.3
=⇒ det(h) =

ωn
φ

ω̂n
3.2.1
=⇒ det(h) = eF .

Tr(h)=Tr(Ĝ−1 ·G)=Tr(In)+Tr(Ĝ−1 ·Hφ )= n+
n

∑
j=1

n

∑
k=1

ĝ jk̄ ·φ jk̄, Tr(h−1)=Tr(G−1 ·Ĝ)= n−
n

∑
j=1

n

∑
k=1

g jk̄ ·φ jk̄.

Thus the determinant and both traced elliptic operators are explicit. □

Fact 5.4.2 (Trace arithmetic). The relative traces satisfy

Tr(h)≥ n · eF/n, Tr(h−1)≥ n · e−F/n,
1

Tr(h)
≤ Tr(h−1)

n2 .

Proof. By λa > 0 for 1≤ a≤ n, Tr(h) =∑
n
a=1 λa, Tr(h−1) =∑

n
a=1 λ−1

a , and ∏
n
a=1 λa = eF , apply AM–GM

and Cauchy–Schwarz.

n

∏
a=1

λa = eF 5.4.1
=⇒ Tr(h)

n
≥

(
n

∏
a=1

λa

)1/n

= eF/n,
n

∏
a=1

λ
−1
a = e−F 5.4.1

=⇒ Tr(h−1)

n
≥

(
n

∏
a=1

λ
−1
a

)1/n

= e−F/n.
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n2 =

(
n

∑
a=1

λ
1/2
a ·λ−1/2

a

)2

≤

(
n

∑
a=1

λa

)
·

(
n

∑
a=1

λ
−1
a

)
4.2.3
=⇒ n2 ≤ Tr(h) ·Tr(h−1) =⇒ 1

Tr(h)
≤ Tr(h−1)

n2 .

Thus the two traces control one another once the determinant is fixed. □

Fact 5.4.3 (Ricci identity from the Monge–Ampère equation). One has

(5.4.2) ρ(ωφ )−ρ(ω̂) =−i ·∂ ∂̄F, Rk̄ j− R̂k̄ j =−Fjk̄ (1≤ j,k ≤ n).

Proof. By det(G) = eF ·det(Ĝ) and ρ(ω) =−i ·∂ ∂̄ log(det(G)), subtract the two Ricci forms.

ρ(ωφ )−ρ(ω̂)
1.8.2
=⇒ −i ·∂ ∂̄

(
log(det(G))− log(det(Ĝ))

)
=−i ·∂ ∂̄F.

i ·
n

∑
j=1

n

∑
k=1

(Rk̄ j− R̂k̄ j) ·dz j ∧dz̄k =−i ·
n

∑
j=1

n

∑
k=1

Fjk̄ ·dz j ∧dz̄k =⇒ Rk̄ j− R̂k̄ j =−Fjk̄.

Thus the form and component normalizations agree. □

Fact 5.4.4 (Background-normal diagonal coordinates). For every p ∈ X, there are holomorphic coordi-
nates centered at p such that

Ĝ(p) = In,
∂ ĝ jk̄

∂ zℓ
(p) = 0, G(p) =

λ1 0
. . .

0 λn

 , G(p)−1 =

λ
−1
1 0

. . .
0 λ−1

n

 .
In these coordinates Tr(h(p)) = ∑

n
a=1 λa and Tr(h−1(p)) = ∑

n
a=1 λ−1

a .

Proof. By Ĝ(p)> 0, the Kähler symmetry, and G(p)> 0, first normalize the background metric, remove
its first derivatives, and then apply a unitary diagonalization.

Ĝ(p)> 0 =⇒∃P ∈ GL(n,C) (P∗)−1 · Ĝ(p) ·P−1 = In.

um = zm +
1
2
·

n

∑
j=1

n

∑
ℓ=1

Γ̂
m
jℓ(p) · z j · zℓ =⇒ Γ̃

m
jℓ(p) = 0 =⇒

∂ g̃ jk̄

∂uℓ
(p) = 0.

Ĝ(p) = In, G(p) = G(p)∗ > 0 4.2.1
=⇒ ∃Q ∈ Cn×n, Q∗ ·Q = In.

Q∗ ·G(p) ·Q =

λ1 0
. . .

0 λn

 , λa > 0 (1≤ a≤ n).

Thus the same coordinates normalize Ĝ and diagonalize the relative metric. □

5.5. The Aubin–Yau trace inequality.

Fact 5.5.1 (Laplacian of Tr(h)).
(5.5.1)

∆ωφ
(Tr(h))=

n

∑
j,k=1

g jk̄ · ∂
2Tr(h)

∂ z j∂ z̄k =
n

∑
p,q=1

ĝpq̄ ·Fpq̄− Ŝ+
n

∑
j,k,p,m=1

g jk̄ ·R̂k̄ j p
m ·hp

m+
n

∑
j,k=1

g jk̄ ·Tr((∂ jh)·h−1 ·(∂k̄h)).

Proof. By Ĝ(p) = In, ∂ Ĝ(p) = 0, G(p) = diag(λ1, . . . ,λn), and log(det(G))− log(det(Ĝ)) = F , differen-
tiate Tr(h) twice at p.(

Ĝ(p) = In, ∂ Ĝ(p) = 0, G(p) = diag(λ1, . . . ,λn)
) 5.4.4
=⇒ Tr(h) =

n

∑
a,b=1

ĝab̄ ·gab̄.

∆ωφ
(Tr(h)) =

n

∑
j,k,a,b=1

g jk̄ · ∂
2(ĝab̄ ·gab̄)

∂ z j∂ z̄k .
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∂ 2(ĝab̄ ·gab̄)

∂ z j∂ z̄k (p) = ĝab̄ · ∂ 2gab̄

∂ z j∂ z̄k +
∂ 2ĝab̄

∂ z j∂ z̄k ·gab̄.

G > 0 5.2.1
=⇒ ∂ 2

∂ zp∂ z̄q log(det(G)) =
n

∑
j,k=1

g jk̄ ·
∂ 2g jk̄

∂ zp∂ z̄q −
n

∑
j,k,a,b=1

g jk̄ ·gab̄ ·
∂g jb̄

∂ zp ·
∂gak̄

∂ z̄q .

(
log(det(G))− log(det(Ĝ)) = F, Ĝ(p) = In

) 5.4.3
=⇒

n

∑
j,k,a,b=1

g jk̄ · ĝab̄ · ∂ 2gab̄

∂ z j∂ z̄k =
n

∑
p,q=1

ĝpq̄ ·Fpq̄− Ŝ+
n

∑
j,a,b=1

|∂ jgbā|2

λ j ·λb
.

G(p) = diag(λ1, . . . ,λn)
5.4.4
=⇒

n

∑
j=1

n

∑
k=1

g jk̄ ·Tr((∂ jh) ·h−1 · (∂k̄h)) =
n

∑
j,a,b=1

|∂ jgbā|2

λ j ·λb
.

∂ 2ĝab̄

∂ z j∂ z̄k (p) = R̂k̄ j
a

b(p) =⇒
n

∑
j,k,a,b=1

g jk̄ · ∂ 2ĝab̄

∂ z j∂ z̄k ·gab̄ =
n

∑
j=1

n

∑
p=1

λ
−1
j ·λp · R̂ j̄ j

p
p.

n

∑
j,k,p,m=1

g jk̄ · R̂k̄ j p
m ·hp

m =
n

∑
j=1

n

∑
p=1

λ
−1
j ·λp · R̂ j̄ j

p
p.

Combining the two differentiated terms proves the claimed formula. □

Theorem 5.5.2 (Aubin–Yau trace-gradient inequality).

(5.5.2)
∑

n
j=1 ∑

n
k=1 g jk̄ ·Tr((∂ jh) ·h−1 · (∂k̄h))

Tr(h)
−

∑
n
j=1 ∑

n
k=1 g jk̄ · (∂ jTr(h)) · (∂k̄Tr(h))

(Tr(h))2 ≥ 0.

Proof. By h = Ĝ−1 ·G, Ĝ(p) = In, ∂ Ĝ(p) = 0, G(p) = diag(λ1, . . . ,λn), and g jk̄(p) = λ
−1
j δ jk, apply

Cauchy–Schwarz.(
Ĝ(p) = In, ∂ Ĝ(p) = 0, G(p) = diag(λ1, . . . ,λn)

) 5.4.4
=⇒ ha

b = gbā = λb ·δab, (h−1)b
c = λ

−1
b ·δbc.

(∂ jh)a
b = ∂ jgbā, Tr(h) =

n

∑
a=1

λa.

Tr((∂ jh) ·h−1 · (∂k̄h)) =
n

∑
a,b,c=1

(∂ jh)a
b · (h−1)b

c · (∂k̄h)c
a

=
n

∑
a,b,c=1

∂ jgbā ·λ−1
b ·δbc ·∂k̄gac̄ =

n

∑
a,b=1

λ
−1
b ·∂ jgbā ·∂k̄gab̄.

n

∑
j,k=1

g jk̄ ·Tr((∂ jh) ·h−1 · (∂k̄h)) =
n

∑
j,a,b=1

|∂ jgbā|2

λ j ·λb
.

|∂ jTr(h)|2 =

∣∣∣∣∣ n

∑
a=1

λ
−1/2
a ·∂ jgaā ·λ 1/2

a

∣∣∣∣∣
2

≤ Tr(h) ·
n

∑
a=1

|∂ jgaā|2

λa
.

n

∑
j,k=1

g jk̄ · (∂ jTr(h)) · (∂k̄Tr(h)) =
n

∑
j=1

λ
−1
j · |∂ jTr(h)|2 ≤ Tr(h) ·

n

∑
j,a,b=1

|∂ jgbā|2

λ j ·λb
.

n

∑
j,k=1

g jk̄ · (∂ jTr(h)) · (∂k̄Tr(h))≤ Tr(h) ·
n

∑
j,k=1

g jk̄ ·Tr((∂ jh) ·h−1 · (∂k̄h)).

Thus the third-derivative term controls the gradient of the relative trace. □

Fact 5.5.3 (Curvature term estimate). There exists Cω̂ > 0 such that∣∣∣∣∣ n

∑
j,k,p,m=1

g jk̄ · R̂k̄ j p
m ·hp

m

∣∣∣∣∣≤Cω̂ · (Tr(h−1)) · (Tr(h)).
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Proof. By Ĝ(p) = In, G(p) = diag(λ1, . . . ,λn), λa > 0, and

Cω̂ = sup
x∈X
∥u∥ω̂=1
∥v∥ω̂=1

∣∣R̂(u,u,v,v)∣∣< ∞,

expand the complete curvature contraction.(
Ĝ(p) = In, G(p) = diag(λ1, . . . ,λn)

) 5.4.4
=⇒

∣∣∣∣∣ n

∑
j,k,p,m=1

g jk̄ · R̂k̄ j p
m ·hp

m

∣∣∣∣∣=
∣∣∣∣∣ n

∑
j=1

n

∑
p=1

λ
−1
j ·λp · R̂ j̄ j

p
p

∣∣∣∣∣
≤Cω̂ ·

n

∑
j=1

n

∑
p=1

λ
−1
j ·λp =Cω̂ · (Tr(h−1)) · (Tr(h)).

Thus the background curvature contributes at most the product of the two relative traces. □

Theorem 5.5.4 (Aubin–Yau differential inequality). There exists C1 > 0, depending only on ω̂ and
∥F∥C2(ω̂), such that

(5.5.3) ∆ωφ
(log(Tr(h))) =

n

∑
j=1

n

∑
k=1

g jk̄ · ∂
2 log(Tr(h))

∂ z j∂ z̄k ≥−C1 ·Tr(h−1).

Proof. By Tr(h)> 0, F ∈C2(X), and the complete elliptic identities below, set

Tr(h)≥ n · eF/n > 0 5.4.2
=⇒ log(Tr(h)) is defined.

DF = sup
X

∣∣∣∣∣ n

∑
p=1

n

∑
q=1

ĝpq̄ ·Fpq̄− Ŝ

∣∣∣∣∣ , C1 =Cω̂ +
DF

n2 ,

differentiate the logarithm with every coefficient displayed.
n

∑
j,k=1

g jk̄ · ∂
2 log(Tr(h))

∂ z j∂ z̄k =
∑

n
j,k=1 g jk̄ ·∂ j∂k̄(Tr(h))

Tr(h)
−

∑
n
j,k=1 g jk̄ · (∂ jTr(h)) · (∂k̄Tr(h))

(Tr(h))2 .

n

∑
j,k=1

g jk̄ · ∂
2 log(Tr(h))

∂ z j∂ z̄k
5.5.1
=⇒

∑
n
p,q=1 ĝpq̄ ·Fpq̄− Ŝ

Tr(h)
+

∑
n
j,k,p,m=1 g jk̄ · R̂k̄ j p

m ·hp
m

Tr(h)

+
∑

n
j,k=1 g jk̄ ·Tr((∂ jh) ·h−1 · (∂k̄h))

Tr(h)
−

∑
n
j,k=1 g jk̄ · (∂ jTr(h)) · (∂k̄Tr(h))

(Tr(h))2 .[
∑

n
j,k=1 g jk̄ ·Tr((∂ jh) ·h−1 · (∂k̄h))

Tr(h)
−

∑
n
j,k=1 g jk̄ · (∂ jTr(h)) · (∂k̄Tr(h))

(Tr(h))2

]
5.5.2
=⇒≥ 0.

1
Tr(h)

5.4.2
=⇒ Tr(h−1)

n2 ,
1

Tr(h)
·

∣∣∣∣∣ n

∑
j,k,p,m=1

g jk̄ · R̂k̄ j p
m ·hp

m

∣∣∣∣∣ 5.5.3
=⇒ Cω̂ ·Tr(h−1).

∆ωφ
(log(Tr(h)))≥−DF

n2 ·Tr(h−1)−Cω̂ ·Tr(h−1) =−C1 ·Tr(h−1).

Thus the taught Aubin–Yau inequality follows from the invariant trace-gradient term. □
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5.6. The second-order estimate and explicit metric bounds.

Theorem 5.6.1 (Yau second-order estimate). Assume

ω
n
φ = eF · ω̂n, ωφ > 0, ∥φ∥C0(X) ≤C0.

Then there exists C2 > 0, depending only on X, ω̂ , C0, and ∥F∥C2(ω̂), such that

(5.6.1) sup
X
(Tr(h))≤C2.

Proof. By ∥φ∥C0 ≤C0, ∆ωφ
(log(Tr(h))) ≥ −C1 ·Tr(h−1), ∆ωφ

(φ) = n−Tr(h−1), A = C1 + 1, and Q =
log(Tr(h))−A ·φ , (

h = Ĝ−1 ·G, G = Ĝ+Hφ

) 5.4.1
=⇒ ∆ωφ

(φ) = n−Tr(h−1).

n

∑
j,k=1

g jk̄ ·Q jk̄ =
n

∑
j,k=1

g jk̄ · ∂
2 log(Tr(h))

∂ z j∂ z̄k −A ·
n

∑
j,k=1

g jk̄ ·φ jk̄.

n

∑
j,k=1

g jk̄ ·Q jk̄
5.5.4
=⇒≥−C1 ·Tr(h−1)−A · (n−Tr(h−1)) = Tr(h−1)−A ·n.

Q(x0) = max
X

(Q) =⇒ 0≥
n

∑
j,k=1

g jk̄(x0) ·Q jk̄(x0)≥ Tr(h(x0)
−1)−A ·n =⇒ Tr(h(x0)

−1)≤ A ·n.

(
det(h(x0)) = eF(x0), Tr(h(x0)

−1)≤ A ·n
)

4.2.5
=⇒ Tr(h(x0))≤

eF(x0)

(n−1)!
·[Tr(h(x0)

−1)]n−1≤ esupX (F)

(n−1)!
·(A·n)n−1.

Q(x)≤ Q(x0) =⇒ Tr(h(x))≤ Tr(h(x0)) · eA·(φ(x)−φ(x0)) ≤ esupX (F)

(n−1)!
· (A ·n)n−1 · eA·oscX (φ).

C2 =
esupX (F)

(n−1)!
· (A ·n)n−1 · e2·A·C0 =⇒ sup

X
(Tr(h))≤C2.

Thus the trace bound follows with every maximum-principle coefficient displayed. □

Corollary 5.6.2 (Uniform metric equivalence). Assume Tr(h)≤C2 and det(h) = eF . There exists C > 0
such that

(5.6.2) C−1 · Ĝ≤ G≤C · Ĝ, C−1 · ω̂ ≤ ωφ ≤C · ω̂.

Proof. By Tr(h) = ∑
n
a=1 λa ≤C2, ∏

n
a=1 λa = eF , and λa > 0, estimate each eigenvalue and then invert the

matrices. (
ω̂ > 0, ωφ > 0

) 4.2.1
=⇒ λa > 0 (1≤ a≤ n).

λa≤
n

∑
b=1

λb≤C2, λa =
eF

∏1≤b≤n
b̸=a

λb
≥ einfX (F) ·C1−n

2
4.2.1
=⇒ einfX (F) ·C1−n

2 ·In≤ Ĝ−1/2 ·G·Ĝ−1/2≤C2 ·In.

einfX (F) ·C1−n
2 · Ĝ≤ G≤C2 · Ĝ, C = max{C2,e− infX (F) ·Cn−1

2 }=⇒C−1 · Ĝ≤ G≤C · Ĝ.

C−1 · Ĝ≤ G≤C · Ĝ =⇒C−1 · Ĝ−1 ≤ G−1 ≤C · Ĝ−1, C−1 · ω̂ ≤ ωφ ≤C · ω̂.

Thus the trace and determinant bounds give the exact coefficient interval. □
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Example 5.6.3 (Maximum-principle envelope in complex dimension two). For Fq =−0.4+0.02 ·q with
0≤ q≤ 40, xr =−2+0.01 · r with 0≤ r ≤ 400, and Ĝ = I2, set

λ1 = exr , λ2 = eFq−xr , Tr(hq,r) = λ1 +λ2, Tr(h−1
q,r ) = λ

−1
1 +λ

−1
2 .

The deterministic grid points satisfying Tr(h−1
q,r )≤ 6 give

max(Tr(hq,r)) = 8.928617029566244 at (Fq,xr) = (0.4,−1.77).

eFq = 1.4918246976412703, Tr(h−1
q,r ) = 5.985030978293438.

Tr(hq,r) = eFq ·Tr(h−1
q,r ) = 8.928617029566244.

The dimension-two identity and the maximum-principle envelope are(
n = 2, spec(h) = {λ1,λ2}, det(h) = eF) 4.2.3

=⇒
(
Tr(h) = λ1 +λ2, Tr(h−1) = λ

−1
1 +λ

−1
2 , eF = λ1 ·λ2

)
.

eF ·Tr(h−1) = λ1 ·λ2 · (λ−1
1 +λ

−1
2 ) = λ2 +λ1 = Tr(h).

Tr(hq,r) = eFq ·Tr(h−1
q,r ) = 8.928617029566244≤ 6 · e0.4 = 8.950948185847622.

With Q2 = 2−1/2 ·
[

1 −1
1 1

]
, the full metric at the maximizing grid point is

1√
2
·
[

1 −1
1 1

]
·
[

0.1703329888 0
0 8.7582840407

]
· 1√

2
·
[

1 1
−1 1

]
=

[
4.4643085148 −4.2939755260
−4.2939755260 4.4643085148

]
,[

4.4643085148 −4.2939755260
−4.2939755260 4.4643085148

]−1

=

[
2.9925154891 2.8783378722
2.8783378722 2.9925154891

]
.

The experiment numerically reproduces the exact two-dimensional trace identity.

Corollary 5.6.4 (C1 estimate). Assume

ωφ = ω̂ +
i
2
·∂ ∂̄φ > 0, ω

n
φ = eF · ω̂n,

∫
X

φ · ω̂n = 0,

∥φ∥C0(X) ≤C0, Tr(h)≤C2.

Then for every 0 < α < 1,
∥φ∥C1,α (X ,ω̂) ≤C(X , ω̂,α,C0,C2).

Proof. By Tr(h)≤C2,
∫

X φ · ω̂n = 0, and p > 2n/(1−α), solve the complete fixed-background Poisson
equation.

n

∑
j=1

n

∑
k=1

ĝ jk̄ · ∂ 2φ

∂ z j∂ z̄k
5.4.1
=⇒ ∆ω̂(φ) = Tr(h)−n, ∥Tr(h)−n∥Lp ≤ (C2 +n) ·Volω̂(X)1/p.(

∆ω̂(φ) = Tr(h)−n,
∫

X
φ · ω̂n = 0

)
3.5.5
=⇒ φ is the unique mean-zero solution.

∥φ∥W 2,p ≤Cp · ∥Tr(h)−n∥Lp ≤Cp, p >
2n

1−α
=⇒W 2,p(X) ↪→C1,α(X).

Thus the first derivative estimate follows from the trace estimate. □
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5.7. The classical Calabi refinement.

Definition 5.7.1 (Connection difference and Calabi quantity). Let ∇ and ∇̂ be the Chern connections of
ωφ and ω̂ . Define

A j
m

p = Γ
m
jp− Γ̂

m
jp

1.6.4
=⇒ A j

m
p =

n

∑
q=1

gmq̄ · ∇̂ jgpq̄,

S = |A|2ωφ
=

n

∑
j,k,p,q,m,ℓ=1

g jk̄ ·gpq̄ ·gℓm̄ ·A j
m

p ·Ak
ℓ
q.

At a background-normal point with G = diag(λ1, . . . ,λn),

S =
n

∑
j=1

n

∑
a=1

n

∑
b=1

|∂ jgbā|2

λ j ·λa ·λb
.

Fact 5.7.2 (Calabi differential inequalities). Assume

C−1 · ω̂ ≤ ωφ ≤C · ω̂, ω
n
φ = eF · ω̂n, ∥F∥C3(ω̂) ≤CF .

Then constants K1,K2,K3,K4 > 0, depending only on (X , ω̂), C, and CF , satisfy

(5.7.1)
n

∑
j=1

n

∑
k=1

g jk̄ ·S jk̄ ≥−K1 ·S−K2,
n

∑
j=1

n

∑
k=1

g jk̄ · ∂
2Tr(h)

∂ z j∂ z̄k ≥ K3 ·S−K4.

These inequalities are retained as the classical analytic input. The first is Calabi’s connection-difference
commutation formula, and the second is the quantified positive third-derivative term in the trace formula.

Theorem 5.7.3 (Calabi C3 estimate). Assume

ω
n
φ = eF · ω̂n, ωφ = ω̂ +

i
2
·∂ ∂̄φ > 0, ∥φ∥C0(X) ≤C0,

Tr(h)≤C2, ∥F∥C3(ω̂) ≤CF .

Then
sup

X
(S)≤C(X , ω̂,C0,C2,CF).

Proof. By Tr(h) ≤ C2, ∑
n
j,k=1 g jk̄ · S jk̄ ≥ −K1 · S−K2, ∑

n
j,k=1 g jk̄ · ∂ j∂k̄(Tr(h)) ≥ K3 · S−K4, a = (K1 +

1)/K3, and Q = S+a ·Tr(h),(
Tr(h)≤C2, det(h) = eF) 5.6.2

=⇒ C−1 · ω̂ ≤ ωφ ≤C · ω̂.

n

∑
j,k=1

g jk̄ ·Q jk̄ =
n

∑
j,k=1

g jk̄ ·S jk̄+a·
n

∑
j,k=1

g jk̄ ·∂ j∂k̄(Tr(h)) 5.7.2
=⇒≥−K1 ·S−K2+a·(K3 ·S−K4)= S−(K2+a ·K4).

Q(x0) = max
X

(Q) =⇒ 0≥
n

∑
j,k=1

g jk̄(x0) ·Q jk̄(x0)≥ S(x0)− (K2 +a ·K4) =⇒ S(x0)≤ K2 +a ·K4.

S(x)+a ·Tr(h(x)) = Q(x)≤ Q(x0) =⇒ S(x)≤ S(x0)+a ·Tr(h(x0))≤ K2 +a · (K4 +C2).

Thus the classical third-order quantity is uniformly bounded. □



COMPLEX ANALYSIS AND RIEMANN SURFACES 43

5.8. Evans–Krylov and Schauder bootstrapping.

Theorem 5.8.1 (Evans–Krylov and Schauder bootstrapping). Assume

∥φ∥C0(X) ≤C0, C−1 · ω̂ ≤ ωφ ≤C · ω̂, ω
n
φ = eF · ω̂n.

Then there exists α0 ∈ (0,1) such that

∥φ∥C2,α0 (X) ≤Cα0

(
X , ω̂,C0,C,∥F∥Cα0 (X)

)
.

If F ∈C∞(X), then for every r ≥ 0 and 0 < α < 1,

(5.8.1) ∥φ∥Cr+2,α (X) ≤Cr,α
(
X , ω̂,C0,C,∥F∥Cr,α (X)

)
.

Proof. By det(Ĝ+Hφ ) = eF ·det(Ĝ), C−1 · Ĝ≤ G≤C · Ĝ, and

As = A0 + s ·B > 0 5.2.2
=⇒ d2

ds2 log(det(As)) =−Tr([A−1/2
s ·B ·A−1/2

s ]2)≤ 0,

write the nonlinear operator and its principal coefficients on a holomorphic coordinate ball.

det(

ĝ11̄ +φ11̄ · · · ĝn1̄ +φn1̄
...

. . .
...

ĝ1n̄ +φ1n̄ · · · ĝnn̄ +φnn̄

) = eF ·det(

ĝ11̄ · · · ĝn1̄
...

. . .
...

ĝ1n̄ · · · ĝnn̄

).
F (Hφ ,x) = log(det(Ĝ+Hφ ))− log(det(Ĝ)) = F, DFHφ

[Hu]
4.3.1
=⇒ DFHφ

[Hu] =
n

∑
j=1

n

∑
k=1

g jk̄ ·u jk̄.

For every bold covector ξ =
[
ξ1 · · · ξn

]T,

C−1 · Ĝ≤ G≤C · Ĝ =⇒C−1 · Ĝ−1 ≤ G−1 ≤C · Ĝ−1.

C−1 ·ξT · Ĝ−1 ·ξ ≤
n

∑
j=1

n

∑
k=1

g jk̄ ·ξ j ·ξk ≤C ·ξT · Ĝ−1 ·ξ 4.3.2
=⇒ DFHφ

is uniformly elliptic.

The complex Evans–Krylov theorem on a finite coordinate cover gives one exponent α0 ∈ (0,1) and the
stated C2,α0 bound. For a real coordinate xℓ, differentiate the full equation.

n

∑
j=1

n

∑
k=1

g jk̄ · ∂ 2

∂ z j∂ z̄k

(
∂φ

∂xℓ

)
=

∂F
∂xℓ

+
n

∑
j=1

n

∑
k=1

(ĝ jk̄−g jk̄) ·
∂ ĝ jk̄

∂xℓ
.

g jk̄ ∈Cα0 ,
∂F
∂xℓ

+
n

∑
j,k=1

(ĝ jk̄−g jk̄) ·
∂ ĝ jk̄

∂xℓ
∈Cα0 =⇒

∥∥∥∥ ∂φ

∂xℓ

∥∥∥∥
C2,α0

≤C =⇒ φ ∈C3,α0 .

Thus G−1 is Lipschitz and φ ∈C2,α for every 0 < α < 1. Repeated differentiation of the displayed linear
equation followed by local Schauder estimates on the finite cover gives φ ∈Cr+2,α for every r ≥ 0. □

5.9. Completion of the continuity argument.

Theorem 5.9.1 (Continuity reduction). Assume every normalized solution of the continuity equation
satisfies

t ∈ I, ht = Ĝ−1 ·Gt , ∥φt∥C0(X) ≤C0, Tr(ht)≤C2.

Then 1 ∈ I.
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Proof. By t ∈ I, ∥φt∥C0 ≤C0, Tr(ht)≤C2, Ht = t ·F +ct , and ωn
t = eHt · ω̂n, evaluate the continuity chain.

t = 0 3.8.2
=⇒ c0 = 0, (t = 0, c0 = 0, φ0 = 0) 3.8.1

=⇒ 0 ∈ I, t0 ∈ I 3.9.1
=⇒ t0 ∈ int[0,1] I.

0≤ t ≤ 1 5.1.2
=⇒ |Ht | ≤ oscX(F), sup

0≤t≤1
∥Ht∥Cr,α ≤ oscX(F)+∥F∥Cr,α .(

Tr(ht)≤C2, det(ht) = eHt , |Ht | ≤ oscX(F)
) 5.6.2
=⇒ C−1 · ω̂ ≤ ωt ≤C · ω̂.(

∥φt∥C0 ≤C0, C−1 · ω̂ ≤ ωt ≤C · ω̂, ∥Ht∥C1,α (X) < ∞

)
5.8.1
=⇒ sup

t∈I
∥φt∥C2,α <∞

4.6.1
=⇒ I is closed in [0,1].

0 ∈ I, I is open in [0,1], I is closed in [0,1] =⇒ I = [0,1].
Thus 1 ∈ I. □

Corollary 5.9.2 (Completion of the continuity method). The normalized complex Monge–Ampère equation
at t = 1 has a unique smooth solution.

Proof. By Ht = t ·F + ct , t ∈ I, and the normalized continuity equation, apply the established zeroth- and
second-order estimates.

0≤ t ≤ 1 5.1.2
=⇒ |Ht | ≤ oscX(F), sup

0≤s≤1
∥Hs∥C2(X) < ∞.(

t ∈ I, ω
n
t = eHt · ω̂n, ∥Ht∥C0(X) ≤ oscX(F)

)
5.3.1
=⇒ ∥φt∥C0(X) ≤C0.(

t ∈ I, ω
n
t = eHt · ω̂n, ∥φt∥C0(X) ≤C0, sup

0≤s≤1
∥Hs∥C2(X) < ∞

)
5.6.1
=⇒ Tr(ht)≤C2.(

sup
t∈I
∥φt∥C0 ≤C0, sup

t∈I
Tr(ht)≤C2

)
5.9.1
=⇒ 1 ∈ I, t = 1 3.8.2

=⇒ c1 = 0.

(1 ∈ I, c1 = 0) =⇒
(

ω
n
φ1
= eF · ω̂n,

∫
X

φ1 · ω̂n = 0
)

3.7.3
=⇒ φ1 is unique.

Thus the line-bundle half closes with existence, regularity, and uniqueness. □
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Part 2. The Vector-Bundle Interpretation5

6. HERMITIAN GEOMETRY ON HOLOMORPHIC VECTOR BUNDLES

We now pass from rank-one curvature to holomorphic vector bundles of arbitrary rank. The tangent
bundle supplies the local model

E = T 1,0X , H =G 1.6.4
=⇒ AH =G−1 ·∂G 1.7.1

=⇒ FH = dAH +AH∧AH
6.4.3
=⇒ FH = ∂̄AH

6.4.4
=⇒ DH(FH) = 0.

Throughout,
j,k, ℓ,m, p,q ∈ {1, . . . ,n}, α,β ,γ,δ ∈ {1, . . . ,r},

and every matrix acts from the left on a bold column vector.

6.1. Bundles and transition functions.

Definition 6.1.1 (Complex vector bundle). Let X be a smooth manifold with

X =
⋃

µ∈I
Xµ .

A rank-r complex vector bundle E π−→ X consists of local trivializations

E
∣∣
Xµ

∼= Xµ ×Cr

and smooth maps

Xµ ∩Xν

tµν−−→ GL(r,C), tµν =

tµν
1

1 · · · tµν
1

r
...

. . .
...

tµν
r
1 · · · tµν

r
r

 ,
such that

tµµ = Ir, tµν · tνρ = tµρ , tνµ = t−1
µν .

For the local frame
eµ =

(
eµ,1, . . . ,eµ,r

)
, eν = eµ · tµν ,

a section ϕ ∈ Γ(X ,E) has local columns

ϕµ =

ϕ1
µ

...
ϕr

µ

 , ϕ
∣∣
Xµ

= eµ ·ϕµ ,

with

ϕµ = tµν ·ϕν , ϕ
α
µ =

r

∑
β=1

tµν
α

β ·ϕ
β

ν .

Example 6.1.2 (The holomorphic tangent bundle). For E = T 1,0X , set

eµ,p =
∂

∂ zp
µ

, eν ,q =
n

∑
p=1

∂ zp
µ

∂ zq
ν

· eµ,p.

Thus

V =
n

∑
p=1

V p
µ · eµ,p =

n

∑
q=1

V q
ν · eν ,q, eν ,q =

n

∑
p=1

∂ zp
µ

∂ zq
ν

· eµ,p
6.1.1
=⇒ V µ = tµν ·V ν ,

5Based on lectures by Duong Phong [3] .
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tµν =


∂ z1

µ

∂ z1
ν

· · ·
∂ z1

µ

∂ zn
ν

...
. . .

...
∂ zn

µ

∂ z1
ν

· · ·
∂ zn

µ

∂ zn
ν

 .
For

z1
µ = 4 · z1

ν + z2
ν , z2

µ = 2 · z2
ν ,

one obtains

tµν =

[
4 1
0 2

]
, det(tµν) = 4 ·2−1 ·0 = 8−0 = 8.

For V ν =

[
4
3

]
,(

tµν =

[
4 1
0 2

]
, V ν =

[
4
3

])
6.1.1
=⇒ V µ =

[
4 1
0 2

]
·
[

4
3

]
=

[
4 ·4+1 ·3
0 ·4+2 ·3

]
=

[
16+3
0+6

]
=

[
19
6

]
.

Moreover,

t−1
µν =

1
8
·
[

2 −1
0 4

]
,[

4 1
0 2

]
· 1
8
·
[

2 −1
0 4

]
=

1
8
·
[

4 ·2+1 ·0 4 · (−1)+1 ·4
0 ·2+2 ·0 0 · (−1)+2 ·4

]
=

1
8
·
[

8 0
0 8

]
= I2

6.1.1
=⇒ tνµ = t−1

µν =
1
8
·
[

2 −1
0 4

]
.

6.2. Holomorphic structures and Hermitian metrics.

Definition 6.2.1 (Holomorphic vector bundle). Let X be a complex manifold. A complex vector bundle
E π−→ X is holomorphic when

∂̄ tµν = 0,
∂ tµν

α
β

∂ z̄ℓµ
= 0.

A section ϕ ∈ Γ(X ,E) is holomorphic when

∂̄ϕµ = 0,
∂ϕα

µ

∂ z̄ℓµ
= 0.

Fact 6.2.2 (The ∂̄E-operator). The local formula(
∂̄E(ϕ)

)
µ
=

r

∑
α=1

n

∑
ℓ=1

∂ϕα
µ

∂ z̄ℓµ
·dz̄ℓµ ⊗ eµ,α

defines a global section of Λ0,1T ∗X⊗E.

Proof. By ϕµ = tµν ·ϕν , ∂̄ tµν = 0, and ∂z̄ℓµ = ∑
n
m=1(∂ z̄m

ν /∂ z̄ℓµ) ·∂z̄m
ν
,

∂ϕα
µ

∂ z̄ℓµ
=

r

∑
β=1

∂ tµν
α

β

∂ z̄ℓµ
·ϕβ

ν +
r

∑
β=1

n

∑
m=1

tµν
α

β ·
∂ z̄m

ν

∂ z̄ℓµ
· ∂ϕ

β

ν

∂ z̄m
ν

.

∂̄ tµν = 0 6.2.1
=⇒

∂ϕα
µ

∂ z̄ℓµ
=

r

∑
β=1

n

∑
m=1

tµν
α

β ·
∂ z̄m

ν

∂ z̄ℓµ
· ∂ϕ

β

ν

∂ z̄m
ν

.

n

∑
ℓ=1

∂ϕα
µ

∂ z̄ℓµ
·dz̄ℓµ =

r

∑
β=1

n

∑
m=1

n

∑
ℓ=1

tµν
α

β ·
∂ z̄m

ν

∂ z̄ℓµ
· ∂ϕ

β

ν

∂ z̄m
ν

·dz̄ℓµ
1.1.4
=⇒

r

∑
β=1

n

∑
m=1

tµν
α

β ·
∂ϕ

β

ν

∂ z̄m
ν

·dz̄m
ν .
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r

∑
α=1

r

∑
β=1

n

∑
m=1

tµν
α

β ·
∂ϕ

β

ν

∂ z̄m
ν

·dz̄m
ν ⊗ eµ,α

6.1.1
=⇒

r

∑
β=1

n

∑
m=1

∂ϕ
β

ν

∂ z̄m
ν

·dz̄m
ν ⊗ eν ,β .

Thus the local (0,1)-forms obey the section overlap law. □

Definition 6.2.3 (Hermitian bundle metric). A Hermitian metric H is represented in the frame eµ by

Hµ =
[
Hµ,βᾱ

]
ᾱ,β

=

Hµ,11̄ · · · Hµ,r1̄
...

. . .
...

Hµ,1r̄ · · · Hµ,rr̄

 , Hµ = H∗µ > 0,

H−1
µ =

[
Hαγ̄

µ

]
α,γ̄

,
r

∑
γ=1

Hαγ̄

µ ·Hµ,β γ̄ = δ
α

β .

The pairing is linear in its first argument and conjugate-linear in its second argument

⟨V ,W ⟩H =W ∗µ ·Hµ ·V µ =
r

∑
α=1

r

∑
β=1

Hµ,βᾱ ·V
β

µ ·W α
µ .

The metric matrices satisfy

(6.2.1) Hν = t∗µν ·Hµ · tµν ,

Hν ,δ γ̄ =
r

∑
α=1

r

∑
β=1

tµν
α

γ ·Hµ,βᾱ · tµν
β

δ .

Example 6.2.4 (A rank-two metric transformation). Take

tµν =

[
1 1
0 1

]
, t∗µν =

[
1 0
1 1

]
, Hµ =

[
4 1
1 2

]
.

Then (
tµν ,Hµ

) 6.2.1
=⇒ Hν = t∗µν ·Hµ · tµν .

t∗µν ·Hµ =

[
1 0
1 1

]
·
[

4 1
1 2

]
=

[
1 ·4+0 ·1 1 ·1+0 ·2
1 ·4+1 ·1 1 ·1+1 ·2

]
=

[
4 1
5 3

]
,

Hν =

[
4 1
5 3

]
·
[

1 1
0 1

]
=

[
4 ·1+1 ·0 4 ·1+1 ·1
5 ·1+3 ·0 5 ·1+3 ·1

]
=

[
4 5
5 8

]
.

For

V ν =

[
1
2

]
, V µ =

[
1 1
0 1

]
·
[

1
2

]
=

[
1 ·1+1 ·2
0 ·1+1 ·2

]
=

[
3
2

]
,

the two squared norms are

⟨V ,V ⟩H
6.2.3
=⇒ V ∗µ ·Hµ ·V µ =

[
3 2

]
·
[

4 ·3+1 ·2
1 ·3+2 ·2

]
=
[
3 2

]
·
[

14
7

]
= 3 ·14+2 ·7 = 42+14 = 56,

⟨V ,V ⟩H
6.2.3
=⇒ V ∗ν ·Hν ·V ν =

[
1 2

]
·
[

4 ·1+5 ·2
5 ·1+8 ·2

]
=
[
1 2

]
·
[

14
21

]
= 1 ·14+2 ·21 = 14+42 = 56.
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6.3. The Chern connection.

Definition 6.3.1 (Chern unitary connection). For a holomorphic bundle E π−→ X with Hermitian metric H,
the Chern connection ∇H is characterized by

∇
0,1
H = ∂̄E , d

(
⟨V ,W ⟩H

)
= ⟨∇H(V ),W ⟩H + ⟨V ,∇H(W )⟩H .

The pairing on bundle-valued one-forms conjugates the form coefficient in its second argument.

Proposition 6.3.2 (Local Chern connection formula). The Chern connection exists and is unique. In a
holomorphic frame,

(6.3.1) Aµ = H−1
µ ·∂Hµ =

n

∑
j=1

Aµ, j ·dz j
µ ,

Aµ, j
α

β =
r

∑
γ=1

Hαγ̄

µ ·
∂Hµ,β γ̄

∂ z j
µ

, Aµ, j =

Aµ, j
1

1 · · · Aµ, j
1

r
...

. . .
...

Aµ, j
r
1 · · · Aµ, j

r
r

 .
For

V µ =

V 1
µ

...
V r

µ

 ,
∇H,k̄(V µ) =

∂V µ

∂ z̄k
µ

, ∇H, j(V µ) =
∂V µ

∂ z j
µ

+Aµ, j ·V µ .

On overlaps,

(6.3.2) Aν = t−1
µν ·Aµ · tµν + t−1

µν ·∂ tµν .

Proof. By Hν = t∗µν ·Hµ · tµν , ∂ (t∗µν) = 0, and V µ = tµν ·V ν ,

Hν = t∗µν ·Hµ · tµν

6.2.1
=⇒ H−1

ν =
(
t∗µν ·Hµ · tµν

)−1
= t−1

µν ·H−1
µ · (t∗µν)

−1.

∂Hν = 0 ·Hµ · tµν + t∗µν ·∂Hµ · tµν + t∗µν ·Hµ ·∂ tµν .(
H−1

ν ,∂Hν

) 6.3.1
=⇒ Aν = H−1

ν ·∂Hν = t−1
µν ·H−1

µ ·∂Hµ · tµν + t−1
µν ·∂ tµν

6.3.1
=⇒ t−1

µν ·Aµ · tµν + t−1
µν ·∂ tµν .

V µ = tµν ·V ν

6.1.1
=⇒ t−1

µν ·
(
∂V µ +Aµ ·V µ

)
= ∂V ν +

(
t−1
µν ·∂ tµν + t−1

µν ·Aµ · tµν

)
·V ν = ∂V ν +Aν ·V ν .

Aµ = H−1
µ ·∂Hµ

6.3.1
=⇒ Hµ ·Aµ = Hµ ·H−1

µ ·∂Hµ = Ir ·∂Hµ = ∂Hµ , A∗µ ·Hµ = ∂̄Hµ ·H−1
µ ·Hµ = ∂̄Hµ .

d
(
⟨V ,W ⟩H

) 6.2.3
=⇒ d

(
W ∗µ ·Hµ ·V µ

)
=
(
dW µ +Aµ ·W µ

)∗ ·Hµ ·V µ +W ∗µ ·Hµ ·
(
dV µ +Aµ ·V µ

)
.(

∇̃
0,1 = ∂̄E , ∇̃(H) = 0

) 6.3.1
=⇒ ∂Hµ = Hµ · Ãµ

6.2.3
=⇒ Ãµ = H−1

µ ·∂Hµ = Aµ .

Thus the local matrices glue and define the unique Chern connection. □
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6.4. Curvature and the second Bianchi identity.

Definition 6.4.1 (Covariant exterior derivative). For Ψ ∈Ωp(X ,End(E)), define

DH(Ψ) = dΨ+A∧Ψ− (−1)p ·Ψ∧A.

Definition 6.4.2 (Curvature). The curvature of the Chern connection is

(6.4.1) FH = ∇
2
H = dA+A∧A.

For matrix-valued forms B and C,

B∧C 1.5.2
=⇒ (B∧C)α

β =
r

∑
γ=1

Bα
γ ∧Cγ

β .

Proposition 6.4.3 (Local curvature formula). In a holomorphic frame,

FH = ∂̄A =
n

∑
k=1

n

∑
j=1

FH,k̄ j ·dz̄k∧dz j, FH,k̄ j =
∂A j

∂ z̄k .

Writing

FH,k̄ j =

FH,k̄ j
1

1 · · · FH,k̄ j
1

r
...

. . .
...

FH,k̄ j
r
1 · · · FH,k̄ j

r
r

 , RH,k̄ j =−FH,k̄ j,

one has (
∇H, j∇H,k̄−∇H,k̄∇H, j

)
(V ) = RH,k̄ j ·V =−FH,k̄ j ·V .

On overlaps,

(6.4.2) FH,ν = t−1
µν ·FH,µ · tµν .

Proof. By A = H−1 ·∂H, FH = dA+A∧A, and H−1 ·H = Ir,

H−1 ·H = Ir
6.2.3
=⇒ 0 = ∂ (H−1 ·H) = (∂H−1) ·H +H−1 ·∂H =⇒ ∂H−1 =−H−1 ·∂H ·H−1.

A=H−1 ·∂H 6.3.1
=⇒ ∂A= ∂ (H−1 ·∂H)= (∂H−1)∧∂H+H−1 ·∂ 2H =−H−1 ·∂H ·H−1∧∂H+H−1 ·0=−A∧A.

FH = dA+A∧A 6.4.1
=⇒ FH = ∂A+ ∂̄A+A∧A =−A∧A+ ∂̄A+A∧A = ∂̄A.

∇H, j(V ) =
∂V
∂ z j +A j ·V

6.3.2
=⇒ ∇H, j∇H,k̄(V ) =

∂ 2V
∂ z j∂ z̄k +A j ·

∂V
∂ z̄k ,

∇H,k̄(V ) =
∂V
∂ z̄k

6.3.2
=⇒ ∇H,k̄∇H, j(V ) =

∂ 2V
∂ z̄k∂ z j +

∂A j

∂ z̄k ·V +A j ·
∂V
∂ z̄k .(

∇H, j∇H,k̄−∇H,k̄∇H, j
)
(V ) =−

∂A j

∂ z̄k ·V =−FH,k̄ j ·V .

(∇H(V ))µ = tµν · (∇H(V ))ν

6.3.2
=⇒ (∇2

H(V ))µ = tµν · (∇2
H(V ))ν ,

FH,µ · tµν ·V ν = tµν ·FH,ν ·V ν

6.1.1
=⇒ FH,ν = t−1

µν ·FH,µ · tµν .

Thus FH is a global (1,1)-form with values in End(E). □

Theorem 6.4.4 (Second Bianchi identity). The Chern curvature satisfies

DH(FH) = dFH +A∧FH −FH ∧A = 0.
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Proof. By FH = dA+A∧A, d(η ∧ξ ) = dη ∧ξ +(−1)deg(η) ·η ∧dξ , and (A∧A)∧A = A∧ (A∧A),

FH = dA+A∧A 6.4.1
=⇒ dFH = d(dA)+d(A∧A) = 0+dA∧A−A∧dA.

dA = FH −A∧A 6.4.1
=⇒ dFH = (FH −A∧A)∧A−A∧ (FH −A∧A).

dFH = FH ∧A−A∧A∧A−A∧FH +A∧A∧A = FH ∧A−A∧FH .

dFH +A∧FH −FH ∧A = FH ∧A−A∧FH +A∧FH −FH ∧A = 0 6.4.1
=⇒ DH(FH) = 0.

Thus the Chern curvature is covariantly closed. □

6.5. Chern–Weil theory, degree, and slope.

Definition 6.5.1 (Determinant bundle and first Chern class). For a rank-r holomorphic vector bundle E,
define

det(E) = Λ
rE, eν ,1∧·· ·∧ eν ,r = det(tµν) · eµ,1∧·· ·∧ eµ,r,

Hdet(E),µ = det(Hµ), Hν = t∗µν ·Hµ ·tµν

6.2.1
=⇒ det(Hν)= det(t∗µν)·det(Hµ)·det(tµν)= |det(tµν)|2 ·det(Hµ),

c1(E) = c1(det(E)).

Theorem 6.5.2 (Chern–Weil formula for the first Chern class). The scalar two-form Tr(FH) is global and
closed, and its de Rham class is independent of H. Moreover,

F∗H ·H +H ·FH = 0, Tr(FH) =−Tr(FH), i ·Tr(FH) = i ·Tr(FH),

and

(6.5.1) c1(E) =
[

i
2 ·π
·Tr(FH)

]
∈ H2(X ;R).

In the determinant frame,
Adet(E),µ = Tr(Aµ) = ∂ log(det(Hµ)),

Fdet(E)
∣∣
Xµ

= Tr(FH,µ) =−∂ ∂̄ log(det(Hµ)).

Proof. By FH,ν = t−1
µν · FH,µ · tµν , DH(FH) = 0, and Tr(P ∧ Q) = (−1)p·q · Tr(Q ∧ P) for (P,Q) ∈

Ωp(X ,End(E))×Ωq(X ,End(E)),

FH,ν = t−1
µν ·FH,µ · tµν

6.4.2
=⇒ Tr(FH,ν) = Tr(t−1

µν ·FH,µ · tµν) = Tr(FH,µ · tµν · t−1
µν ) = Tr(FH,µ).

dTr(FH) = Tr(dFH)
6.4.4
=⇒ −Tr(A∧FH)+Tr(FH ∧A) =−Tr(A∧FH)+Tr(A∧FH) = 0.

∇H(H) = 0 6.3.1
=⇒ 0 = d2(⟨V ,W ⟩H

)
=W ∗ ·

(
F∗H ·H +H ·FH

)
·V =⇒ F∗H ·H +H ·FH = 0.

F∗H =−H ·FH ·H−1 =⇒ Tr(FH) = Tr(F∗H) =−Tr(H ·FH ·H−1) =−Tr(FH).

For metric independence, let B = Ã−A ∈Ω1(X ,End(E)) and At = A+ t ·B.

B = Ã−A 6.3.2
=⇒ Bν = t−1

µν ·Bµ · tµν =⇒ Tr(Bν) = Tr(Bµ), Ft = dAt +At ∧At .

Ft = dAt +At ∧At
6.4.1
=⇒ dFt

dt
= dB+B∧At +At ∧B,

d
dt

Tr(Ft) = dTr(B)+Tr(B∧At)+Tr(At ∧B) = dTr(B)+Tr(B∧At)−Tr(B∧At) = dTr(B).

Tr(F̃)−Tr(FH) =
∫ 1

0

d
dt

Tr(Ft) ·dt = d
(

Tr(B) ·
∫ 1

0
1 ·dt

)
= d
(
Tr(B) ·1

)
= dTr(B).

For the determinant bundle, Jacobi’s formula and the connection gauge law give

Aµ = H−1
µ ·∂Hµ

6.3.1
=⇒ Tr(Aµ) = Tr(H−1

µ ·∂Hµ)
5.2.1
=⇒ ∂ log(det(Hµ)),

Aν = t−1
µν ·Aµ ·tµν +t−1

µν ·∂ tµν

6.3.2
=⇒ Tr(Aν) =Tr(Aµ)+det(tµν)

−1 ·∂ det(tµν) =Tr(Aµ)+∂ log(det(tµν)).
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Aµ ∧Aµ

1.5.2
=⇒ Tr(Aµ ∧Aµ) =

r

∑
α=1

Aµ
α

α ∧Aµ
α

α

+
r−1

∑
α=1

r

∑
β=α+1

(
Aµ

α
β ∧Aµ

β
α +Aµ

β
α ∧Aµ

α
β

)
= 0+0 = 0.

(
Adet(E) = Tr(Aµ), Tr(Aµ ∧Aµ) = 0

) 6.4.1
=⇒ Fdet(E) = dTr(Aµ).

Fdet(E) = dTr(Aµ) = Tr(dAµ +Aµ ∧Aµ) = Tr(FH,µ)
2.1.3
=⇒ Fdet(E) =−∂ ∂̄ log(det(Hµ)).(

c1(E) = c1(det(E)), Fdet(E) = Tr(FH)
) 2.1.3
=⇒ c1(E) =

[
i

2 ·π
·Tr(FH)

]
.

Thus i
2·π ·Tr(FH) is the real, metric-independent Chern–Weil representative. □

Definition 6.5.3 (Degree and slope). Let E π−→ (Xn,ω) be a rank-r holomorphic vector bundle over a
compact Kähler manifold. Define

degω(E) =
∫

X
c1(E)∧

ωn−1

(n−1)!
6.5.2
=⇒ i

2 ·π
·
∫

X
Tr(FH)∧

ωn−1

(n−1)!
,

µω(E) =
degω(E)
rank(E)

=
degω(E)

r
.(

c1(E) =
[

i
2 ·π
·Tr(FH)

]
, degω(E) =

∫
X

c1(E)∧
ωn−1

(n−1)!

)
6.5.2
=⇒ degω(E) is independent of H.

6.6. The Hermitian–Einstein equation. For

ω =
i
2
·

n

∑
j=1

n

∑
k=1

g jk̄ ·dz j ∧dz̄k,

the Lefschetz contraction is

(6.6.1) Λω = 2 · i ·
n

∑
j=1

n

∑
k=1

g jk̄ · ι∂/∂ z j ◦ ι∂/∂ z̄k .

FH = ∂̄A 6.4.3
=⇒ FH =

n

∑
k=1

n

∑
j=1

FH,k̄ j ·dz̄k∧dz j 6.6.1
=⇒ i ·Λω(FH) =−2 ·

n

∑
j=1

n

∑
k=1

g jk̄ ·FH,k̄ j.

Definition 6.6.1 (Hermitian–Einstein metric). A Hermitian metric H is Hermitian–Einstein when there is
λ ∈ R such that

(6.6.2) i ·Λω(FH) = λ · IE .

Equivalently,

i ·Λω(FH) = λ · IE
6.6.1
=⇒ −2 ·

n

∑
j=1

n

∑
k=1

g jk̄ ·FH,k̄ j
α

β = λ ·δ α
β ,

−2 ·
n

∑
j=1

n

∑
k=1

g jk̄ ·

FH,k̄ j
1

1 · · · FH,k̄ j
1

r
...

. . .
...

FH,k̄ j
r
1 · · · FH,k̄ j

r
r

= λ ·


1 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1

 .
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Example 6.6.2 (A complete rank-two Chern computation). On the trivial rank-two bundle over C, take

H =

[
e−2·|z|2 0

0 e−2·|z|2

]
, H−1 =

[
e2·|z|2 0

0 e2·|z|2

]
,

∂H =

[
−2 · z̄ · e−2·|z|2 0

0 −2 · z̄ · e−2·|z|2

]
·dz.

The full product is(
H−1,∂H

) 6.3.1
=⇒ A =

[
e2·|z|2 0

0 e2·|z|2

]
·

[
−2 · z̄ · e−2·|z|2 0

0 −2 · z̄ · e−2·|z|2

]
·dz,

A =

[
e2·|z|2 · (−2) · z̄ · e−2·|z|2 +0 ·0 e2·|z|2 ·0+0 · (−2) · z̄ · e−2·|z|2

0 · (−2) · z̄ · e−2·|z|2 + e2·|z|2 ·0 0 ·0+ e2·|z|2 · (−2) · z̄ · e−2·|z|2

]
·dz =

[
−2 · z̄ 0

0 −2 · z̄

]
·dz.

Consequently,

A = H−1 ·∂H 6.4.3
=⇒ FH = ∂̄A =

[
−2 0
0 −2

]
·dz̄∧dz, Tr(FH) = (−2−2) ·dz̄∧dz =−4 ·dz̄∧dz.

For ω = i
2 ·dz∧dz̄,

FH =

[
−2 0
0 −2

]
·dz̄∧dz 6.6.1

=⇒ i ·Λω(FH) =−2 ·
[
−2 0
0 −2

]
.

−2 ·
[
−2 0
0 −2

]
=

[
(−2) · (−2) (−2) ·0
(−2) ·0 (−2) · (−2)

]
=

[
4 0
0 4

]
= 4·I2

6.6.1
=⇒

(
H is Hermitian–Einstein, λ = 4

)
.

The determinant and trace calculations give the same scalar curvature

det(H) = e−2·|z|2 · e−2·|z|2−0 ·0 = e−4·|z|2 , log(det(H)) =−4 · |z|2,(
A = H−1 ·∂H, det(H) = e−4·|z|2) 5.2.1

=⇒ Tr(A) =
(
(−2) · z̄+(−2) · z̄

)
·dz =−4 · z̄ ·dz = ∂ log(det(H)),

Fdet(E) = Tr(FH)
6.5.2
=⇒ Tr(FH) =

(
(−2)+(−2)

)
·dz̄∧dz =−4 ·dz̄∧dz =−∂ ∂̄ log(det(H)).

Lemma 6.6.3 (Trace–wedge identity). The Chern curvature satisfies

i ·Tr(FH)∧
ωn−1

(n−1)!
= Tr(i ·Λω(FH)) ·

ωn

n!
.

Proof. By p ∈ X , g jk̄(p) = δ jk, and α j =
i
2 ·dz j ∧dz̄ j,

g jk̄(p) = δ jk
1.4.2
=⇒ ω(p) =

n

∑
j=1

α j,
ωn

n!
(p) =

n∧
j=1

α j,
ωn−1

(n−1)!
(p) =

n

∑
j=1

∧
1≤ℓ≤n
ℓ̸= j

αℓ.

dz̄ j ∧dz j =−dz j ∧dz̄ j = 2 · i ·α j.

i ·Tr(FH)∧
ωn−1

(n−1)!
(p) = i ·

n

∑
j=1

Tr(FH, j̄ j) ·2 · i ·
n∧

ℓ=1

αℓ =−2 ·
n

∑
j=1

Tr(FH, j̄ j) ·
ωn

n!
(p).

i ·Λω(FH)(p) =−2 ·
n

∑
j=1

FH, j̄ j
6.6.1
=⇒ Tr(i ·Λω(FH))(p) =−2 ·

n

∑
j=1

Tr(FH, j̄ j).

Thus the two global top-degree forms agree at every p ∈ X . □
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Corollary 6.6.4 (The Einstein constant). If H is Hermitian–Einstein, then

λ =
2 ·π ·µω(E)

Volω(X)
, Volω(X) =

∫
X

ωn

n!
.

Proof. By i ·Λω(FH) = λ · IE , rank(E) = r, and i ·Tr(FH)∧ωn−1/(n−1)! = Tr(i ·Λω(FH)) ·ωn/n!,

degω(E)
6.5.3
=⇒ i

2 ·π
·
∫

X
Tr(FH)∧

ωn−1

(n−1)!
6.6.3
=⇒ 1

2 ·π
·
∫

X
Tr(i ·Λω(FH)) ·

ωn

n!
.

i ·Λω(FH) = λ · IE
6.6.1
=⇒ Tr(i ·Λω(FH)) = Tr(λ · Ir) =

r

∑
α=1

λ ·1 = λ · r.

degω(E) =
λ · r
2 ·π
·
∫

X

ωn

n!
=

λ · r
2 ·π
·Volω(X).

λ =
2 ·π ·degω(E)

r ·Volω(X)

6.5.3
=⇒ 2 ·π ·µω(E)

Volω(X)
.

Thus the Kähler slope and volume determine the Einstein constant. □

7. SLOPE STABILITY AND CURVATURE OF HOLOMORPHIC SUBBUNDLES

Let (X ,ω) be a compact connected Kähler manifold and let (E,H) be a holomorphic Hermitian
vector bundle. The Hermitian–Einstein equation and its topological constant satisfy, whenever H is
Hermitian–Einstein,

H is Hermitian–Einstein 6.6.1
=⇒ i ·Λω(FH) = λ · IE

6.6.4
=⇒ λ =

2 ·π ·µω(E)
Volω(X)

.

The comparison with a holomorphic subbundle is controlled by the square norm of its second fundamental
form.

7.1. Slope stability and the Donaldson–Uhlenbeck–Yau correspondence.

Definition 7.1.1 (Degree and slope of a coherent sheaf). For a torsion-free coherent sheaf S of rank s,
define

det(S ) =

(
s∧
(S )

)∗∗
, degω(S ) =

∫
X

c1
(
det(S )

)
∧ ωn−1

(n−1)!
, µω(S ) =

degω(S )

s
.

It is enough to test slope inequalities on saturated coherent subsheaves.

Fact 7.1.2 (Reduction to saturated subsheaves). Let S̃ ⊂ E be the saturation of a torsion-free coherent
subsheaf S ⊂ E. Then

rank(S̃ ) = rank(S ), degω(S̃ )≥ degω(S ), µω(S̃ )≥ µω(S ).

Proof. By S ⊂ S̃ ⊂ E, T = S̃ /S torsion, and D = ∑
N
a=1 ma ·Da effective,

0−→S −→ S̃ −→T −→ 0 =⇒ rank(S̃ ) = rank(S ).

det(S̃ ) = det(S )⊗OX(D), D =
N

∑
a=1

ma ·Da, ma ≥ 0.

(
det(S̃ ) = det(S )⊗OX(D)

)
=⇒ c1

(
det(S̃ )

)
= c1

(
det(S )

)
+

N

∑
a=1

ma · [Da].(
c1
(
det(S̃ )

)
= c1

(
det(S )

)
+

N

∑
a=1

ma · [Da]

)
7.1.1
=⇒ degω(S̃ )= degω(S )+

N

∑
a=1

ma ·
∫

Da

ωn−1

(n−1)!
≥ degω(S ).
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rank(S̃ ) = rank(S ), degω(S̃ )≥ degω(S )

)
7.1.1
=⇒ µω(S̃ )≥ µω(S ).

Thus saturation cannot decrease slope. □

Definition 7.1.3 (Slope stability). A holomorphic vector bundle E is stable when every coherent subsheaf
S ⊂ E with

0 < rank(S )< rank(E)
satisfies

µω(S )< µω(E), µω(S ) =
degω(S )

rank(S )
.

It is semistable when the strict inequality is replaced by µω(S )≤ µω(E). It is polystable when

E =
N⊕

a=1

Ea, Ea is stable, µω(Ea) = µω(E) (1≤ a≤ N).

Theorem 7.1.4 (Donaldson–Uhlenbeck–Yau). The bundle E admits a Hermitian–Einstein metric if and
only if E is polystable. If E is stable, its Hermitian–Einstein metric is unique up to multiplication by a
positive constant.

Remark 7.1.5. The two directions are

E admits a Hermitian–Einstein metric 7.5.4
=⇒ E is polystable.

E is polystable 8.5.3
=⇒ E admits a Hermitian–Einstein metric.

7.2. Orthogonal splitting and second fundamental forms. Let S⊂ E be a holomorphic subbundle, let
T = S⊥H , let S

ιS−→ E be the inclusion, and let πS and πT denote the orthogonal projections. Thus

E = S⊕T, IE = πS +πT , πS ·πT = πT ·πS = 0.

Definition 7.2.1 (Induced connections and second fundamental forms). For s ∈ Γ(X ,S) and t ∈ Γ(X ,T ),
define

∇
S(s) = πS

(
∇H(s)

)
, β (s) = πT

(
∇H(s)

)
,

∇
T (t) = πT

(
∇H(t)

)
, γ(t) = πS

(
∇H(t)

)
.

The holomorphicity of S and the unitarity of ∇H give(
∇

0,1
H = ∂̄E , ∂̄E

(
Γ(X ,S)

)
⊂Ω

0,1(X ,S)
)

6.3.1
=⇒ πT ◦∇

0,1
H |S = 0 7.2.1

=⇒ β ∈Ω
1,0(X ,Hom(S,T )),

∇H(H) = 0 6.3.1
=⇒ γ =−β

∗H 7.2.1
=⇒ γ ∈Ω

0,1(X ,Hom(T,S)).

Fact 7.2.2 (Leibniz rules). The operator ∇S is a connection on S, whereas β is tensorial.

Proof. By f ∈C∞(X), s ∈ Γ(X ,S), V ∈ Γ(X ,TCX), πS(s) = s, and πT (s) = 0,

∇H( f · s) 6.3.1
=⇒ d f ⊗ s+ f ·∇H(s).

∇H( f · s) = d f ⊗ s+ f ·∇H(s)
7.2.1
=⇒ ∇

S
V ( f · s) = πS(V ( f ) · s+ f ·∇H,V (s)) =V ( f ) · s+ f ·∇S

V (s).

∇H( f · s) = d f ⊗ s+ f ·∇H(s)
7.2.1
=⇒ β ( f · s) = πT (d f ⊗ s+ f ·∇H(s)) = d f ⊗0+ f ·β (s) = f ·β (s).

Thus ∇S obeys the Leibniz rule and β is C∞(X)-linear. □
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Fact 7.2.3 (Block form of the connection). For

Φ = s+ t =
[

s
t

]
,

the Chern connection has the block form

∇H(Φ) =

[
∇S γ

β ∇T

]
·
[

s
t

]
=

[
∇S(s)+ γ(t)
β (s)+∇T (t)

]
, γ =−β

∗H .

Equivalently,

∇H, j =

[
∇S

j 0
β j ∇T

j

]
, ∇H,k̄ =

[
∇S

k̄ γk̄
0 ∇T

k̄

]
.

Proof. By Φ = s+ t, IE = πS +πT , ∇S = πS ◦∇H , and β = πT ◦∇H |S,

∇H(Φ) = ∇H(s)+∇H(t) = ∇
S(s)+β (s)+ γ(t)+∇

T (t).(
∇H(s) = ∇

S(s)+β (s), ∇H(t) = γ(t)+∇
T (t)

) 7.2.1
=⇒ ∇H(Φ) =

[
∇S γ

β ∇T

]
·
[

s
t

]
.[

∇S γ

β ∇T

]
·
[

s
t

]
=

[
∇S(s)+ γ(t)
β (s)+∇T (t)

]
.

∂̄E(s) ∈Ω
0,1(X ,S) 6.3.1

=⇒ πT
(
∇

0,1
H (s)

)
= 0 =⇒ β

0,1 = 0.
By ⟨s, t⟩H = 0 and the unitarity of ∇H ,

∇H(H) = 0 6.3.1
=⇒ 0 = d

(
⟨s, t⟩H

)
= ⟨β (s), t⟩H + ⟨s,γ(t)⟩H = ⟨s,(β ∗H + γ)(t)⟩H .

⟨s,(β ∗H + γ)(t)⟩H = 0 6.2.3
=⇒ γ =−β

∗H , β ∈Ω
1,0(X ,Hom(S,T )) 7.2.1

=⇒ γ ∈Ω
0,1(X ,Hom(T,S)).

Thus the connection and its two types have the stated block form. □

Fact 7.2.4 (The quotient as the orthogonal complement). For Q = E/S and the quotient map p, the
restriction

T
p|T−−→ Q

is a smooth vector-bundle isomorphism.

Proof. By E = S⊕T , T = S⊥H , and e = s+ t,

[e] = [s+ t] = [t] =⇒ (p|T )(t) = [e],

so p|T is surjective. Moreover,

(p|T )(t) = 0 =⇒ [t] = 0 =⇒ t ∈ S∩T =⇒ t = 0,

so p|T is injective and hence an isomorphism. □

7.3. The Dolbeault class of an extension.

Theorem 7.3.1 (Dolbeault classification of extensions). For holomorphic vector bundles S and Q, equiva-
lence classes of holomorphic extensions satisfy

Ext1OX
(Q,S)∼= H0,1

∂̄

(
X ,Hom(Q,S)

)
.

For 0 −→ S −→ E −→ Q −→ 0, the corresponding class is [γ], and it is independent of the Hermitian
metric used to choose T = S⊥H .
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Proof. By E ∼= S⊕Q smoothly, γ ∈Ω0,1(X ,Hom(Q,S)), and ∂̄ 2
E = 0,

E ∼= S⊕Q 7.2.4
=⇒ Q∼= T 7.2.3

=⇒ ∂̄E =

[
∂̄S γ

0 ∂̄Q

]
, ∂̄

2
E =

[
∂̄ 2

S ∂̄Hom(Q,S)(γ)

0 ∂̄ 2
Q

]
.

∂̄
2
E = 0 =⇒

[
0 ∂̄Hom(Q,S)(γ)
0 0

]
=

[
0 0
0 0

]
=⇒ ∂̄Hom(Q,S)(γ) = 0.

For a change of smooth splitting by u ∈Ω0(X ,Hom(Q,S)),

Pu =

[
IS u
0 IQ

]
, P−1

u =

[
IS −u
0 IQ

]
,

P−1
u · ∂̄E ·Pu =

[
IS −u
0 IQ

]
·
[

∂̄S ∂̄S ◦u+ γ

0 ∂̄Q

]
=

[
∂̄S γ + ∂̄Hom(Q,S)(u)
0 ∂̄Q

]
.

γ
′ = γ + ∂̄Hom(Q,S)(u) =⇒ [γ ′] = [γ].

Conversely,
∂̄Hom(Q,S)(γ) = 0 =⇒ ∂̄

2
E = 0,

and exact changes give equivalent extensions. □

7.4. Curvature of a holomorphic subbundle.

Proposition 7.4.1 (Curvature block matrix). With respect to E = S⊕T ,

(7.4.1) FE =

[
FS + γ ∧β ∂∇(γ)

∂̄∇(β ) FT +β ∧ γ

]
, γ =−β

∗H .

In the established dz̄k∧dz j coefficient order,

(FS)k̄ j = πS · (FE)k̄ j · ιS− γk̄ ·β j = πS · (FE)k̄ j · ιS +β
∗H
k ·β j.

Proof. By FE = ∇2
H , γ =−β ∗H , and ∇H =

[
∇S γ

β ∇T

]
,

∇H =

[
∇S γ

β ∇T

]
6.4.2
=⇒ ∇

2
H =

[
∇S γ

β ∇T

]
∧
[

∇S γ

β ∇T

]
.

(∇2
H)SS

1.5.2
=⇒ ∇

S∧∇
S + γ ∧β , (∇2

H)ST
1.5.2
=⇒ ∇

S∧ γ + γ ∧∇
T .

(∇2
H)T S

1.5.2
=⇒ β ∧∇

S +∇
T ∧β , (∇2

H)T T
1.5.2
=⇒ β ∧ γ +∇

T ∧∇
T .

∇
2
H =

[
∇S∧∇S + γ ∧β ∇S∧ γ + γ ∧∇T

β ∧∇S +∇T ∧β β ∧ γ +∇T ∧∇T

]
6.4.2
=⇒ FE =

[
FS + γ ∧β ∂∇(γ)

∂̄∇(β ) FT +β ∧ γ

]
.

(FE)SS = FS + γ ∧β =⇒ FS = (FE)SS− γ ∧β .(
β ∈Ω

1,0(X ,Hom(S,T )), γ ∈Ω
0,1(X ,Hom(T,S))

) 7.2.1
=⇒ β =

n

∑
j=1

β j ·dz j, γ =
n

∑
k=1

γk̄ ·dz̄k.(
β =

n

∑
j=1

β j ·dz j, γ =
n

∑
k=1

γk̄ ·dz̄k

)
1.5.2
=⇒ γ ∧β =

n

∑
k=1

n

∑
j=1

γk̄ ·β j ·dz̄k∧dz j.

(FS)k̄ j = (πS · (FE)k̄ j · ιS)− γk̄ ·β j
7.2.1
=⇒ πS · (FE)k̄ j · ιS +β

∗H
k ·β j.

Thus the coefficient sign agrees with the curvature convention of the preceding section. □
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Example 7.4.2 (Complete rank-two block-curvature computation). Let

X = C, ω =
i
2
·dz∧dz̄, E = X×C2 = S⊕T,

S = spanC(e1), T = spanC(e2).

In an adapted H-unitary frame, take

β = 2 ·dz, γ =−2 ·dz̄, B =

[
0 −2 ·dz̄

2 ·dz 0

]
.

∇E = d +B, ∇
0,1
E (e1) = ∂̄

([
1
0

])
+

[
0 −2 ·dz̄
0 0

]
·
[

1
0

]
,

∇
0,1
E (e1) =

[
0
0

]
+

[
0 ·1+(−2 ·dz̄) ·0

0 ·1+0 ·0

]
=

[
0
0

]
6.2.1
=⇒ S is holomorphic,

and d(B) = 0. Hence

∇E = d +B
6.4.2
=⇒ FE = d(B)+B∧B = B∧B =

[
0 −2 ·dz̄

2 ·dz 0

]
∧
[

0 −2 ·dz̄
2 ·dz 0

]
,

B∧B
1.5.2
=⇒ FE =

[
0∧0+(−2 ·dz̄)∧ (2 ·dz) 0∧ (−2 ·dz̄)+(−2 ·dz̄)∧0
(2 ·dz)∧0+0∧ (2 ·dz) (2 ·dz)∧ (−2 ·dz̄)+0∧0

]
,

FE =

[
(−2) ·2 ·dz̄∧dz 0

0 2 · (−2) ·dz∧dz̄

]
=

[
−4 ·dz̄∧dz 0

0 4 ·dz̄∧dz

]
.

FS = FT = 0, γz̄ ·βz = (−2) ·2 =−4,

πS · (FE)z̄z · ιS =
[
1 0

]
·
[
−4 0
0 4

]
·
[

1
0

]
=
[
1 · (−4)+0 ·0 1 ·0+0 ·4

]
·
[

1
0

]
= (−4) ·1+0 ·0 =−4.

(πS · (FE)z̄z · ιS =−4, γz̄ ·βz =−4) 7.4.1
=⇒ (FS)z̄z = πS ·(FE)z̄z ·ιS−γz̄ ·βz =−4−

(
(−2)·2

)
=−4−(−4)= 0.

βz = 2 7.5.1
=⇒ |β |2H,ω = 2 ·gzz̄ ·Tr(β ∗Hz ·βz) = 2 ·1 · (2 ·2) = 2 ·4 = 8,

((FE)z̄z,SS =−4) 6.6.1
=⇒ Tr(πS · i ·Λω(FE) · ιS) =−2 · (−4) = 8.(

Tr(πS · i ·Λω(FE) · ιS) = 8, |β |2H,ω = 8
) 7.5.2
=⇒ Tr(i ·Λω(FS)) =−2 · (−4)−8 = 8−8 = 0.

Thus the full block multiplication reproduces the vanishing induced curvature.

7.5. The Hermitian–Einstein slope inequality. Define

(7.5.1) |β |2H,ω = 2 ·
n

∑
j=1

n

∑
k=1

g jk̄ ·Tr(β ∗Hk ·β j)≥ 0, ∥β∥2
L2(H,ω) =

∫
X
|β |2H,ω ·

ωn

n!
.

(7.5.2)
(
(FS)k̄ j = πS · (FE)k̄ j · ιS +β

∗H
k ·β j

)
6.6.1
=⇒ Tr(i ·Λω(FS)) = Tr(πS · i ·Λω(FE) · ιS)−|β |2H,ω .

Corollary 7.5.1 (Hermitian–Einstein slope inequality). If H is Hermitian–Einstein and S ⊂ E is a
holomorphic subbundle, then

µω(S)≤ µω(E).
Equality holds if and only if β = 0, in which case

E = S⊕S⊥H

is a holomorphic orthogonal splitting.
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Proof. By s = rank(S), i ·Λω(FE) = λ · IE , and S ↪→ E,

(S ↪→ E, rank(S) = s) 6.5.3
=⇒ 2 ·π ·degω(S)= i·

∫
X

Tr(FS)∧
ωn−1

(n−1)!
6.6.3
=⇒ 2 ·π ·degω(S)=

∫
X

Tr(i·Λω(FS))·
ωn

n!
.

(i ·Λω(FE) = λ · IE , rank(S) = s) 6.6.1
=⇒ Tr(πS · i ·Λω(FE) · ιS) = Tr(λ · IS) = λ · s.

Tr(πS · i ·Λω(FE) · ιS) = λ · s 7.5.2
=⇒ Tr(i ·Λω(FS)) = λ · s−|β |2H,ω .

(7.5.3) 2 ·π ·degω(S) = λ · s ·Volω(X)−∥β∥2
L2(H,ω).

(i ·Λω(FE) = λ · IE)
6.6.4
=⇒ λ =

2 ·π ·µω(E)
Volω(X)

7.5.3
=⇒ 2 ·π ·degω(S)= 2·π ·s ·µω(E)−∥β∥2

L2(H,ω)≤ 2·π ·s·µω(E).

degω(S)≤ s ·µω(E)
6.5.3
=⇒ µω(S) =

degω(S)
s

≤ µω(E).

µω(S) = µω(E)
7.5.3⇐⇒ ∥β∥2

L2(H,ω) = 0 7.5.1⇐⇒ β = 0 7.2.1
=⇒ γ = 0 7.2.3

=⇒ ∇H =

[
∇S 0
0 ∇T

]
.

Thus ∇H is block diagonal and the orthogonal complement is holomorphic. □

Example 7.5.2 (Complete rank-four slope-defect computation). Let

rank(E) = 4, rank(S) = 2, i ·Λω(FE) = 40 · IE .

At p ∈ X , choose an adapted H-orthonormal frame and set

PS =

[
1 0 0 0
0 1 0 0

]
, ιS =


1 0
0 1
0 0
0 0

 .

MS =

[
1 0 0 0
0 1 0 0

]
·


40 0 0 0
0 40 0 0
0 0 40 0
0 0 0 40

 .
MS,11 = 1 ·40+0 ·0+0 ·0+0 ·0 = 40, MS,12 = 1 ·0+0 ·40+0 ·0+0 ·0 = 0,
MS,13 = 1 ·0+0 ·0+0 ·40+0 ·0 = 0, MS,14 = 1 ·0+0 ·0+0 ·0+0 ·40 = 0,
MS,21 = 0 ·40+1 ·0+0 ·0+0 ·0 = 0, MS,22 = 0 ·0+1 ·40+0 ·0+0 ·0 = 40,
MS,23 = 0 ·0+1 ·0+0 ·40+0 ·0 = 0, MS,24 = 0 ·0+1 ·0+0 ·0+0 ·40 = 0.[

40 0 0 0
0 40 0 0

]
·


1 0
0 1
0 0
0 0

=

[
40 ·1+0 ·0+0 ·0+0 ·0 40 ·0+0 ·1+0 ·0+0 ·0
0 ·1+40 ·0+0 ·0+0 ·0 0 ·0+40 ·1+0 ·0+0 ·0

]
=

[
40 0
0 40

]
.

Suppose
g jk̄(p) = δ jk (1≤ j,k ≤ n), β j(p) = 0 (2≤ j ≤ n),

and

β1(p) =
[

1 2
3 4

]
, β

∗H
1 (p) =

[
1 3
2 4

]
.

β
∗H
1 (p) ·β1(p) =

[
1 3
2 4

]
·
[

1 2
3 4

]
=

[
1 ·1+3 ·3 1 ·2+3 ·4
2 ·1+4 ·3 2 ·2+4 ·4

]
,

β
∗H
1 (p) ·β1(p) =

[
1+9 2+12
2+12 4+16

]
=

[
10 14
14 20

]
, Tr(β ∗H1 (p) ·β1(p)) = 10+20 = 30.
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g jk̄(p) = δ jk, β j(p) = 0 (2≤ j ≤ n)

)
7.5.1
=⇒ |β (p)|2H,ω = 2 ·1 ·30 = 2 ·30 = 60.

(i ·Λω(FE)(p) = 40 · IE , β j(p) = 0 (2≤ j ≤ n)) 7.4.1
=⇒ i ·Λω(FS)(p) = 40 · IS−2 ·β ∗H1 (p) ·β1(p).

i ·Λω(FS)(p) =
[

40 0
0 40

]
−2 ·

[
10 14
14 20

]
.

i ·Λω(FS)(p) =
[

40−2 ·10 0−2 ·14
0−2 ·14 40−2 ·20

]
=

[
40−20 0−28
0−28 40−40

]
.

i ·Λω(FS)(p) =
[

20 −28
−28 0

]
.

Tr(i ·Λω(FS)(p)) = 20+0 = 20 = 40 ·2−60 = 80−60.
Thus the matrix identity reproduces the pointwise slope defect, including the entry 4 ·4 = 16.

Proposition 7.5.3 (Chern–Weil identity for a saturated subsheaf). Let S ⊂ E be saturated of rank s, let
Z ⊂ X be its singular locus, and set

X◦ = X \Z, S = S |X◦ , codimC(Z)≥ 2.

Then the orthogonal projection and second fundamental form on X◦ satisfy

(7.5.4) 2 ·π ·degω(S ) =
∫

X◦
Tr(πS · i ·Λω(FE) · ιS) ·

ωn

n!
−
∫

X◦
|β |2H,ω ·

ωn

n!
.

If H is Hermitian–Einstein, equality of slopes holds exactly when the orthogonal projection extends to
a smooth ∇H-parallel projection on E. In that case S is locally free and is a holomorphic orthogonal
direct summand.

Proof. By X◦ = X \Z, codimR(Z)≥ 4, and χε ∈C∞
c (X

◦),

0≤ χε ≤ 1, χε −→ 1,
∫

X
|d(χε)|2ω ·

ωn

n!
−→ 0,

the determinant metric gives

(det(S )|X◦ = det(S), χε −→ 1) 6.5.3
=⇒ 2 ·π ·degω(S ) = lim

ε↓0
i ·
∫

X◦
χε ·Tr(FS)∧

ωn−1

(n−1)!
.

2 ·π ·degω(S ) = lim
ε↓0

i ·
∫

X◦
χε ·Tr(FS)∧

ωn−1

(n−1)!
6.6.3
=⇒ lim

ε↓0

∫
X◦

χε ·Tr(i ·Λω(FS)) ·
ωn

n!
.

Tr(i ·Λω(FS))
7.5.2
=⇒ Tr(πS · i ·Λω(FE) · ιS)−|β |2H,ω .

2 ·π ·degω(S ) =
∫

X◦
Tr(πS · i ·Λω(FE) · ιS) ·

ωn

n!
−
∫

X◦
|β |2H,ω ·

ωn

n!
.

Suppose now that i ·Λω(FE) = λ · IE .

(i ·Λω(FE) = λ · IE)
6.6.1
=⇒ Tr(πS · i ·Λω(FE) · ιS) = Tr(λ · IS) = λ · s.

(i ·Λω(FE) = λ · IE)
6.6.4
=⇒ λ =

2 ·π ·µω(E)
Volω(X)

.

µω(S ) = µω(E)
7.5.4⇐⇒

∫
X◦
|β |2H,ω ·

ωn

n!
= 0 7.5.1⇐⇒ β = 0 7.2.1

=⇒ γ = 0, β = γ = 0 7.2.3
=⇒ ∇H(πS) = 0.

In a smooth local frame, write ∇H = d +AH . Then

∇H(πS) = 0 6.4.1
=⇒ d(πS) =−AH ·πS +πS ·AH , ∥πS∥op = 1 =⇒ |d(πS)| ≤ 2 · |AH |.

Thus πS extends continuously across Z, the displayed differential equation extends distributionally, and
repeated differentiation makes the extension smooth and parallel. Its image and kernel give the asserted
holomorphic orthogonal splitting. □
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Corollary 7.5.4 (The Hermitian–Einstein direction). If E admits a Hermitian–Einstein metric, then E is
polystable.

Proof. By S ⊂ E saturated, S = S |X\Z locally free, codimC(Z)≥ 2, and i ·Λω(FE) = λ · IE ,

(S ⊂ E saturated, i ·Λω(FE) = λ · IE)
7.5.3
=⇒ µω(S )= µω(E)−

1
2 ·π · rank(S )

·
∫

X\Z
|β |2H,ω ·

ωn

n!
≤ µω(E).

(µω(S )≤ µω(E) for every saturated S ⊂ E) 7.1.2
=⇒ (µω(S )≤ µω(E) for every coherent S ⊂ E) .

(µω(S )≤ µω(E) for every coherent S ⊂ E) 7.1.3
=⇒ E is semistable.

Suppose that E is not stable.

(E is semistable, E is not stable) 7.1.3
=⇒ 0 < rank(A )< rank(E), µω(A ) = µω(E).

A ⊂ Ã
7.1.2
=⇒ rank(Ã ) = rank(A ), µω(Ã )≥ µω(A ) = µω(E).(

E is semistable, µω(Ã )≥ µω(E)
)

7.1.3
=⇒ µω(Ã ) = µω(E).

µω(Ã ) = µω(E)
7.5.3
=⇒ E = Ã ⊕ Ã ⊥H holomorphically.

i ·Λω(FE) =

[
i ·Λω(FÃ

) 0
0 i ·Λω(FÃ ⊥H )

]
= λ ·

[
I
Ã

0
0 I

Ã ⊥H

]
.(

E = Ã ⊕ Ã ⊥H holomorphically
)

7.4.1
=⇒ i ·Λω(FÃ

) = λ · I
Ã
, i ·Λω(FÃ ⊥H ) = λ · I

Ã ⊥H .(
i ·Λω(FÃ

) = λ · I
Ã
, i ·Λω(FÃ ⊥H ) = λ · I

Ã ⊥H

) 6.6.4
=⇒ µω(Ã ) = µω(Ã

⊥H ) = µω(E).

rank(Ã )< rank(E), rank(Ã ⊥H )< rank(E) =⇒ E =
N⊕

a=1

Ea, µω(Ea) = µω(E), Ea is stable.(
E =

N⊕
a=1

Ea, µω(Ea) = µω(E), Ea is stable

)
7.1.3
=⇒ E is polystable.

Thus finite induction on rank(E) terminates. □

8. THE ANALYTIC UHLENBECK–YAU ARGUMENT

Let (X ,ω) be a compact connected Kähler manifold and let E be a holomorphic vector bundle of rank
r. Write

λ =
2 ·π ·µω(E)

Volω(X)
.

Fix a reference metric Ĥ whose determinant metric is normalized by

Tr(i ·Λω(FĤ)) = r ·λ , Tr(i ·Λω(FĤ)−λ · IE) = 0.

Proposition 8.0.1 (Reference determinant normalization). Given any Hermitian metric Ĥ0, there is
ψ ∈C∞(X ,R) such that

Ĥ = exp(ψ) · Ĥ0, Tr(i ·Λω(FĤ)) = r ·λ .
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Proof. By Ĥ0 Hermitian, λ = 2 ·π ·µω(E)/Volω(X), and c1(E) = [i ·Tr(FĤ0
)/(2 ·π)],(

c1(E) =
[

i
2 ·π
·Tr(FĤ0

)

])
6.5.3
=⇒ 2 ·π ·degω(E) = i ·

∫
X

Tr(FĤ0
)∧ ωn−1

(n−1)!
.

i ·
∫

X
Tr(FĤ0

)∧ ωn−1

(n−1)!
6.6.3
=⇒

∫
X

Tr(i ·Λω(FĤ0
)) · ω

n

n!
= 2 ·π ·degω(E) = r ·λ ·Volω(X).∫

X

(
Tr(i ·Λω(FĤ0

))− r ·λ
)
· ω

n

n!
= 0 3.5.5

=⇒ ∃ψ ∈C∞(X ,R).∫
X

ψ · ω
n

n!
= 0, 2 · r ·∆ω(ψ) = Tr(i ·Λω(FĤ0

))− r ·λ .

Ĥ = exp(ψ) · Ĥ0
6.3.1
=⇒ AĤ = AĤ0

+∂ (ψ) · IE
6.4.3
=⇒ FĤ = FĤ0

+ ∂̄ (∂ (ψ)) · IE .(
FĤ −FĤ0

= ∂̄ (∂ (ψ)) · IE
) 3.4.1
=⇒ Tr(i ·Λω(FĤ)) = Tr(i ·Λω(FĤ0

))−2 · r ·∆ω(ψ) = r ·λ .
Thus a conformal change of the reference metric gives the stated determinant normalization. □

The positive-parameter continuity construction supplies the perturbed metrics used below. The argument
separates uniform metric control from the formation of a weak holomorphic projection.

8.1. Metric deformations and the perturbed equation.

Definition 8.1.1 (Metric endomorphism). For a second Hermitian metric H, its metric endomorphism
relative to Ĥ is the unique section

h ∈C∞
(
X ,End(E)

)
, H = Ĥ ·h, h = Ĥ−1 ·H.

For V ,W ∈ Ex,

H(V ,W ) = Ĥ
(
h ·V ,W

)
, h∗Ĥ = Ĥ−1 ·h∗ · Ĥ = h, h > 0.

The functions hτ and log(h) are defined by the spectral functional calculus.

Example 8.1.2 (A complete rank-two metric endomorphism). Let

Ĥ =

[
2 0
0 1

]
, H =

[
6 2
2 2

]
, Ĥ−1 =

[1
2 0
0 1

]
.

Then(
Ĥ =

[
2 0
0 1

]
, H =

[
6 2
2 2

])
8.1.1
=⇒ h= Ĥ−1 ·H =

[1
2 0
0 1

]
·
[

6 2
2 2

]
=

[1
2 ·6+0 ·2 1

2 ·2+0 ·2
0 ·6+1 ·2 0 ·2+1 ·2

]
=

[
3 1
2 2

]
.

The weighted adjoint is computed without suppressing either matrix product.

h = Ĥ−1 ·H 8.1.1
=⇒ h∗Ĥ =

[1
2 0
0 1

]
·
[

3 2
1 2

]
·
[

2 0
0 1

]
.

h∗Ĥ =

[1
2 ·3+0 ·1 1

2 ·2+0 ·2
0 ·3+1 ·1 0 ·2+1 ·2

]
=

[3
2 1
1 2

]
·
[

2 0
0 1

]
.

h∗Ĥ =

[3
2 ·2+1 ·0 3

2 ·0+1 ·1
1 ·2+2 ·0 1 ·0+2 ·1

]
=

[
3 1
2 2

]
= h.

Moreover,

H = Ĥ ·h 8.1.1
=⇒ Ĥ ·h =

[
2 0
0 1

]
·
[

3 1
2 2

]
=

[
2 ·3+0 ·2 2 ·1+0 ·2
0 ·3+1 ·2 0 ·1+1 ·2

]
=

[
6 2
2 2

]
= H.

Finally,

det(h) = 3 ·2−1 ·2= 6−2= 4, Tr(h) = 3+2= 5, det(t ·I2−h) = t2−5 ·t+4= (t−1) ·(t−4).

Thus the two Ĥ-eigenvalues are 1 and 4.
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Let AĤ be the Chern connection matrix of Ĥ. On End(E), define

∇̂
1,0(h) = ∂ (h)+AĤ ·h−h ·AĤ .

Fact 8.1.3 (Curvature change under a metric deformation). If H = Ĥ ·h, then

(8.1.1) AH −AĤ = h−1 · ∇̂1,0(h), FH −FĤ = ∂̄End(E)
(
h−1 · ∇̂1,0(h)

)
.

Equivalently,

FH −FĤ = ∂̄End(E)
(
h−1 · ∇̂1,0(h)

) 6.4.3
=⇒ (FH)k̄ j− (FĤ)k̄ j = ∇̂k̄

(
h−1 · ∇̂ j(h)

)
.

Proof. By H = Ĥ ·h, H−1 = h−1 · Ĥ−1, and AH = H−1 ·∂ (H),(
H = Ĥ ·h, H−1 = h−1 · Ĥ−1) 6.3.1

=⇒ AH = h−1 · Ĥ−1 ·∂ (Ĥ ·h) = h−1 · Ĥ−1 ·∂ (Ĥ) ·h+h−1 ·∂ (h).

∇̂
1,0(h)= ∂ (h)+AĤ ·h−h ·AĤ

6.4.1
=⇒ AH−AĤ = h−1 ·AĤ ·h+h−1 ·∂ (h)−AĤ = h−1 ·

(
∂ (h)+AĤ ·h−h ·AĤ

)
.(

AH −AĤ = h−1 · ∇̂1,0(h)
)

6.4.3
=⇒ FH −FĤ = ∂̄End(E)

(
h−1 · ∇̂1,0(h)

)
.

Thus the curvature-change sign agrees with the dz̄k∧dz j coefficient convention. □

Definition 8.1.4 (Perturbed Hermitian–Einstein equation). For 0 < ε ≤ 1, a perturbed metric is

Hε = Ĥ ·hε , hε = h∗Ĥ
ε > 0,

and it solves

(8.1.2) i ·Λω(FHε
)−λ · IE =−ε · log(hε).

Using the curvature coefficients fixed in the preceding sections, the complete local system is

Hε = Ĥ ·hε

8.1.1
=⇒ FHε

= FĤ + ∂̄End(E)
(
h−1

ε · ∇̂1,0(hε)
)
.

(FHε
)k̄ j

6.6.1
=⇒ i ·Λω(FHε

) =−2 ·
n

∑
j=1

n

∑
k=1

g jk̄ · (FHε
)k̄ j.

(FHε
)k̄ j = (FĤ)k̄ j + ∇̂k̄

(
h−1

ε · ∇̂ j(hε)
)
.

−2 ·
n

∑
j=1

n

∑
k=1

g jk̄ ·
[
(FĤ)k̄ j + ∇̂k̄

(
h−1

ε · ∇̂ j(hε)
)]
−λ · IE + ε · log(hε) = 0.

Equivalently,

(8.1.3) 2 ·
n

∑
j=1

n

∑
k=1

g jk̄ · ∇̂k̄
(
h−1

ε · ∇̂ j(hε)
)
= i ·Λω(FĤ)−λ · IE + ε · log(hε).

Proposition 8.1.5 (Fixed determinant normalization). Suppose hε = h∗Ĥ
ε > 0 solves the perturbed

Hermitian–Einstein equation and Tr(i ·Λω(FĤ)) = r ·λ . Then

det(hε) = 1, Tr(log(hε)) = 0.

Proof. By uε = log(det(hε)), Tr(i ·Λω(FĤ)) = r ·λ , and i ·Λω(FHε
)−λ · IE =−ε · log(hε),(

uε = log(det(hε)), hε = h∗Ĥ
ε > 0

) 5.2.1
=⇒ Tr(h−1

ε · ∇̂1,0(hε)) = Tr(h−1
ε ·∂ (hε)) = ∂ (uε).

hε = h∗Ĥ
ε > 0 8.1.1

=⇒ Tr(log(hε)) = log(det(hε)) = uε .(
FHε
−FĤ = ∂̄End(E)

(
h−1

ε · ∇̂1,0(hε)
)) 8.1.3

=⇒ Tr(FHε
−FĤ) = ∂̄ (∂ (uε)).

(i ·Λω(FHε
)−λ · IE =−ε · log(hε), Tr(i ·Λω(FĤ)) = r ·λ ) 8.1.2

=⇒ Tr(i ·Λω(FHε
)− i ·Λω(FĤ)) =−ε ·uε .

Tr(i ·Λω(FHε
−FĤ)) = i ·Λω(∂̄ (∂ (uε)))

3.4.1
=⇒ −2 ·∆ω(uε) =−ε ·uε =⇒ 2 ·∆ω(uε) = ε ·uε .
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uε(xmax)> 0 =⇒ 2 ·∆ω(uε)(xmax)≤ 0 < ε ·uε(xmax),

uε(xmin)< 0 =⇒ 2 ·∆ω(uε)(xmin)≥ 0 > ε ·uε(xmin).

Hence uε = 0, which gives both asserted identities. □

Theorem 8.1.6 (Positive-parameter solvability input). For every 0 < ε ≤ 1, the positive-parameter
continuity method produces a smooth solution Hε = Ĥ ·hε of

i ·Λω(FHε
)−λ · IE =−ε · log(hε), hε = h∗Ĥ

ε > 0 8.1.5
=⇒ det(hε) = 1.

This is the first analytic input in the Uhlenbeck–Yau continuity argument. The remaining issue is the
behavior of these solutions as ε ↓ 0.

8.2. The bounded branch.

Theorem 8.2.1 (Elliptic compactness for a bounded perturbed branch). Suppose h j = h∗Ĥ
j > 0 satisfies

2 ·
n

∑
p=1

n

∑
q=1

gpq̄ · ∇̂q̄
(
h−1

j · ∇̂p(h j)
)
= i ·Λω(FĤ)−λ · IE + ε j · log(h j), ε j ↓ 0,

and assume that constants 0 < m≤M < ∞ satisfy

m · IE ≤ h j ≤M · IE ( j ≥ 1).

Then, after passing to a subsequence,

sup
j≥1

(
∥h j∥Ck(X ,Ĥ)+∥h

−1
j ∥Ck(X ,Ĥ)

)
< ∞ (k ≥ 0), h j −→ h∞ in C∞.

This is the standard bundle-valued elliptic compactness input for the uniformly positive perturbed
system.

Proposition 8.2.2 (Convergence of a uniformly bounded branch). Let ε j ↓ 0, let h j = hε j , and assume

sup
j≥1

sup
x∈X

Tr(h j(x))≤M < ∞.

Then a subsequence of H j = Ĥ ·h j converges smoothly to a Hermitian–Einstein metric H∞ satisfying

i ·Λω(FH∞
) = λ · IE .

Proof. By h j = h∗Ĥ
j > 0, det(h j) = 1, and Tr(h j)≤M, let µ j,1, . . . ,µ j,r > 0 be the eigenvalues of h j.(

h j = h∗Ĥ
j > 0, h j · e j,a = µ j,a · e j,a

)
8.1.1
=⇒

r

∑
a=1

µ j,a = Tr(h j)≤M.

(
i ·Λω(FH j)−λ · IE =−ε j · log(h j), Tr(i ·Λω(FĤ)) = r ·λ

) 8.1.5
=⇒

r

∏
a=1

µ j,a = det(h j) = 1.

0 < µ j,a ≤M, µ
−1
j,a =

r

∏
b=1
b̸=a

µ j,b ≤
r

∏
b=1
b̸=a

M = Mr−1, Tr(h−1
j )≤ r ·Mr−1.

(
M1−r ≤ µ j,a ≤M (1≤ a≤ r)

) 8.1.1
=⇒ M1−r · IE ≤ h j ≤M · IE , M1−r · Ĥ ≤ H j ≤M · Ĥ.

The complete elliptic system remains(
i ·Λω(FH j)−λ · IE =−ε j · log(h j)

) 8.1.3
=⇒ 2 ·

n

∑
p=1

n

∑
q=1

gpq̄ ·∇̂q̄
(
h−1

j ·∇̂p(h j)
)
= i·Λω(FĤ)−λ ·IE +ε j ·log(h j).

(
M1−r · IE ≤ h j ≤M · IE , ε j ↓ 0

) 8.2.1
=⇒ sup

j≥1

(
∥h j∥Cm(X ,Ĥ)+∥h

−1
j ∥Cm(X ,Ĥ)

)
≤Cm (m≥ 0).
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h j −→ h∞ in C∞.

H∞ = Ĥ ·h∞, ε j · log(h j)−→ 0 =⇒ i ·Λω(FĤ·h∞
)−λ · IE = 0.

i ·Λω(FH∞
) = λ · IE

6.6.1
=⇒ H∞ is Hermitian–Einstein.

Thus the bounded branch converges to the required metric. □

8.3. Spectral calculus and Sobolev control.

Fact 8.3.1 (Moving-frame computation). At a fixed point choose a Ĥ-orthonormal eigenframe e1, . . . ,er
and its dual frame e1, . . . ,er such that

h · ea = µa · ea, Ĥ(ea,eb) = δab, ea(eb) = δ
a
b .

Then

h · ea = µa · ea
8.1.1
=⇒ h =

r

∑
a=1

µa · ea⊗ ea, hσ =
r

∑
a=1

µ
σ
a · ea⊗ ea.

If

∇̂(ea) =
r

∑
c=1

ec ·Ac
a, ∇̂(ea) =−

r

∑
d=1

Aa
d · ed ,

then

(8.3.1) ∇̂(h) =
r

∑
a=1

d(µa) · ea⊗ ea +
r

∑
a=1

r

∑
c=1

(µa−µc) ·Ac
a · ec⊗ ea.

Proof. By h = ∑
r
a=1 µa ·ea⊗ea, ∇̂(ea) = ∑

r
c=1 ec ·Ac

a, ∇̂(ea) =−∑
r
d=1 Aa

d ·ed , and ∇̂(u⊗η) = ∇̂(u)⊗
η +u⊗ ∇̂(η),

∇̂(h) =
r

∑
a=1

d(µa) · ea⊗ ea +
r

∑
a=1

r

∑
c=1

µa ·Ac
a · ec⊗ ea−

r

∑
a=1

r

∑
d=1

µa ·Aa
d · ea⊗ ed .

−
r

∑
a=1

r

∑
d=1

µa ·Aa
d · ea⊗ ed =−

r

∑
a=1

r

∑
c=1

µc ·Ac
a · ec⊗ ea.

Combining the two connection terms gives the asserted formula. □

Example 8.3.2 (Multiplication of frame endomorphisms). For

E12 = e1⊗ e2 =

[
0 1
0 0

]
, E21 = e2⊗ e1 =

[
0 0
1 0

]
,

the complete product is

E12 ·E21 =

[
0 1
0 0

]
·
[

0 0
1 0

]
=

[
0 ·0+1 ·1 0 ·0+1 ·0
0 ·0+0 ·1 0 ·0+0 ·0

]
=

[
1 0
0 0

]
= E11.

In general,
(ea⊗ eb) · (ec⊗ ed) = δ

b
c · (ea⊗ ed).

Example 8.3.3 (Complete computation of h−1 · ∇̂(h)). For r = 2, the moving-frame matrices are

h · ea = µa · ea
8.3.1
=⇒ h =

[
µ1 0
0 µ2

]
, h−1 =

[
µ
−1
1 0
0 µ

−1
2

]
,

∇̂(h) =
[

d(µ1) (µ2−µ1) ·A1
2

(µ1−µ2) ·A2
1 d(µ2)

]
.

Therefore (
h−1, ∇̂(h)

) 8.3.1
=⇒ h−1 · ∇̂(h) =

[
µ
−1
1 0
0 µ

−1
2

]
·
[

d(µ1) (µ2−µ1) ·A1
2

(µ1−µ2) ·A2
1 d(µ2)

]
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=

[
µ
−1
1 ·d(µ1)+0 · (µ1−µ2) ·A2

1 µ
−1
1 · (µ2−µ1) ·A1

2 +0 ·d(µ2)
0 ·d(µ1)+µ

−1
2 · (µ1−µ2) ·A2

1 0 · (µ2−µ1) ·A1
2 +µ

−1
2 ·d(µ2)

]
=

[
µ
−1
1 ·d(µ1) µ

−1
1 · (µ2−µ1) ·A1

2
µ
−1
2 · (µ1−µ2) ·A2

1 µ
−1
2 ·d(µ2)

]
.

The positive quantity is the adjoint-contracted norm∣∣∣h−1 · ∇̂(h)
∣∣∣2
Ĥ,ω

=
r

∑
a=1

µ
−2
a · |d(µa)|2ω +

r

∑
a=1

r

∑
b=1

µ
−2
a · |µb−µa|2 · |Aa

b|2ω .

Fact 8.3.4 (Energy estimate for a blow-up sequence). Let ε j ↓ 0, let h j = hε j , and suppose

M j = sup
x∈X

Tr(h j(x))−→ ∞, h̃ j = M−1
j ·h j.

For every fixed 0 < σ ≤ 1,

(8.3.2)
∥∥∥h̃σ

j

∥∥∥
W 1,2(X ,End(E))

≤Cσ .

Proof. By 2 ·∑n
p=1 ∑

n
q=1 gpq̄ · ∇̂q̄(h−1

j · ∇̂p(h j)) = i ·Λω(FĤ)−λ · IE +ε j · log(h j), M j = supx∈X Tr(h j(x)),

and h̃ j = M−1
j ·h j,(

h j = h∗Ĥ
j > 0, M j = sup

x∈X
Tr(h j(x))

)
8.1.1
=⇒ 0 < h̃ j ≤ IE , sup

x∈X
Tr(h̃ j(x)) = 1.(

h j = hε j , Tr(i ·Λω(FĤ)) = r ·λ
) 8.1.5
=⇒ det(h j) = 1, det(h̃ j) = M−r

j .

Testing the complete system by h̃2σ
j and integrating by parts gives(

h j, h̃2σ
j
) 8.1.3
=⇒ 2 ·

∫
X

n

∑
p=1

n

∑
q=1

gpq̄ ·Tr(h̃−1
j · ∇̂p(h̃ j) · ∇̂q̄(h̃2σ

j )) · ω
n

n!

=−
∫

X
Tr((i ·Λω(FĤ)−λ · IE + ε j · log(h j)) · h̃2σ

j ) · ω
n

n!
.

For 0 < x≤ 1,
fσ (x) =−x2σ · log(x), f ′σ (x) =−x2σ−1 · (2 ·σ · log(x)+1),

f ′σ (x) = 0⇐⇒ x = exp(− 1
2 ·σ

), 0≤ fσ (x)≤
1

2 · e ·σ
.

−ε j ·Tr(log(h j) · h̃2σ
j ) =−ε j · log(M j) ·Tr(h̃2σ

j )− ε j ·Tr(log(h̃ j) · h̃2σ
j )≤ r

2 · e ·σ
.

At the chosen point let h̃ j · ea = µ̃ j,a · ea.(
h̃ j, h̃τ

j
) 8.3.1
=⇒

(
∇̂(h̃τ

j)
)a

b =
µ̃τ

j,a− µ̃τ
j,b

µ̃ j,a− µ̃ j,b
·
(
∇̂(h̃ j)

)a
b (µ̃ j,a ̸= µ̃ j,b).

µ̃ j,a = µ̃ j,b =⇒
(
∇̂(h̃τ

j)
)a

b = τ · µ̃τ−1
j,a ·

(
∇̂(h̃ j)

)a
b.

For eigenvalues x,y > 0 and 0 < σ ≤ 1, the divided differences satisfy

x−1 · x
2σ − y2σ

x− y
≥
(

xσ − yσ

x− y

)2

, x = y =⇒ 2 ·σ · x2σ−2 ≥ σ
2 · x2σ−2.

Consequently,(
x−1 · x

2σ − y2σ

x− y
≥
(

xσ − yσ

x− y

)2
)

=⇒
n

∑
p=1

n

∑
q=1

gpq̄ ·Tr(h̃−1
j · ∇̂p(h̃ j) · ∇̂q̄(h̃2σ

j ))≥
∣∣∣∇̂(h̃σ

j )
∣∣∣2
Ĥ,ω

.
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X

∣∣∣∇̂(h̃σ
j )
∣∣∣2
Ĥ,ω
· ω

n

n!
≤Cσ ,

∫
X

∣∣∣h̃σ
j

∣∣∣2
Ĥ
· ω

n

n!
≤ r ·Volω(X).

This proves the scale-independent Sobolev estimate. □

Fact 8.3.5 (Banach–Alaoglu and Rellich compactness). If v j ∈W 1,2(X ,End(E)) and ∥v j∥W 1,2 ≤C, then
a subsequence satisfies

v jℓ ⇀ v∞ weakly in W 1,2(X ,End(E)), v jℓ −→ v∞ strongly in L2(X ,End(E)).

Proof. By ∥v j∥W 1,2 ≤C, W 1,2(X ,End(E)) reflexive, and W 1,2(X ,End(E))⋐ L2(X ,End(E)),

∥v j∥W 1,2 ≤C =⇒ v jℓ ⇀ v∞ in W 1,2.

W 1,2(X ,End(E))⋐ L2(X ,End(E)) =⇒ v jℓ −→ v∞ in L2.

Thus weak Sobolev compactness and strong L2 compactness hold along one subsequence. □

Fact 8.3.6 (Adjoint-order trace–gradient inequality). For every h = h∗Ĥ > 0,

∑
n
p=1 ∑

n
q=1 gpq̄ ·Tr((∇̂q̄(h)) ·h−1 · ∇̂p(h))

Tr(h)
−

∑
n
p=1 ∑

n
q=1 gpq̄ ·∂p(Tr(h)) ·∂q̄(Tr(h))

(Tr(h))2 ≥ 0.

Proof. By h = h∗Ĥ > 0, gpq̄ = δpq, and h = diag(µ1, . . . ,µr) at the chosen point,(
h = diag(µ1, . . . ,µr), gpq̄ = δpq

) 8.3.1
=⇒

n

∑
p=1

n

∑
q=1

gpq̄ ·Tr((∇̂q̄(h))·h−1 ·∇̂p(h))=
n

∑
p=1

r

∑
a=1

r

∑
b=1

µ
−1
a ·|∇̂p(h)a

b|2.

n

∑
p=1
|∂p(Tr(h))|2 =

n

∑
p=1

∣∣∣∣∣ r

∑
a=1

∇̂p(h)a
a

∣∣∣∣∣
2

≤
n

∑
p=1

(
r

∑
a=1

µa

)(
r

∑
a=1

µ
−1
a · |∇̂p(h)a

a|2
)
.

n

∑
p=1
|∂p(Tr(h))|2 ≤ Tr(h) ·

n

∑
p=1

r

∑
a=1

r

∑
b=1

µ
−1
a · |∇̂p(h)a

b|2.

Division by (Tr(h))2 gives the asserted inequality. □

Fact 8.3.7 (Trace nonconcentration). For the normalized blow-up sequence, set

u j = log(Tr(h̃ j)) = log(Tr(h j))− log(M j).

Then

u j ≤ 0, sup
x∈X

u j(x) = 0, ∆ω(u j)≥−
1
2
·
(
∥i ·Λω(FĤ)−λ · IE∥op +

1
e

)
,

∫
X

u j ·
ωn

n!
≥−C.

In particular, every strong L2 limit of h̃σ
j supplied by the energy estimate is nonzero.

Proof. By det(h j) = 1, 2 ·∑n
p=1 ∑

n
q=1 gpq̄ · ∇̂q̄(h−1

j · ∇̂p(h j)) = i · Λω(FĤ)− λ · IE + ε j · log(h j), and
Tr(h j)≥ r, multiply the full endomorphism equation by h j.

h j · ∇̂q̄
(
h−1

j · ∇̂p(h j)
)
= ∇̂q̄(∇̂p(h j))− (∇̂q̄(h j)) ·h−1

j · ∇̂p(h j).(
h j, ∇̂(h j)

) 8.1.3
=⇒ ∆ω(log(Tr(h j))) =

Tr(h j · (i ·Λω(FĤ)−λ · IE))+ ε j ·Tr(h j · log(h j))

2 ·Tr(h j)

+
∑

n
p=1 ∑

n
q=1 gpq̄ ·Tr((∇̂q̄(h j)) ·h−1

j · ∇̂p(h j))

Tr(h j)
−

∑
n
p=1 ∑

n
q=1 gpq̄ ·∂p(Tr(h j)) ·∂q̄(Tr(h j))

(Tr(h j))2 .

(
h j = h∗Ĥ

j > 0, gpq̄ > 0
)

8.3.6
=⇒

∑
n
p=1 ∑

n
q=1 gpq̄ ·Tr((∇̂q̄(h j)) ·h−1

j · ∇̂p(h j))

Tr(h j)
−
|∂ (Tr(h j))|2ω
(Tr(h j))2 ≥ 0.
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Tr(h j ·(i·Λω(FĤ)−λ ·IE))≥−∥i·Λω(FĤ)−λ ·IE∥op ·Tr(h j), Tr(h j ·log(h j))=
r

∑
a=1

µ j,a ·log(µ j,a)≥−
r
e
.

∆ω(u j) = ∆ω(log(Tr(h j)))≥−
1
2
·
(
∥i ·Λω(FĤ)−λ · IE∥op +

1
e

)
.

The Green estimate for a function with supX(u j) = 0 gives
∫

X u j · ωn

n! ≥ −C. Jensen’s inequality then
yields (

0 < h̃ j ≤ IE , 0 < σ ≤ 1
)

8.1.1
=⇒

∫
X

Tr(h̃σ
j ) ·

ωn

n!
≥
∫

X
Tr(h̃ j) ·

ωn

n!
=
∫

X
exp(u j) ·

ωn

n!
.∫

X
exp(u j) ·

ωn

n!
≥ Volω(X) · exp

(
1

Volω(X)

∫
X

u j ·
ωn

n!

)
> 0.

Thus no strong L2 limit can vanish. □

Theorem 8.3.8 (Uhlenbeck–Yau blow-up extraction input). Assume ε j ↓ 0 and

h j = hε j = h∗Ĥ
j > 0, H j = Ĥ ·h j, det(h j) = 1.

Assume further that the complete perturbed system holds

−2 ·
n

∑
p=1

n

∑
q=1

gpq̄ ·
[
(FĤ)q̄p + ∇̂q̄

(
h−1

j · ∇̂p(h j)
)]
−λ · IE + ε j · log(h j) = 0.

If
M j = sup

x∈X
Tr(h j(x))−→ ∞, h̃ j = M−1

j ·h j,

then, after one diagonal subsequence, the normalized powers have simultaneous limits

h̃σ
j ⇀ qσ in W 1,2, h̃σ

j −→ qσ in L2 (σ ∈Q∩ (0,1)).
The monotone limit

q0 = lim
σ↓0

qσ , π = IE −q0

satisfies

q0 ∈W 1,2(X ,End(E)), q0 = q∗Ĥ
0 = q2

0, q0 · ∂̄E(q0) = 0, 0 < Tr(π)< r almost everywhere.

It also satisfies the cutoff-limit inequality

(8.3.3)
∫

X
Tr(π · (i ·Λω(FĤ)−λ · IE)) ·

ωn

n!
−
∫

X
|∂̄E(π)|2Ĥ,ω

· ω
n

n!
≥ 0.

This is the second deep analytic input. The normalized energy estimate and trace nonconcentration
calculation above are its explicit preparation. The additional weighted cutoff estimate supplies the
σ -uniform weak derivative control and the limiting inequality.

8.4. Weak projections and coherent subsheaves.

Theorem 8.4.1 (Weak projection from blow-up). Assume

ε j ↓ 0, M j = sup
x∈X

Tr(hε j(x))−→ ∞.

Then there exists a nonzero proper projection

π ∈W 1,2(X ,End(E)), π = π
∗Ĥ = π

2, 0 < rank(π)< r,

satisfying

(8.4.1) (IE −π) · ∂̄E(π) = 0 almost everywhere.
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Proof. By ε j ↓ 0, M j = supx∈X Tr(hε j(x))→ ∞, and h̃ j = M−1
j ·hε j , choose one diagonal subsequence for

every rational σ ∈ (0,1).(
M j −→ ∞, h̃ j = M−1

j ·hε j

)
8.3.4
=⇒

∥∥∥h̃σ
j

∥∥∥
W 1,2(X ,End(E))

≤Cσ .(
M j −→ ∞, h̃ j = M−1

j ·hε j

)
8.3.7
=⇒

∫
X

Tr(h̃σ
j ) ·

ωn

n!
≥ cσ > 0.∥∥∥h̃σ

j

∥∥∥
W 1,2(X ,End(E))

≤Cσ

8.3.5
=⇒ h̃σ

j ⇀ qσ in W 1,2, h̃σ
j −→ qσ in L2.(

0 < h̃σ
j ≤ IE ,

∫
X

Tr(h̃σ
j ) ·

ωn

n!
≥ cσ > 0

)
=⇒ 0≤ qσ ≤ IE , q∗Ĥ

σ = qσ , qσ ̸= 0.

For rational σ1,σ2 > 0 with σ1 +σ2 < 1,

h̃ j = h̃∗Ĥ
j > 0 8.1.1

=⇒ h̃σ1
j · h̃

σ2
j = h̃σ1+σ2

j .

∥h̃σ1
j · h̃

σ2
j −qσ1 ·qσ2∥L1 ≤ ∥h̃σ1

j ∥L2 · ∥h̃σ2
j −qσ2∥L2 +∥h̃σ1

j −qσ1∥L2 · ∥qσ2∥L2 −→ 0.
qσ1 ·qσ2 = qσ1+σ2 .

For 0 < τ < σ < 1, the scalar inequality 0 < xσ ≤ xτ ≤ 1 on 0 < x≤ 1 gives(
0 < h̃ j ≤ IE , 0 < τ < σ < 1

)
8.1.1
=⇒ 0≤ h̃σ

j ≤ h̃τ
j ≤ IE =⇒ 0≤ qσ ≤ qτ ≤ IE =⇒ q0 = lim

σ↓0
qσ , π = IE−q0.

q2
σ = q2σ =⇒ q2

0 = q0 =⇒ π
2 = (IE −q0)

2 = IE −2 ·q0 +q2
0 = IE −q0 = π.

For a fixed rational σ0 ∈ (0,1), strong L2 convergence and an almost-everywhere subsequence give(
h j = hε j , Tr(i ·Λω(FĤ)) = r ·λ

) 8.1.5
=⇒ det(h j) = 1, det(h̃ j) = M−r

j .

det(qσ0) = lim
j→∞

det(h̃σ0
j ) = lim

j→∞
M−r·σ0

j = 0.

q2m

σ0/2m = qσ0 =⇒ ker(qσ0/2m) = ker(qσ0) ̸= 0 =⇒ ker(q0) ̸= 0 =⇒ q0 ̸= IE .(∫
X

Tr(h̃σ0
j ) · ω

n

n!
≥ cσ0 > 0

)
8.3.7
=⇒ qσ0 ̸= 0, q0 ≥ qσ0 ̸= 0.(

qσ = lim
j→∞

h̃σ
j , q0 = lim

σ↓0
qσ

)
8.3.8
=⇒ q0 ∈W 1,2(X ,End(E)), q0 · ∂̄E(q0) = 0.

(IE −π) · ∂̄E(π) = q0 · ∂̄E(IE −q0) =−q0 · ∂̄E(q0) = 0.
Tr(π) ∈W 1,2(X ,Z), X connected =⇒ d(Tr(π)) = 0, Tr(π) = s, 0 < s < r.

Hence π is a nonzero proper weak holomorphic projection. □

Example 8.4.2 (A complete rank-two projection limit). On a coordinate disk set

D = 1+ |z|2, s(z) =
[

1
z

]
, π(z) =

1
D
·
[

1 z̄
z |z|2

]
.

The projection identity is the full multiplication

π(z)2 =
1

D2 ·
[

1 z̄
z |z|2

]
·
[

1 z̄
z |z|2

]
=

1
D2 ·

[
1 ·1+ z̄ · z 1 · z̄+ z̄ · |z|2

z ·1+ |z|2 · z z · z̄+ |z|2 · |z|2
]
=

1
D2 ·

[
D z̄ ·D

z ·D |z|2 ·D

]
= π(z).

Moreover,

∂̄E(π) =
dz̄
D2 ·

[
−z 1
−z2 z

]
, IE −π =

1
D
·
[
|z|2 −z̄
−z 1

]
.
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(IE −π) · ∂̄E(π) =
dz̄
D3 ·

[
|z|2 −z̄
−z 1

]
·
[
−z 1
−z2 z

]
=

dz̄
D3 ·

[
−z2 · z̄+ z̄ · z2 z · z̄− z · z̄

z2− z2 −z+ z

]
=

[
0 0
0 0

]
·dz̄.

At z = 2,

π(2) =
1
5
·
[

1 2
2 4

]
, π(2)2 =

1
25
·
[

1 ·1+2 ·2 1 ·2+2 ·4
2 ·1+4 ·2 2 ·2+4 ·4

]
=

1
25
·
[

1+4 2+8
2+8 4+16

]
=

1
5
·
[

1 2
2 4

]
= π(2).

At z = 2, set π = π(2). Then

IE −π =
1
5
·
[

4 −2
−2 1

]
,

and the determinant-one family has the full matrix

hm = m2 · (IE −π)+m−2 ·π =
1
5
·
[

4 ·m2 +m−2 −2 ·m2 +2 ·m−2

−2 ·m2 +2 ·m−2 m2 +4 ·m−2

]
.

det(hm) =
1

25
·
[
(4 ·m2 +m−2) · (m2 +4 ·m−2)− (−2 ·m2 +2 ·m−2)2]

=
1
25
·
[
4 ·m4 +17+4 ·m−4− (4 ·m4−8+4 ·m−4)

]
=

25
25

= 1.

Tr(hm) =
1
5
·
[
(4 ·m2 +m−2)+(m2 +4 ·m−2)

]
=

1
5
· (5 ·m2 +5 ·m−2) = m2 +m−2.

For every fixed σ > 0, (
hm

Tr(hm)

)σ

−→ IE −π, IE − (IE −π) = π.

Thus the numerical projection is exactly the projection extracted by the normalized-power construction.

Theorem 8.4.3 (Compactness alternative). Let ε j ↓ 0 and let Hε j solve the fixed-determinant perturbed
equation. After passing to a subsequence, exactly one of the following occurs.

sup
j≥1

sup
x∈X

Tr(hε j(x))< ∞ =⇒ Hε j −→ H∞ smoothly, i ·Λω(FH∞
) = λ · IE ,

or
sup
x∈X

Tr(hε j(x))−→ ∞ =⇒ π = π
∗Ĥ = π

2, 0 < rank(π)< r, (IE −π) · ∂̄E(π) = 0.

Proof. By M j = supx∈X Tr(hε j(x)), det(hε j) = 1, and M j ∈ (0,∞),

(M j) j≥1 bounded or ∃( jℓ)ℓ≥1 with M jℓ −→ ∞.

(M j) j≥1 bounded 8.2.2
=⇒ Hε j −→ H∞, i ·Λω(FH∞

) = λ · IE ,

(M j) j≥1 unbounded =⇒M jℓ −→ ∞
8.4.1
=⇒ π = π

∗Ĥ = π
2, 0 < rank(π)< r, (IE −π) · ∂̄E(π) = 0.

These alternatives are mutually exclusive and exhaust every sequence. □

Theorem 8.4.4 (Uhlenbeck–Yau regularity for weak projections). Let π ∈W 1,2(X ,End(E)) be a nonzero
proper projection satisfying

π = π
∗Ĥ = π

2, (IE −π) · ∂̄E(π) = 0 almost everywhere.

Then there is an analytic subset Z ⊂ X with codimC(Z)≥ 2 such that π is smooth on X \Z and π(E)|X\Z
is a holomorphic subbundle. Moreover,

F (U) =
{

s ∈ O(E)(U)
∣∣ π · s = s almost everywhere

}
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defines a saturated coherent subsheaf F ⊂O(E) with torsion-free quotient and

F |X\Z = π(E), rank(F ) = rank(π).

This theorem is the deep weak-holomorphic-map regularity input. The preceding matrix and Sobolev
computations establish its hypotheses.

8.5. Exclusion of blow-up by stability.

Fact 8.5.1 (Weak projection degree inequality). The projection produced by a blow-up sequence satisfies

(8.5.1)
∫

X
Tr(π · (i ·Λω(FĤ)−λ · IE)) ·

ωn

n!
−
∫

X
|∂̄E(π)|2Ĥ,ω

· ω
n

n!
≥ 0.

Proof. By M j = supx∈X Tr(h j(x))→ ∞, h̃ j = M−1
j ·h j, and π = IE − limσ↓0 lim j→∞ h̃σ

j ,

(M j −→ ∞, π = IE −q0)
8.3.8
=⇒

∫
X

Tr(π · (i ·Λω(FĤ)−λ · IE)) ·
ωn

n!
−
∫

X
|∂̄E(π)|2Ĥ,ω

· ω
n

n!
≥ 0.

Thus the cutoff-limit input gives the asserted inequality. □

Theorem 8.5.2 (Destabilizing subsheaf from blow-up). If the blow-up branch occurs, the saturated
coherent subsheaf supplied by weak-projection regularity satisfies

0 < rank(F )< rank(E), µω(F )≥ µω(E).

Proof. By F |X\Z = π(E), 0 < rank(π)< r, and codimC(Z)≥ 2,(
π = π

∗Ĥ = π
2, (IE −π) · ∂̄E(π) = 0

) 8.4.4
=⇒ F |X\Z = π(E), codimC(Z)≥ 2.

0 < rank(F ) = Tr(π)< r.
The fixed-metric weak Chern–Weil identity is(
F ⊂ E saturated, F |X\Z = π(E)

) 7.5.3
=⇒ 2 ·π ·degω(F )=

∫
X

Tr(π ·i·Λω(FĤ))·
ωn

n!
−
∫

X
|∂̄E(π)|2Ĥ,ω

·ω
n

n!
.

i ·Λω(FĤ) = λ · IE +(i ·Λω(FĤ)−λ · IE) =⇒ 2 ·π ·degω(F ) = λ · rank(F ) ·Volω(X)

+
∫

X
Tr(π · (i ·Λω(FĤ)−λ · IE)) ·

ωn

n!
−
∫

X
|∂̄E(π)|2Ĥ,ω

· ω
n

n!
.(∫

X
Tr(π · (i ·Λω(FĤ)−λ · IE)) ·

ωn

n!
−
∫

X
|∂̄E(π)|2Ĥ,ω

· ω
n

n!
≥ 0
)

8.5.1
=⇒ 2 ·π ·degω(F )≥ λ ·rank(F )·Volω(X).

λ =
2 ·π ·µω(E)

Volω(X)
=⇒ degω(F )≥ rank(F ) ·µω(E)

7.1.1
=⇒ µω(F )≥ µω(E).

Thus every blow-up sequence produces a proper destabilizing subsheaf. □

Theorem 8.5.3 (The Uhlenbeck–Yau converse). If E is stable, then E admits a Hermitian–Einstein metric.
If E is polystable, the stable-factor metrics combine to a Hermitian–Einstein metric on E.

Proof. By E stable, 0 < ε ≤ 1, and ε j ↓ 0,

(E stable, 0 < ε ≤ 1) 8.1.6
=⇒ Hε = Ĥ ·hε , i ·Λω(FHε

)−λ · IE =−ε · log(hε), det(hε) = 1.(
E stable, Hε j solves the perturbed equation

) 8.4.3
=⇒ (the branch is bounded or a weak projection forms) .

Suppose first that the blow-up branch occurs.(
sup
x∈X

Tr(hε j(x))−→ ∞

)
8.5.2
=⇒ 0 < rank(F )< rank(E), µω(F )≥ µω(E).

(0 < rank(F )< rank(E), µω(F )≥ µω(E))
7.1.3
=⇒ a contradiction.
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sup
j≥1

sup
x∈X

Tr(hε j(x))< ∞
8.2.2
=⇒ Hε j −→ H∞, i ·Λω(FH∞

) = λ · IE .

Suppose now that

E is polystable 7.1.3
=⇒ E =

N⊕
a=1

Ea, Ea stable, µω(Ea) = µω(E) (1≤ a≤ N).

Apply the stable case above to every Ea.

(Ha is Hermitian–Einstein, µω(Ea) = µω(E))
6.6.4
=⇒ i ·Λω(FHa)=

2 ·π ·µω(Ea)

Volω(X)
·IEa =

2 ·π ·µω(E)
Volω(X)

·IEa = λ ·IEa .

(
E =

N⊕
a=1

Ea, H =
N⊕

a=1

Ha

)
7.2.3
=⇒ FH =


FH1 0 · · · 0
0 FH2 · · · 0
...

...
. . .

...
0 0 · · · FHN

 .

i ·Λω(FH) =


λ · IE1 0 · · · 0

0 λ · IE2 · · · 0
...

...
. . .

...
0 0 · · · λ · IEN

= λ · IE
6.6.1
=⇒ H is Hermitian–Einstein.

Thus stability gives existence and equal-slope direct sums give the polystable case. □

If H0 and H1 are Hermitian–Einstein metrics on a stable bundle, the standard convexity identity for
h = H−1

0 ·H1 gives

0 = 2 ·
∫

X

n

∑
j=1

n

∑
k=1

g jk̄ ·Tr((∇H0,k̄(h)) ·h
−1 ·∇H0, j(h)) ·

ωn

n!
=⇒ ∇

1,0
H0
(h) = 0 =⇒ ∇H0(h) = 0.

Stability makes every parallel holomorphic endomorphism scalar, so h = c · IE for some c > 0. The two
directions are

(E admits a Hermitian–Einstein metric) 7.5.4
=⇒ (E is polystable) .

(E is polystable) 8.5.3
=⇒ (E admits a Hermitian–Einstein metric) .

Hence
(E admits a Hermitian–Einstein metric)⇐⇒ (E is polystable) .

9. HEISENBURG GROUP

Definition 9.0.1 (Heisenberg Lie algebra). Let n be a positive integer, we denote the Heisenberg Lie
algebra hn as the real Lie algebra of dimension 2n+1 generated by elements P1, . . . ,Pn,Q1, . . . ,Qn and S
satisfy the following structure equation,

[Pj,Qk] = δ jkS, ( j,k = 1, . . . ,n),
[Pj,Pk] = [Q j,Qk] = [Pj,S] = [Q j,S] = 0, ( j,k = 1, . . . ,n),

where δ jk is the usual Kronecker symbol such that δ jk = 1 if j = k,δ jk = 0 otherwise. Thus, hn is nilpotent
of step 2 (all third-order brackets [[X ,Y ],Z] vanish), and the linear span of S is both the center and the
commutator subalgebra of hn.
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Definition 9.0.2. Define

hmat
n = {m(p,q,s) : p,q ∈ Rn,s ∈ R}, m(p,q,s) =


0 p1 · · · pn s
0 0 · · · 0 q1
...

...
. . .

...
...

0 0 · · · 0 qn
0 0 · · · 0 0

 .
Fact 9.0.3. hmat

n is a Lie subalgebra of gl(n+2,R), and the map (p,q,s) 7→ m(p,q,s) is an isomorphism
hn
∼−→ hmat

n .

Proof. Let α,β ∈ R be constants, and to prove linearity of the map to show it is a linear subspace of
gl(n+2,R). Let x = (p,q,s),y = (p′,q′,s′) and φ(x) = m(x) such that

αx+βy = (α p+β p′,αq+αq′,αs+β s′),

=⇒ φ(αx+βy) = m(αx+βy) =

0 (α p+β p′)T s
0 0n×n (αq+βq′)
0 0 0

 ,
= α

0 pT s
0 0n×n q
0 0 0

+β

0 (p′)T s
0 0n×n q′

0 0 0

= αφ(x)+βφ(y) = αm(x)+βm(y),

proving linearity. Hence, hmat
n ⊂ gl(n+2,R) is a linear subspace. To show it is closed, it suffice to show

that it is closed under the Lie bracket of form [X ,Y ] = XY −Y X . Let

X = m(p,q,s) =

0 pT s
0 0n×n q
0 0 0

 , Y = m(p′,q′,s′) =

0 (p′)T s
0 0n×n q′

0 0 0

 ,
=⇒ [X ,Y ] = XY −Y X =

0 pT s
0 0n×n q
0 0 0

 ·
0 (p′)T s

0 0n×n q′

0 0 0

−
0 (p′)T s

0 0n×n q′

0 0 0

0 pT s
0 0n×n q
0 0 0


=

 0 ·0+ pT ·0+ s ·0 0 · (p′)T + pT ·0n×n + s ·0 0 · s+ pT ·q′+ s ·0
0 ·0+0n×n ·0+q ·0 0 · (p′)T +0n×n ·0n×n +q ·0 0 · s+0n×n ·q′+q ·0

0 ·0+0 ·0+0 ·0 0 · (p′)T +0 ·0n×n +0 ·0 0 · s+0 ·q′+0 ·0


−

0 ·0+(p′)T ·0+ s ·0 0 · pT +(p′)T ·0n×n + s ·0 0 · s+(p′)T ·q+ s ·0
0 ·0+0n×n ·0+q′ ·0 0 · pT +0n×n ·0n×n +q′ ·0 0 · s+0n×n ·q+q′ ·0

0 ·0+0 ·0+0 ·0 0 · pT +0 ·0n×n +0 ·0 0 · s+0 ·q+0 ·0


=

 0 (0n)
T pT ·q′

0n 0n×n 0n
0 (0n)

T 0

−
 0 (0n)

T (p′)T ·q
0n 0n×n 0n
0 (0n)

T 0

=

 0 (0n)
T pT ·q′− (p′)T ·q

0n 0n×n 0n
0 (0n)

T 0


= m(0,0, pT ·q′− (p′)T ·q) ∈ hmat

n ⊂ gl(n+2,R) is a closed linear subspace.
□
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Part 3. Seminar talks6

10. SPINORIAL PERELMAN ENTROPY AND GRADIENT FLOW

Let (Mn,g) be a closed Riemannian spin manifold, let f ∈C∞(M,R), let τ > 0, and let ΣM denote the
complex spin bundle.

Definition 10.0.1 (Weighted spin geometry). Define

dΩ f =
1

(4 ·π · τ)n/2 · exp(− f ) ·dµg, div f (α) = exp( f ) ·div
(
exp(− f ) ·α

)
.

For u ∈C∞(M,R) and ψ ∈ Γ(M,ΣM), define

∆ f (u) = ∆(u)−
〈
∇ f ,∇u

〉
g, D f (ψ) = exp( f/2) ·D

(
exp(− f/2) ·ψ

)
.

(10.0.1) D f (ψ) = D(ψ)− 1
2
· c
(
∇ f
)
·ψ.

The weighted spinor Laplacian and weighted curvatures are

∆
Σ
f (ψ) =−∇

∗(
∇(ψ)

)
−∇∇ f (ψ), Ric f = Ric(g)+Hess( f ),

(10.0.2) R f = R(g)+2 ·∆( f )−
∣∣∇ f

∣∣2
g = R(g)+

∣∣∇ f
∣∣2
g−2 ·∆ f ( f ).

Proposition 10.0.2 (Weighted integration by parts). For u,v ∈C∞(M,R),∫
M

∆ f (u) · v · exp(− f ) ·dµg =−
∫

M

〈
∇u,∇v

〉
g · exp(− f ) ·dµg.

Consequently ∆ f is self-adjoint on L2
(
M,exp(− f )dµg

)
. For ψ,χ ∈ Γ(M,ΣM), one also has∫

M
Re
(
⟨−∆

Σ
f (ψ),χ⟩

)
· exp(− f ) ·dµg =

∫
M

Re(⟨∇(ψ),∇(χ)⟩g) · exp(− f ) ·dµg.

Proof. By u,v ∈C∞(M,R), ∂M =∅, and div f as in the displayed definition,

div
(
v · exp(− f ) ·∇u

)
= v ·∆ f (u) · exp(− f )+

〈
∇u,∇v

〉
g · exp(− f ).

∂M =∅=⇒
∫

M
div
(
v·exp(− f )·∇u

)
·dµg = 0 10.0.1

=⇒
∫

M
∆ f (u)·v·exp(− f )·dµg =−

∫
M
⟨∇u,∇v⟩g ·exp(− f )·dµg.

Interchanging u and v proves self-adjointness. The same divergence computation applied componentwise
in a synchronous spin frame gives the spinor identity. □

Definition 10.0.3 (Perelman functional). Perelman’s F -functional is

F (g, f ) =
∫

M

(
R(g)+

∣∣∇ f
∣∣2
g

)
· exp(− f ) ·dµg.

This is Perelman’s original weighted curvature functional [2].

Proposition 10.0.4 (Weighted scalar-curvature form). The functional satisfies

(10.0.3) F (g, f ) =
∫

M
R f · exp(− f ) ·dµg.

6Based on lectures by Mu-Tao Wang, Aaron Chow [4] [6].
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Proof. By R f = R(g)+2∆( f )−|∇ f |2g, ∂M =∅, and weighted integration by parts,∫
M

∆( f ) · exp(− f ) ·dµg =−
∫

M

〈
∇ f ,∇(exp(− f ))

〉
g ·dµg =

∫
M
|∇ f |2g · exp(− f ) ·dµg.∫

M
R f ·exp(− f )·dµg =

∫
M

(
R(g)+2∆( f )−|∇ f |2g

)
·exp(− f )·dµg

10.0.2
=⇒

∫
M

(
R(g)+ |∇ f |2g

)
·exp(− f )·dµg.(∫

M
R f · exp(− f ) ·dµg =

∫
M
(R(g)+ |∇ f |2g) · exp(− f ) ·dµg

)
10.0.3
=⇒

∫
M

R f · exp(− f ) ·dµg = F (g, f ).

Thus the two forms of Perelman’s functional agree. □

Proposition 10.0.5 (Weighted Weitzenböck identity). For every smooth spinor ψ ,

(10.0.4) D2
f (ψ) =−∆

Σ
f (ψ)+

1
4
·R f ·ψ.

Proof. By D f (ψ) = exp( f/2) ·D(exp(− f/2) ·ψ), D2(ψ) = ∇∗(∇(ψ))+R(g)ψ/4, and the weighted
definitions,

D2
f (ψ) = exp( f/2) ·D2(exp(− f/2) ·ψ

)
.

exp( f/2) ·∇∗∇
(
exp(− f/2) ·ψ

)
=−∆

Σ
f (ψ)+

1
4
·
(
2∆( f )−|∇ f |2g

)
·ψ.

D2
f (ψ) =−∆

Σ
f (ψ)+

1
4
·
(
R(g)+2∆( f )−|∇ f |2g

)
·ψ 10.0.2

=⇒ D2
f (ψ) =−∆

Σ
f (ψ)+

1
4
·R f ·ψ.

This is the weighted Weitzenböck identity. □

Theorem 10.0.6 (Spinorial form of Perelman’s functional). For every smooth spinor ψ ,

(10.0.5) 4 ·
∫

M
|D f (ψ)|2 · exp(− f ) ·dµg−F (g, f ) =

∫
M

(
4|∇(ψ)|2g +R f (|ψ|2−1)

)
· exp(− f ) ·dµg.

This is the spinorial identity of Chow and Fong [1, Eq. (1.1)].

Proof. By ψ ∈ Γ(M,ΣM), ∂M =∅, and the weighted Weitzenböck identity,

U f (ψ) = exp(− f/2) ·ψ, D f (ψ) =U−1
f (D(U f (ψ))) .∫

M
⟨D f (ψ),χ⟩ · exp(− f ) ·dµg =

∫
M
⟨D(U f (ψ)),U f (χ)⟩ ·dµg.

D = D∗ =⇒
∫

M
⟨D f (ψ),χ⟩ · exp(− f ) ·dµg =

∫
M
⟨ψ,D f (χ)⟩ · exp(− f ) ·dµg.

4 ·
∫

M
|D f (ψ)|2 · exp(− f ) ·dµg = 4 ·

∫
M

Re
(
⟨D2

f (ψ),ψ⟩
)
· exp(− f ) ·dµg.

D2
f (ψ)=−∆

Σ
f (ψ)+

1
4

R f ψ
10.0.2
=⇒ 4 ·

∫
M
|D f (ψ)|2 ·exp(− f )·dµg =

∫
M

(
4|∇(ψ)|2g +R f |ψ|2

)
·exp(− f )·dµg.

F (g, f ) 10.0.3
=⇒ F (g, f ) =

∫
M

R f · exp(− f ) ·dµg.

Subtracting the last equality gives the stated spinorial identity. □

Example 10.0.7 (A complete Clifford-matrix calculation). In an oriented Euclidean two-plane take

c(e1) =

[
0 1
−1 0

]
, c(e2) =

[
0 i
i 0

]
, v = 3 · e1 +4 · e2.

Then

c(v) = 3 · c(e1)+4 · c(e2) =

[
0 3+4i

−3+4i 0

]
.
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The full adjoint product is

c(v)∗ · c(v) =
[

0 −3−4i
3−4i 0

]
·
[

0 3+4i
−3+4i 0

]
.

c(v)∗ · c(v) =
[

(−3−4i) · (−3+4i) 0 · (3+4i)+(−3−4i) ·0
(3−4i) ·0+0 · (−3+4i) (3−4i) · (3+4i)

]
=

[
9+16 0

0 9+16

]
= 25 · I2.

Thus
c(v)∗ · c(v) = (3 ·3+4 ·4) · I2 = (9+16) · I2 = |v|2 · I2.

Definition 10.0.8 (Perelman lambda functional). Define

λ (g) = inf
{

F (g, f )
∣∣∣∣ f ∈C∞(M,R),

∫
M

exp(− f ) ·dµg = 1
}
.

For the weighted rough spinor Laplacian define

ν1(−∆
Σ
f ) = inf

ψ ̸=0

∫
M |∇(ψ)|2g · exp(− f ) ·dµg∫

M |ψ|2 · exp(− f ) ·dµg
.

Fact 10.0.9 (Perelman minimizer). The infimum defining λ (g) is achieved by a smooth function f̂ ,
normalized by

∫
M exp(− f̂ )dµg = 1, and

R f̂ = λ (g).
This is the variational characterization underlying Perelman’s entropy [2].

Theorem 10.0.10 (Dirac and weighted-Laplacian identity). Let λ1(D)2 be the lowest eigenvalue of D2. At
the Perelman minimizer f̂ ,

(10.0.6) λ (g) = 4 ·λ1(D)2−4 ·ν1(−∆
Σ

f̂ ).

The identity is the spectral comparison in [1, Section 1.1].

Proof. By
∫

M |ψ|2 exp(− f )dµg = 1, η = exp(− f/2)ψ , and the weighted Dirac conjugation,∫
M
|η |2 ·dµg =

∫
M
|ψ|2 · exp(− f ) ·dµg = 1.

D f (ψ) = exp( f/2) ·D(η)
10.0.1
=⇒

∫
M
|D f (ψ)|2 · exp(− f ) ·dµg =

∫
M
|D(η)|2 ·dµg.

inf∫
M |ψ|2 exp(− f )dµg=1

4 ·
∫

M
|D f (ψ)|2 · exp(− f ) ·dµg = 4 ·λ1(D)2.

R f̂ = λ (g) 10.0.5
=⇒ 4 ·λ1(D)2−λ (g) = inf∫

M |ψ|2 exp(− f̂ )dµg=1
4 ·
∫

M
|∇(ψ)|2g · exp(− f̂ ) ·dµg.

inf∫
M |ψ|2 exp(− f̂ )dµg=1

∫
M
|∇(ψ)|2g · exp(− f̂ ) ·dµg

10.0.8
=⇒ 4 ·λ1(D)2−λ (g) = 4 ·ν1(−∆

Σ

f̂ ).

Rearrangement gives the eigenvalue identity. □

Definition 10.0.11 (Spinorial Perelman entropy). For λ ∈ R, define

(10.0.7) Wλ (g, f ,ψ,τ) =
∫

M

(
4|∇(ψ)|2g +R f (|ψ|2− τ)−λ ( f −n)

)
·dΩ f .

Perelman’s W -functional is

W (g, f ,τ) =
∫

M

(
τ(R(g)+ |∇ f |2g)+ f −n

)
·dΩ f .

This is the Chow–Fong spinorial entropy [1, Definition 1.1].
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Proposition 10.0.12 (Specializations of the spinorial entropy). The weighted Weitzenböck identity gives

(10.0.8) Wλ (g, f ,ψ,τ) =
∫

M

(
4|D f (ψ)|2− τ(R(g)+ |∇ f |2g)−λ ( f −n)

)
·dΩ f .

If D f (ψ) = 0, then

λ = 1 =⇒W1(g, f ,ψ,τ) =−W (g, f ,τ), λ = 0 =⇒W0(g, f ,ψ,τ) =− τ

(4 ·π · τ)n/2 ·F (g, f ).

At λ = 0 and τ = 1, W0 is the normalized Baldauf–Ozuch spinorial energy.

Proof. By Wλ as displayed, D2
f (ψ) =−∆Σ

f (ψ)+R f ψ/4, and ∂M =∅,(
D2

f (ψ) =−∆
Σ
f (ψ)+

1
4

R f ψ, ∂M =∅
)

10.0.4
=⇒ 4 ·

∫
M
|D f (ψ)|2 ·dΩ f =

∫
M

(
4|∇(ψ)|2g +R f |ψ|2

)
·dΩ f .(

dΩ f = (4 ·π · τ)−n/2 exp(− f )dµg

)
10.0.3
=⇒

∫
M

R f ·dΩ f =
1

(4 ·π · τ)n/2 ·F (g, f ).

Wλ (g, f ,ψ,τ) =
∫

M

(
4|D f (ψ)|2− τ(R(g)+ |∇ f |2g)−λ ( f −n)

)
·dΩ f .

D f (ψ) = 0, λ = 1 10.0.11
=⇒ W1(g, f ,ψ,τ) =−W (g, f ,τ).

D f (ψ) = 0, λ = 0 10.0.3
=⇒ W0(g, f ,ψ,τ) =− τ

(4 ·π · τ)n/2 ·F (g, f ).

Setting τ = 1 gives the normalized Baldauf–Ozuch energy. □

Definition 10.0.13 (Spinorial tensors). For a local orthonormal frame e1, . . . ,en, define

Vf =
n

∑
j=1

Re
(〈

ψ,c(e j) ·D f (ψ)
〉)
· e j.

For vector fields X ,Y , define

Sg, f ,ψ(X ,Y ) = Re
(〈

D f (ψ),c(X) ·∇Y (ψ)+ c(Y ) ·∇X(ψ)
〉)

.

Fact 10.0.14 (Chow–Fong critical-point equations). Fix τ > 0. Under the constraints∫
M

dΩ f = 1,
∫

M
|ψ|2 ·dΩ f = c,

a constrained critical point satisfies, for constants α,β ∈ R,

Ric(g)+L 1
2 ∇ f− 1

τ
Vf
(g)− 2

τ
·Sg, f ,ψ −

λ

2τ
·g = 0, D2

f (ψ) =
β

4
·ψ,

τ ·R f +λ ( f −n) = λ −α.

Thus the metric is a twisted Ricci soliton and the spinor is an eigen-spinor of D2
f . These are the constrained

critical-point equations in [1, Proposition 3.1].

Definition 10.0.15 (Spinorial Ricci flow). Assume |ψ0|2 = c > 0,
∫

M dΩ f0 = 1, and fix τ > 0. The
Chow–Fong flow is

(10.0.9)
∂g
∂ t

=−2
(

Ric(g)+L 1
2 ∇ f− 1

τ
Vf
(g)− 2

τ
·Sg, f ,ψ −

λ

2τ
·g
)
.

(10.0.10)
∂ f
∂ t

=−∆( f )−R(g)+
λ ·n
2τ

+
4
τ
·Trg(Sg, f ,ψ)+

2
τ
·div(Vf ).

(10.0.11)
∂ψ

∂ t
= ∆

Σ
f (ψ)+

|∇(ψ)|2g
|ψ|2

·ψ.
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This is the coupled flow introduced in [1, Definition 3.5] and discussed in the chalkboard lectures [?].

Proposition 10.0.16 (Pointwise spinor-norm preservation). Every smooth solution with |ψ0|2 = c > 0
satisfies

(10.0.12)
∂

∂ t
|ψ|2 = ∆ f (|ψ|2), |ψ(t)|2 = c.

Proof. By ∂t(ψ) = ∆Σ
f (ψ)+ |∇(ψ)|2gψ/|ψ|2, |ψ0|2 = c, and ∇⟨ψ,ψ⟩= 2Re(⟨∇(ψ),ψ⟩),

∂

∂ t
|ψ|2 = 2Re

(〈
∆

Σ
f (ψ)+

|∇(ψ)|2g
|ψ|2

ψ,ψ

〉)
.

2Re
(
⟨∆Σ

f (ψ),ψ⟩
)
+2|∇(ψ)|2g = ∆ f (|ψ|2).

∂

∂ t
|ψ|2 = ∆ f (|ψ|2), |ψ0|2 = c =⇒ |ψ(t)|2 = c.

The last implication is the scalar maximum principle on the closed manifold. □

Fact 10.0.17 (Chow–Fong constraint preservation and dissipation). Along every smooth solution with∫
M dΩ f0 = 1 and |ψ0|2 = c, ∫

M
dΩ f = 1, |ψ(t)|2 = c.

Moreover

(10.0.13)
d
dt
Wλ (g, f ,ψ,τ) =−

∫
M

(
2τ · |A |2g +8 · |B|2

)
·dΩ f ≤ 0,

where the two displayed terms are written completely as

A = Ric(g)+L 1
2 ∇ f− 1

τ
Vf
(g)− 2

τ
·Sg, f ,ψ −

λ

2τ
·g, B = ∆

Σ
f (ψ)+

|∇(ψ)|2g
|ψ|2

·ψ.

Equality holds precisely when A = 0 and B = 0. The complete first variation includes the variation of
dΩ f ; its cancellation with the three coupled flow equations is retained here as the principal analytic input
from Chow and Fong. The complete argument is [1, Proposition 3.6].

Fact 10.0.18 (Chow–Fong short-time existence). Let (g0, f0,ψ0) be smooth with |ψ0|2 = c. If c > τ , the
DeTurck-gauged system is uniformly forward parabolic in (g, f ,ψ) and has a unique short-time solution
with initial data (g0, f0,ψ0). If c < τ , the (g,ψ)-equations are forward parabolic while the f -equation is
backward parabolic, and the short-time solution uses

g(0) = g0, ψ(0) = ψ0, f (ε) = f0.

The case c= τ is degenerate at the principal-symbol level. This is the short-time theory in [1, Theorem 4.1].

Lemma 10.0.19 (Stationary integral balance). At a stationary solution with |ψ|2 = c and
∫

M dΩ f = 1, set

A =
∫

M
|D f (ψ)|2 ·dΩ f , B =

∫
M
|∇(ψ)|2g ·dΩ f .

Then

(10.0.14)
(

1− c
τ

)
·A =

n · c ·λ
8τ

+B.

This balance is [1, Lemma 3.7].
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Proof. By ∂t(g) = 0, ∂t(ψ) = 0, |ψ|2 = c, and
∫

M dΩ f = 1,

∂t(ψ) = 0 10.0.11
=⇒ ∆

Σ
f (ψ) =−

|∇(ψ)|2g
c

·ψ.(
D2

f (ψ) =−∆
Σ
f (ψ)+

1
4

R f ψ, |ψ|2 = c
)

10.0.4
=⇒ A = B+

c
4
·
∫

M
R f ·dΩ f .

The tensor definitions and weighted integration by parts give∫
M

(
div(Vf )+Trg(Sg, f ,ψ)

)
·dΩ f

10.0.13
=⇒ 2 ·

∫
M
|D f (ψ)|2 ·dΩ f = 2A.

∂t(g) = 0 10.0.9
=⇒ 0 = R(g)+∆( f )− 2

τ
div(Vf )−

2
τ

Trg(Sg, f ,ψ)−
nλ

2τ
.∫

M
(R(g)+∆( f )) ·dΩ f

10.0.2
=⇒

∫
M
(R(g)+ |∇ f |2g) ·dΩ f =

∫
M

R f ·dΩ f .(∫
M
(div(Vf )+Trg(Sg, f ,ψ)) ·dΩ f = 2A

)
=⇒

∫
M

R f ·dΩ f =
4
τ
·A+

n ·λ
2τ

.

A = B+
c
4

(
4
τ

A+
nλ

2τ

)
=⇒

(
1− c

τ

)
A = B+

n · c ·λ
8τ

.

This is the stationary balance. □

Corollary 10.0.20 (Stationary points in the forward regime). At a stationary point with c > τ , |ψ|2 = c,
and

∫
M dΩ f = 1, one has λ ≤ 0. If λ = 0, then

∇(ψ) = 0, D f (ψ) = 0, ∇ f = 0, Ric(g) = 0.

This is the forward-regime conclusion in [1, Corollary 3.8].

Proof. By c > τ , ∂t(g) = ∂t( f ) = ∂t(ψ) = 0, |ψ|2 = c, and
∫

M dΩ f = 1,(
∂t(g) = ∂t( f ) = ∂t(ψ) = 0, |ψ|2 = c

) 10.0.19
=⇒

(
1− c

τ

)
·
∫

M
|D f (ψ)|2 ·dΩ f =

n · c ·λ
8τ

+
∫

M
|∇(ψ)|2g ·dΩ f .

c > τ =⇒ 1− c
τ
< 0,

∫
M
|D f (ψ)|2dΩ f ≥ 0,

∫
M
|∇(ψ)|2gdΩ f ≥ 0 =⇒ λ ≤ 0.

λ = 0 =⇒
(

1− c
τ

)∫
M
|D f (ψ)|2dΩ f =

∫
M
|∇(ψ)|2gdΩ f =⇒ D f (ψ) = 0, ∇(ψ) = 0.

D f (ψ) = D(ψ)− 1
2

c(∇ f )ψ, D(ψ) = 0, |ψ|2 = c > 0 10.0.1
=⇒ ∇ f = 0.

∂t(g) = 0 10.0.9
=⇒ A = 0, D f (ψ) = 0 10.0.13

=⇒ Vf = 0, Sg, f ,ψ = 0.(
A = 0, ∇ f = 0, Vf = 0, Sg, f ,ψ = 0, λ = 0

)
=⇒ 0 = A = Ric(g)+L0(g)−0−0 = Ric(g).

Thus a zero-sign stationary point in the forward regime is Ricci-flat with a parallel spinor. □
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11. CALIBRATING FORMS FOR MINIMAL GRAPHS

Let Ω⊂ Rn be a domain and let Ω
F−→ Rm be smooth. Write

F = ( f1, . . . , fm), ιF(x) = (x,F(x)), ΣF = ιF(Ω)⊂ Rn+m.

Definition 11.0.1 (Minimal graph). The induced metric and volume form of the graph are

g jk = δ jk +
m

∑
α=1

∂ j( fα) ·∂k( fα), G = [g jk]
n
j,k=1, g = det(G),

volΣF =
√

g ·dx1∧·· ·∧dxn.

The graph is minimal precisely when every component satisfies

(11.0.1)
n

∑
j=1

n

∑
k=1

∂ j

(√
g · (G−1) jk ·∂k( fα)

)
= 0, 1≤ α ≤ m.

Definition 11.0.2 (Calibration and comass). For an n-form Θ on Euclidean space, define

comass(Θ) = sup{|Θ(e1, . . . ,en)| | e1, . . . ,en is an oriented orthonormal frame} .
The form Θ is a calibration when

d(Θ) = 0, comass(Θ)≤ 1.

An oriented n-submanifold Σ is calibrated by Θ when

Θ|Σ = volΣ .

This is the calibration framework of Harvey and Lawson [5].

Proposition 11.0.3 (Calibration implies area minimization). If Σ is calibrated by Θ, then Σ minimizes
area in its homology class. This is the fundamental calibration inequality [5].

Proof. By d(Θ) = 0, comass(Θ)≤ 1, and Θ|Σ = volΣ, let Σ′−Σ = ∂C.∫
Σ′

Θ−
∫

Σ

Θ =
∫

∂C
Θ =

∫
C

d(Θ) = 0.

Area(Σ) =
∫

Σ

volΣ
11.0.2
=⇒ Area(Σ) =

∫
Σ

Θ =
∫

Σ′
Θ.

comass(Θ)≤ 1 11.0.2
=⇒

∫
Σ′

Θ≤
∫

Σ′
volΣ′ = Area(Σ′).

Thus every homologous competitor has at least the area of Σ. □

Example 11.0.4 (Classical calibrations). On CN , the Kähler form

ω =
i
2
·

N

∑
j=1

dz j ∧dz̄ j

satisfies the Wirtinger inequality, so ωk/k! calibrates each complex k-fold. For ϑ ∈ R,

Re
(
exp(−i ·ϑ) ·dz1∧·· ·∧dzN)

calibrates the special Lagrangian N-folds of phase ϑ .
For a hypersurface graph y = f (x), set

Θ( f ) =
dx1∧·· ·∧dxn +dy∧∗d( f )√

1+ |∇ f |2
.

Then every multiplication in the pullback is explicit

ι
∗
f (dy∧∗d( f )) = d( f )∧∗d( f ) = |∇ f |2 ·dx1∧·· ·∧dxn,
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ι
∗
f (Θ( f )) =

1+ |∇ f |2√
1+ |∇ f |2

·dx1∧·· ·∧dxn =
√

1+ |∇ f |2 ·dx1∧·· ·∧dxn.

Moreover

d(Θ( f )) = 0⇐⇒ div

(
∇ f√

1+ |∇ f |2

)
= 0.

Thus the usual minimal-hypersurface equation is the first case of the calibration construction.

Definition 11.0.5 (Graph linear algebra). At p = ιF(x), write

Ap = d(F)|x ∈ Rm×n, Gp = In +A∗p ·Ap, Hp = Im +Ap ·A∗p.
Define isometries

Lp(v) =
(

G−1/2
p · v,Ap ·G−1/2

p · v
)
∈ TpΣF ,

L⊥p (w) =
(
−A∗p ·H

−1/2
p ·w,H−1/2

p ·w
)
∈ NpΣF .

The graph-normal map is

(11.0.2) Jp = L⊥p ◦Ap ◦L−1
p ∈ Hom(TpΣF ,NpΣF).

Lemma 11.0.6 (Sylvester identities). For every A ∈ Rm×n,

det(In +A∗ ·A) = det(Im +A ·A∗),
(Im +A ·A∗)−1 = Im−A · (In +A∗ ·A)−1 ·A∗,

(11.0.3) (Im +A ·A∗)−1 ·A = A · (In +A∗ ·A)−1.

Proof. By A ∈ Rm×n, G = In +A∗ ·A, and H = Im +A ·A∗,
H ·A = (Im +A ·A∗) ·A = A+A ·A∗ ·A = A · (In +A∗ ·A) = A ·G.

H ·A = A ·G =⇒ H−1 ·A = A ·G−1.

H · (Im−A ·G−1 ·A∗) = Im +A ·A∗−A ·G−1 ·A∗−A ·A∗ ·A ·G−1 ·A∗.
H · (Im−A ·G−1 ·A∗) = Im +A ·

(
In−G−1− (A∗ ·A) ·G−1) ·A∗ = Im +A · (In−G ·G−1) ·A∗ = Im.

The determinant identity follows by multiplying the nonzero singular-value factors 1+ λ 2
j on both

sides. □

Example 11.0.7 (A complete graph-matrix calculation). Take n = m = 2 and

F(x1,x2) =

(
x1,

1
2

x2
)
, A = d(F) =

[
1 0
0 1

2

]
.

Then

A∗ ·A =

[
1 0
0 1

2

]
·
[

1 0
0 1

2

]
=

[
1 ·1+0 ·0 1 ·0+0 · 1

2
0 ·1+ 1

2 ·0 0 ·0+ 1
2 ·

1
2

]
=

[
1 0
0 1

4

]
.

A ·A∗ =
[

1 0
0 1

2

]
·
[

1 0
0 1

2

]
=

[
1 0
0 1

4

]
.

G = I2 +A∗ ·A =

[
2 0
0 5

4

]
, H = I2 +A ·A∗ =

[
2 0
0 5

4

]
.

det(G) = 2 · 5
4
−0 ·0 =

10
4

=
5
2
, det(H) = 2 · 5

4
−0 ·0 =

5
2
.

This verifies the determinant identity and will give an explicit calibrated graph below.



COMPLEX ANALYSIS AND RIEMANN SURFACES 81

Definition 11.0.8 (Tsai–Wang form). Fix p ∈ ΣF , choose an oriented orthonormal basis e1, . . . ,en of
TpΣF , and define an operator on forms by

Ψ(ξ ) =
n

∑
j=1

(
Jp(e j)

)♭∧ ιe j(ξ ).

Set
Ψ

0(F) = volΣF , Ψ
ℓ(F) = Ψ

ℓ(volΣF ) (1≤ ℓ≤min(n,m)) .

The Tsai–Wang n-form is

(11.0.4) Θ(F) = Ψ
0(F)−

min(n,m)

∑
ℓ=2

(−1)ℓ · ℓ−1
ℓ!
·Ψℓ(F).

Each Ψℓ(F) is extended from ΣF to Ω×Rm by parallel translation in the Rm-direction. Thus Θ(F) is an
ambient form whose exterior derivative and comass are defined on the whole graphical cylinder. Thus

Θ(F) = Ψ
0(F)− 1

2
Ψ

2(F)+
2
3!

Ψ
3(F)− 3

4!
Ψ

4(F)+ · · · .

This is the form introduced in [4, Definition 2.4] and presented in the chalkboard lecture [?].

Proposition 11.0.9 (Singular-value form). At p ∈ ΣF , let r = rank(d(F)|p), choose singular frames with

Jp(e j) = λ j · en+ j (1≤ j ≤ r), λ1 ≥ ·· · ≥ λr > 0,

and let ω1, . . . ,ωn+m be the dual ambient coframe. For I ⊂ {1, . . . , r}, define

η
j
I = ω

n+ j ( j ∈I ), η
j
I = ω

j ( j /∈I ),

∆I = η
1
I ∧·· ·∧η

n
I .

Then

(11.0.5) Θ(F) = ω
1∧·· ·∧ω

n−
r

∑
ℓ=2

(−1)ℓ(ℓ−1) ∑
I⊂{1,...,r}
|I |=ℓ

(
∏
j∈I

λ j

)
·∆I .

This is the singular-frame expansion in [4, Eq. (2.10)].

Proof. By Jp(e j) = λ j · en+ j, Ψ(ξ ) = ∑
n
j=1(Jp(e j))

♭∧ ιe j(ξ ), and Ψ0(F) = ω1∧·· ·∧ωn,

Ψ
ℓ(F) = ℓ! · ∑

I⊂{1,...,r}
|I |=ℓ

(
∏
j∈I

λ j

)
·∆I .

Ψ
ℓ(F) = ℓ! · ∑

I⊂{1,...,r}
|I |=ℓ

(
∏
j∈I

λ j

)
·∆I

 11.0.4
=⇒ Θ(F)=ω

1∧·· ·∧ω
n−

r

∑
ℓ=2

(−1)ℓ(ℓ−1) ∑
I⊂{1,...,r}
|I |=ℓ

(
∏
j∈I

λ j

)
·∆I .

This is the singular-value expansion. □

Proposition 11.0.10 (Restriction to the graph). The Tsai–Wang form satisfies

Θ(F)|ΣF = volΣF .
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Proof. By Jp(TpΣF)⊂ NpΣF , (Jp(e j))
♭|TpΣF = 0, and the definition of Ψ,

Ψ(ξ )|TpΣF =
n

∑
j=1

(Jp(e j))
♭|TpΣF ∧ ιe j(ξ ) = 0.

1≤ ℓ≤min(n,m) =⇒Ψ
ℓ(F)|TpΣF = 0.(

Ψ
ℓ(F)|TpΣF = 0 for 1≤ ℓ≤min(n,m)

)
11.0.4
=⇒ Θ(F)|TpΣF = Ψ

0(F)|TpΣF = volΣF |p.
Since p is arbitrary, the restriction identity holds globally. □

Proposition 11.0.11 (Coordinate form). Let

hαβ = δαβ +
n

∑
j=1

∂ j( fα) ·∂ j( fβ ), H = [hαβ ]
m
α,β=1, h = det(H).

Then

(11.0.6) Θ(F) =
√

h ·
(
Tr(H−1)− (m−1)

)
·dx1∧·· ·∧dxn +

m

∑
α=1

m

∑
β=1

dyα ∧
√

h · (H−1)αβ · ∗d( fβ ).

Here ∗ is the Euclidean Hodge star on Rn. This is the coordinate representation in [4, Proposition 3.1].

Proof. By a singular-value decomposition of d(F), the singular-value form of Θ(F), and the Euclidean
Hodge star, set q= min(n,m), put λ j = 0 after the rank of d(F), and choose orthonormal coordinates with

d(F)(a j) = λ j ·b j (1≤ j ≤ q), ∂ j( fα) = λ j ·δα j.

When n > m, introduce dummy b j and y j for j > m, with λ j = 0. The paper’s oriented tangent and normal
frames are

e j =
a j +λ j ·b j√

1+λ 2
j

, en+ j =
−λ j ·a j +b j√

1+λ 2
j

(1≤ j ≤ n).

For
d̂xk = dx1∧·· ·∧dxk−1∧dxk+1∧·· ·∧dxn, ∗(dxk) = (−1)k−1 · d̂xk,

the expansion of the defining finite sum gives

(11.0.7) (∂ j( fα) = λ j ·δα j, λ j = 0 after rank(d(F)))
11.0.5
=⇒ Θ(F) = Θ0(F)+Θ1(F).

Θ0(F) =

√
n

∏
j=1

(1+λ 2
j ) ·

(
1−

n

∑
j=1

λ 2
j

1+λ 2
j

)
·dx1∧·· ·∧dxn,

Θ1(F) =

√
n

∏
j=1

(1+λ 2
j ) ·

q

∑
k=1

(−1)k−1 ·λk

1+λ 2
k
·dyk∧ d̂xk.

On the oriented tangent frame, every factor is visible(
Θ0(F)+Θ1(F)

)
(e1, . . . ,en) = 1−

n

∑
j=1

λ 2
j

1+λ 2
j
+

n

∑
k=1

λ 2
k

1+λ 2
k
= 1.

For 2≤ ℓ≤ rank(d(F)), evaluation on the frame with its first ℓ tangent vectors replaced by normal vectors
gives (

Θ0(F)+Θ1(F)
)
(en+1, . . . ,en+ℓ,eℓ+1, . . . ,en)

=

(
1−

n

∑
j=1

λ 2
j

1+λ 2
j

)
·

ℓ

∏
k=1

(−λk)+
ℓ

∑
j=1

λ j

1+λ 2
j
· ∏

ℓ
k=1(−λk)

−λ j
+

n

∑
j=ℓ+1

λ 2
j

1+λ 2
j
·

ℓ

∏
k=1

(−λk),
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= (−1)ℓ ·
ℓ

∏
k=1

λk ·

(
1−

ℓ

∑
j=1

λ 2
j

1+λ 2
j
−

ℓ

∑
j=1

1
1+λ 2

j

)
= (ℓ−1)(−1)ℓ−1 ·

ℓ

∏
k=1

λk.

These evaluations agree with every coefficient in the singular-value form. The two diagonal graph matrices
are

G =


1+λ 2

1 0 · · · 0
0 1+λ 2

2 · · · 0
...

...
. . .

...
0 0 · · · 1+λ 2

n

 , H =


1+λ 2

1 0 · · · 0
0 1+λ 2

2 · · · 0
...

...
. . .

...
0 0 · · · 1+λ 2

m

 .

det(H)=
m

∏
α=1

(1+λ
2
α)=

n

∏
j=1

(1+λ
2
j )= det(G), H−1 =


(1+λ 2

1 )
−1 0 · · · 0

0 (1+λ 2
2 )
−1 · · · 0

...
...

. . .
...

0 0 · · · (1+λ 2
m)
−1

 .
(det(H) = h, λα = 0 for α > q) =⇒

√
h ·
(
Tr(H−1)− (m−1)

)
=

√
n

∏
j=1

(1+λ 2
j ) ·

(
1−

n

∑
j=1

λ 2
j

1+λ 2
j

)
.

m

∑
α=1

m

∑
β=1

dyα ∧
√

h · (H−1)αβ · ∗d( fβ ) =

√
n

∏
j=1

(1+λ 2
j ) ·

q

∑
k=1

(−1)k−1 ·λk

1+λ 2
k
·dyk∧ d̂xk.

The last two displays reproduce Θ0(F) and Θ1(F), so orthogonal invariance gives the coordinate formula
in the original frame. □

Theorem 11.0.12 (Closedness and the minimal graph system). The form Θ(F) is closed if and only if ΣF
is minimal. This equivalence is [4, Theorem 3.3].

Proof. By the coordinate form of Θ(F), the Sylvester identities, and the definition of the induced metric,
√

h =
√

g,
m

∑
β=1

(H−1)αβ ·∂ j( fβ ) =
n

∑
k=1

(G−1) jk ·∂k( fα).

d
(√

h
(
Tr(H−1)− (m−1)

)
·dx1∧·· ·∧dxn

)
= 0.

d(Θ(F))
11.0.6
=⇒ d(Θ(F)) =−

m

∑
α=1

m

∑
β=1

dyα ∧d
(√

h · (H−1)αβ · ∗d( fβ )
)
.

d(Θ(F)) = 0 11.0.6⇐⇒
n

∑
j=1

n

∑
k=1

∂ j

(√
g · (G−1) jk ·∂k( fα)

)
= 0 (1≤ α ≤ m).(

n

∑
j=1

n

∑
k=1

∂ j(
√

g(G−1) jk
∂k( fα)) = 0

)
11.0.1⇐⇒ ΣF is minimal.

Thus closedness is exactly the minimal graph system. □

Definition 11.0.13 (Two-dilation). Let λ1 ≥ λ2 ≥ ·· · ≥ 0 be the singular values of d(F). Define

∥∧2 d(F)∥= λ1 ·λ2,

with value zero when rank(d(F))≤ 1. The map F is area-non-increasing when ∥∧2 d(F)∥ ≤ 1.

Lemma 11.0.14 (Comass of a block two-form). For

α = a ·ω1∧ω
2 +b ·ω3∧ω

4

on an oriented Euclidean four-space,

comass(α) = max(|a|, |b|).
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Proof. By ω1, . . . ,ω4 orthonormal, a,b ∈ R, and the skew matrix of α ,

K =


0 a 0 0
−a 0 0 0
0 0 0 b
0 0 −b 0

 , KT =


0 −a 0 0
a 0 0 0
0 0 0 −b
0 0 b 0

 .

K ·KT =


0 a 0 0
−a 0 0 0
0 0 0 b
0 0 −b 0

 ·


0 −a 0 0
a 0 0 0
0 0 0 −b
0 0 b 0

=


a2 0 0 0
0 a2 0 0
0 0 b2 0
0 0 0 b2

 .
comass(α) = ∥K∥op =

√
max(a2,b2) = max(|a|, |b|).

This proves the comass formula. □

Theorem 11.0.15 (Codimension-two calibration). Let Ω
F−→ R2 have a minimal graph. If

∥∧2 d(F)∥= λ1 ·λ2 ≤ 1,

then Θ(F) calibrates ΣF , and ΣF is area-minimizing. This is the codimension-two criterion in [4,
Theorem 1.4].

Proof. By ΣF minimal, λ1λ2 ≤ 1, and the SVD frame ω1, . . . ,ωn+2,

ΣF is minimal 11.0.12
=⇒ d(Θ(F)) = 0.

n = 1 =⇒ rank(d(F))≤ 1 11.0.5
=⇒ Θ(F) = ω

1, comass(Θ(F)) = 1.

(n = 1, d(Θ(F)) = 0, Θ(F)|ΣF = volΣF , comass(Θ(F)) = 1) 11.0.2
=⇒ Θ(F) calibrates ΣF .

Θ(F) calibrates ΣF
11.0.3
=⇒ ΣF is area-minimizing.

Assume henceforth that n≥ 2. Then

Θ(F)
11.0.5
=⇒ Θ(F) =

(
ω

1∧ω
2−λ1λ2 ·ωn+1∧ω

n+2)∧ω
3∧·· ·∧ω

n.

The terminal wedge is interpreted as 1 when n = 2.

comass(Θ(F))
11.0.14
=⇒ comass(Θ(F)) = max(1,λ1λ2) = 1.

Θ(F)|ΣF = volΣF , d(Θ(F)) = 0, comass(Θ(F)) = 1 11.0.2
=⇒ Θ(F) calibrates ΣF .

Θ(F) calibrates ΣF
11.0.3
=⇒ ΣF is area-minimizing.

Thus the two-dilation bound promotes minimality to area minimization. □

Proposition 11.0.16 (Explicit codimension-two form). Write F = ( f ,g) and set

Ξ = (1+ |∇ f |2)(1+ |∇g|2)−⟨∇ f ,∇g⟩2.
Define

A0 = 1−|∇ f |2|∇g|2 + ⟨∇ f ,∇g⟩2,
B1 = (1+ |∇g|2) · ∗d( f )−⟨∇ f ,∇g⟩ · ∗d(g),

B2 =−⟨∇ f ,∇g⟩ · ∗d( f )+(1+ |∇ f |2) · ∗d(g).
Then

(11.0.8) Θ(F) =
1√
Ξ

(
A0 ·dx1∧·· ·∧dxn +dy1∧B1 +dy2∧B2

)
.

This is the explicit formula in [4, Eq. (1.3)].
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Proof. By m = 2, the coordinate formula for Θ(F), and

H =

[
1+ |∇ f |2 ⟨∇ f ,∇g⟩
⟨∇ f ,∇g⟩ 1+ |∇g|2

]
,

det(H) = (1+ |∇ f |2)(1+ |∇g|2)−⟨∇ f ,∇g⟩2 = Ξ.

H−1 =
1
Ξ

[
1+ |∇g|2 −⟨∇ f ,∇g⟩
−⟨∇ f ,∇g⟩ 1+ |∇ f |2

]
.

√
Ξ · (Tr(H−1)−1) =

1+ |∇ f |2 +1+ |∇g|2−Ξ√
Ξ

=
A0√

Ξ
.

Substitution in the coordinate form gives the displayed expression. □

Example 11.0.17 (An explicit calibrated plane). Continue the complete matrix example with

f (x1,x2) = x1, g(x1,x2) =
1
2

x2, ∗dx1 = dx2, ∗dx2 =−dx1.

Then

|∇ f |2 = 1, |∇g|2 = 1
4
, ⟨∇ f ,∇g⟩= 0, Ξ = (1+1)

(
1+

1
4

)
= 2 · 5

4
=

5
2
.

A0 = 1−1 · 1
4
+0 =

3
4
, B1 =

(
1+

1
4

)
dx2 =

5
4

dx2, B2 = (1+1) · ∗
(

1
2

dx2
)
=−dx1.

Θ(F)
11.0.8
=⇒ Θ(F) =

√
2
5

(
3
4

dx1∧dx2 +
5
4

dy1∧dx2−dy2∧dx1
)
.

Along the graph,

ι
∗
F(dy1) = dx1, ι

∗
F(dy2) =

1
2

dx2.

ι
∗
F(Θ(F)) =

√
2
5

(
3
4
+

5
4
+

1
2

)
dx1∧dx2 =

√
2
5
· 5

2
·dx1∧dx2 =

√
5
2
·dx1∧dx2.

det(G) =
5
2

11.0.1
=⇒ volΣF =

√
5
2
·dx1∧dx2 = ι

∗
F(Θ(F)).

Moreover F is linear, so every second derivative vanishes and the minimal graph system is zero term by
term. Its singular values are 1 and 1/2, hence

∥∧2 d(F)∥= 1 · 1
2
=

1
2
≤ 1 11.0.15

=⇒ ΣF is area-minimizing.

Fact 11.0.18 (Tsai–Wang comass estimate). Let r = rank(d(F))≥ 2, let λ1 ≥ ·· · ≥ λr > 0, and define

Λℓ = max
I⊂{1,...,r}
|I |=ℓ

(
∏
j∈I

λ j

)
(2≤ ℓ≤ r).

Then

comass(Θ(F))≤ max
0≤ϑ≤π/2

(
(cosϑ)r+

r

∑
ℓ=2

Λℓ(ℓ−1)
(
r

ℓ

)
(cosϑ)r−ℓ(sinϑ)ℓ

)
.

If λ jλk ≤ (r−1)−2 for all j < k, the right-hand side is at most one. This is the quantitative comass bound
in [4, Proposition 4.3].
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Theorem 11.0.19 (Arbitrary-codimension calibration). Let ΣF ⊂ Rn+m be a minimal graph and set

r = sup
x∈Ω

(rank(d(F)|x))≥ 2.

If every pair of singular values satisfies

λ j ·λk ≤
1

(r−1)2 (1≤ j < k ≤ r),

then Θ(F) calibrates ΣF , so ΣF is area-minimizing. This is the arbitrary-codimension theorem in [4,
Theorem 4.4].

Proof. By ΣF minimal, the pairwise singular-value bound, and the Tsai–Wang comass estimate,

ΣF is minimal 11.0.12
=⇒ d(Θ(F)) = 0.

p = ιF(x), s= rank(d(F)|x)≤ r, s≤ 1 11.0.5
=⇒ comass(Θ(F)|p) = 1.

Suppose s≥ 2. Then

λ jλk ≤
1

(r−1)2 ≤
1

(s−1)2 =⇒ Λℓ ≤
1

(s−1)ℓ
(2≤ ℓ≤ s).

Indeed, multiplying all
(
ℓ
2

)
pairwise bounds gives(

∏
j∈I

λ j

)ℓ−1

≤
(

1
s−1

)ℓ(ℓ−1)

=⇒ ∏
j∈I

λ j ≤
(

1
s−1

)ℓ

.

The bounded binomial sum is
s

∑
ℓ=2

ℓ−1
(s−1)ℓ

(
s

ℓ

)
= 1.

For x = cos(ϑ) and y = sin(ϑ),

0≤ x,y≤ 1 =⇒ xs ≤ x2, xs−ℓyℓ ≤ y2 (2≤ ℓ≤ s).(
Λℓ ≤ (s−1)−ℓ, x2 + y2 = 1

)
11.0.18
=⇒ comass(Θ(F)|p)≤ x2 + y2 = 1.

Since x is arbitrary, comass(Θ(F))≤ 1.

(F ∈C∞(Ω,Rm), Θ(F) is the Tsai–Wang form)
11.0.10
=⇒ Θ(F)|ΣF = volΣF .

(d(Θ(F)) = 0, comass(Θ(F))≤ 1, Θ(F)|ΣF = volΣF )
11.0.2
=⇒ Θ(F) calibrates ΣF

11.0.3
=⇒ ΣF is area-minimizing.

This proves the arbitrary-codimension criterion. □

Fact 11.0.20 (Weak Lawson–Osserman consequence). Let F = ( f1, . . . , fm) be locally Lipschitz. Write

g jk = δ jk +
m

∑
α=1

∂ j( fα) ·∂k( fα), G = [g jk]
n
j,k=1, g = det(G).

It is a weak solution of the minimal graph system when, for every ϕ ∈C∞
c (Ω,R) and 1≤ α ≤ m,

(11.0.9)
∫

Ω

n

∑
j=1

n

∑
k=1

√
g · (G−1) jk ·∂k( fα) ·∂ j(ϕ) ·dx1∧·· ·∧dxn = 0.

Set
r = esssup

x∈Ω

(rank(d(F)|x)) .

If r ≤ 1, if m = 2 and ∥∧2 d(F)∥ ≤ 1 almost everywhere, or if r ≥ 2 and

λ j ·λk ≤ (r−1)−2 (1≤ j < k ≤ r)
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almost everywhere, then the graph current of F is locally mass minimizing. It is therefore stationary, and
the Tsai–Wang regularity theorem implies

F ∈C∞(Ω,Rm).

The proof uses the locally real flat-cochain representation of the weakly closed L∞ calibration, a higher-
codimension Bernstein theorem, and Allard regularity. These three results are analytic inputs here. The
weak formulation and regularity conclusion are [4, Proposition 5.1 and Corollary 5.2].
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Part 4. Appendix

APPENDIX A. FOUNDATIONAL TOOLS

A.1. Scale and Shape in the Trace–Gradient Defect.

Definition A.1.1 (Trace-normalized shape). Let E → X be a rank-r Hermitian bundle with unitary
connection D, and let h = h∗ > 0 be a positive endomorphism. Define

(A.1.1) s = Tr(h), q = s−1 ·h, q−1 = s ·h−1.

Then

Tr(q) = 1, det(q) =
det(h)
(Tr(h))r , h = e f · h̃ =⇒ h

Tr(h)
=

h̃

Tr(h̃)
.

Theorem A.1.2 (Projectivized trace–gradient identities). Let g jk̄ be the inverse coefficients of a Hermitian
metric on the base. For h = h∗ > 0, s = Tr(h), and q = h/s, one has

A→(h) =
n

∑
j=1

n

∑
k=1

g jk̄ ·Tr((D j(h)) ·h−1 ·Dk̄(h)),

A←(h) =
n

∑
j=1

n

∑
k=1

g jk̄ ·Tr((Dk̄(h)) ·h−1 ·D j(h)), G (h) =
n

∑
j=1

n

∑
k=1

g jk̄ ·∂ j(Tr(h)) ·∂k̄(Tr(h)).

(A.1.2) D→(h) =
A→(h)
Tr(h)

− G (h)
(Tr(h))2 =

n

∑
j=1

n

∑
k=1

g jk̄ ·Tr((D j(q)) ·q−1 ·Dk̄(q))≥ 0.

The reversed adjoint order satisfies

(A.1.3) D←(h) =
A←(h)
Tr(h)

− G (h)
(Tr(h))2 =

n

∑
j=1

n

∑
k=1

g jk̄ ·Tr((Dk̄(q)) ·q−1 ·D j(q))≥ 0.

Both defects are invariant under h 7→ e f ·h.

Proof. By h = s ·q, h−1 = s−1 ·q−1, and Tr(q) = 1,

D j(h) = ∂ j(s) ·q+ s ·D j(q), Dk̄(h) = ∂k̄(s) ·q+ s ·Dk̄(q), Tr(D j(q)) = Tr(Dk̄(q)) = 0.

The complete first ordered product is

(D j(h)) ·h−1 ·Dk̄(h) =
(
∂ j(s) ·q+ s ·D j(q)

)
· s−1 ·q−1 ·

(
∂k̄(s) ·q+ s ·Dk̄(q)

)
.

(D j(h)) ·h−1 ·Dk̄(h) =
∂ j(s) ·∂k̄(s)

s
·q+∂ j(s) ·Dk̄(q)+∂k̄(s) ·D j(q)+ s ·D j(q) ·q−1 ·Dk̄(q).

Taking the trace removes both mixed terms and gives

Tr((D j(h)) ·h−1 ·Dk̄(h)) =
∂ j(s) ·∂k̄(s)

s
+ s ·Tr((D j(q)) ·q−1 ·Dk̄(q)).

s = Tr(h) A.1.1
=⇒

Tr((D j(h)) ·h−1 ·Dk̄(h))
Tr(h)

−
∂ j(Tr(h)) ·∂k̄(Tr(h))

(Tr(h))2 = Tr((D j(q)) ·q−1 ·Dk̄(q)).

At a fixed point choose coordinates and a unitary frame satisfying

g jk̄ = δ jk, q = diag(ν1, . . . ,νr), νa > 0, B j = D j(q), D j̄(q) = B∗j .
n

∑
j=1

Tr(B j ·q−1 ·B∗j) =
n

∑
j=1

r

∑
a=1

r

∑
b=1

ν
−1
b · |(B j)

a
b|2 ≥ 0,
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which proves the forward identity. Reversing the first and last factors gives
n

∑
j=1

Tr(B∗j ·q−1 ·B j) =
n

∑
j=1

r

∑
a=1

r

∑
b=1

ν
−1
a · |(B j)

a
b|2 ≥ 0,

and the same four-term expansion proves the reverse identity. Finally q(e f ·h) = q(h), so both defects
ignore scalar rescaling. □

Corollary A.1.3 (Exact spectral remainder and equality). At a point with

g jk̄ = δ jk, h = diag(µ1, . . . ,µr), B j = D j(h), s =
r

∑
a=1

µa,

the forward defect equals

O→(h) =
n

∑
j=1

1
s
·

r

∑
a,b=1
a̸=b

µ
−1
b · |(B j)

a
b|2,

V (h) =
n

∑
j=1

1
s2 · ∑

1≤a<b≤r

∣∣∣∣√µb

µa
· (B j)

a
a−
√

µa

µb
· (B j)

b
b

∣∣∣∣2 .
(A.1.4) D→(h) = O→(h)+V (h).

The reverse defect replaces µ
−1
b by µ−1

a in the off-diagonal sum. Equality holds if and only if D(q) = 0,
equivalently

D(h) = d(log(s)) ·h.
If det(h) is constant, equality holds if and only if D(h) = 0.

Proof. By s = ∑
r
a=1 µa, B j = ((B j)

a
b)

r
a,b=1, and h−1 = diag(µ−1

1 , . . . ,µ−1
r ),

s ·
r

∑
a=1

µ
−1
a · |xa|2−

∣∣∣∣∣ r

∑
a=1

xa

∣∣∣∣∣
2

= ∑
1≤a<b≤r

∣∣∣∣√µb

µa
· xa−

√
µa

µb
· xb

∣∣∣∣2 .
Indeed, the coefficient of |xa|2 on the right is

r

∑
b=1
b̸=a

µb

µa
=

s−µa

µa
= s ·µ−1

a −1,

and the cross terms sum to −2 ·Re(∑1≤a<b≤r xaxb). Apply this identity to xa = (B j)
a

a, separate the terms
with a ̸= b, and use

(xa = (B j)
a

a, a ̸= b) A.1.2
=⇒ D→(h) = O→(h)+V (h).

defect = 0 A.1.2⇐⇒ D(q) = 0 A.1.1⇐⇒ D(h) = d(log(s)) ·h.
det(h) constant, D(h)= d(log(s))·h=⇒ 0= d(log(det(h)))=Tr(h−1 ·D(h))= r ·d(log(s))=⇒D(h)= 0.
The converse is immediate. □

Corollary A.1.4 (Kähler rigidity of equality). Let ω̂ and ω be Kähler metrics and h = Ĝ−1 ·G. Compute
the forward defect with D = ∇̂. If n ≥ 2 and it vanishes at p, then ∇̂1,0(h)(p) = 0. If n = 1, the defect
vanishes identically.
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Proof. By D = ∇̂, Ĝ(p) = In, ∂ (Ĝ)(p) = 0, and G(p) = diag(λ1, . . . ,λn),

D→(h)(p) = 0 A.1.3
=⇒ ∂ j(gab̄)(p) = c j ·gab̄(p) (1≤ j,a,b≤ n).

For fixed j, choose a ̸= j and set b = a. Kähler symmetry gives

c j ·λa = c j ·gaā = ∂ j(gaā)
1.4.3
=⇒ ∂a(g jā) = ca ·g jā = 0.

Thus c j = 0 for every j, and ∇̂1,0(h)(p)= ∂ (h)(p)= 0. If n= 1, then q= h/Tr(h)= 1, so the projectivized
identity gives zero directly. □

Example A.1.5 (A complete rank-two defect computation). Take

h =

[
4 0
0 1

]
, h−1 =

[1
4 0
0 1

]
, X =

[
4 2
3 −1

]
, X∗ =

[
4 3
2 −1

]
.

The complete multiplication is

X ·h−1 =

[
4 2
3 −1

]
·
[1

4 0
0 1

]
=

[
4 · 1

4 +2 ·0 4 ·0+2 ·1
3 · 1

4 +(−1) ·0 3 ·0+(−1) ·1

]
=

[
1 2
3
4 −1

]
,

X ·h−1 ·X∗ =
[

1 2
3
4 −1

]
·
[

4 3
2 −1

]
=

[
1 ·4+2 ·2 1 ·3+2 · (−1)

3
4 ·4+(−1) ·2 3

4 ·3+(−1) · (−1)

]
=

[
8 1
1 13

4

]
.

Since Tr(h) = 5, Tr(X) = 3, and Tr(X ·h−1 ·X∗) = 45/4,

Tr(X ·h−1 ·X∗)
Tr(h)

− |Tr(X)|2

(Tr(h))2 =
45

4 ·5
− 3 ·3

5 ·5
=

225−36
100

=
189
100

.

The spectral remainder reproduces the same number entry by entry,

1
5
· |2|

2

1
+

1
5
· |3|

2

4
+

1
52 ·

∣∣∣∣∣
√

1
4
·4−

√
4
1
· (−1)

∣∣∣∣∣
2

=
4
5
+

9
20

+
16
25

=
80+45+64

100
=

189
100

.

Corollary A.1.6 (The positive remainder in the Aubin–Yau computation). For h = Ĝ−1 ·G and q =
h/Tr(h),

Bω̂(h,F) = ∆ω̂(F)− Ŝ+
n

∑
j=1

n

∑
k=1

n

∑
p=1

n

∑
m=1

g jk̄ · R̂k̄ j p
m ·hp

m.

(A.1.5) ∆ωφ
(log(Tr(h))) =

Bω̂(h,F)

Tr(h)
+

n

∑
j=1

n

∑
k=1

g jk̄ ·Tr((∇̂ j(q)) ·q−1 · ∇̂k̄(q)).

Thus the trace-gradient term measures only variation of the normalized shape q, not scalar variation of h.

Proof. By p ∈ X , Ĝ(p) = In, ∂ (Ĝ)(p) = 0, T = Tr(h) > 0, and ∆ωφ
(log(T )) = T−1∆ωφ

(T ) −
T−2|∂ (T )|2ωφ

, q = h/T ,

∇̂ j(q)(p) = ∂ j(q)(p), ∇̂k̄(q)(p) = ∂k̄(q)(p).

∆ωφ
(T ) 5.5.1

=⇒ ∆ω̂(F)− Ŝ+
n

∑
j=1

n

∑
k=1

n

∑
p=1

n

∑
m=1

g jk̄ · R̂k̄ j p
m ·hp

m +
n

∑
j=1

n

∑
k=1

g jk̄ ·Tr((∂ j(h)) ·h−1 ·∂k̄(h)).

1
T
·

n

∑
j=1

n

∑
k=1

g jk̄ ·Tr((∂ j(h)) ·h−1 ·∂k̄(h))−
|∂ (T )|2ωφ

T 2
A.1.2
=⇒

n

∑
j=1

n

∑
k=1

g jk̄ ·Tr((∇̂ j(q)) ·q−1 · ∇̂k̄(q)).

Substitution gives the claimed projective-remainder formula. □
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A.2. Exact Real (1,1)-Forms. Only the real (1,1)-case of the ∂ ∂̄ -lemma is used in the main notes. In
that case a Poisson equation and one primitive-form identity give a short proof with every normalization
visible.

Lemma A.2.1 (Trace–wedge identity for a real (1,1)-form). Let

α =
i
2
·

n

∑
j=1

n

∑
k=1

a jk̄ ·dz j ∧dz̄k, Λω(α) =
n

∑
j=1

n

∑
k=1

g jk̄ ·a jk̄.

Then

(A.2.1) α ∧ ωn−1

(n−1)!
= Λω(α) · ω

n

n!
.

Proof. By p ∈ X , G(p) = In, and αm = (i/2) ·dzm∧dz̄m,

ωn−1(p)
(n−1)!

=
n

∑
m=1

α1∧·· ·∧ α̂m∧·· ·∧αn.

Every off-diagonal term of α repeats one holomorphic or antiholomorphic differential and vanishes after
wedging. Therefore

α ∧ ωn−1

(n−1)!
(p) =

n

∑
m=1

amm̄ ·α1∧·· ·∧αn = Λω(α)(p) · ω
n(p)
n!

.

Since p was arbitrary, the identity is global. □

Lemma A.2.2 (Primitive (1,1)-star identity). If β ∈Ω1,1(X ,R) and Λω(β ) = 0, then for n≥ 2,

(A.2.2) ∗β =−β ∧ ωn−2

(n−2)!
.

Proof. By p ∈ X , G(p) = In, β (p) = ∑
n
a=1 µa · αa in an ω-unitary frame diagonalizing β (p), and

∑
n
a=1 µa = Λω(β )(p) = 0,

α̂b = α1∧·· ·∧ α̂b∧·· ·∧αn, ∗β (p) =
n

∑
b=1

µb · α̂b.

β ∧ ωn−2

(n−2)!
(p) =

n

∑
b=1

 n

∑
a=1
a̸=b

µa

 · α̂b =−
n

∑
b=1

µb · α̂b =−∗β (p).

The pointwise calculation proves the star identity. □

Theorem A.2.3 (Real ∂ ∂̄ -lemma). Let (Xn,ω) be a connected compact Kähler manifold. If α ∈
Ω1,1(X ,R) is exact, then there is u ∈C∞(X ,R), unique modulo constants, such that

(A.2.3) α =
i
2
·∂ (∂̄ (u)).

The condition ∫
X

u · ω
n

n!
= 0

makes u unique.

Proof. By α = d(η) for some η ∈Ω1(X ,R), d(ω) = 0, and X compact without boundary,∫
X

Λω(α) · ω
n

n!
A.2.1
=⇒

∫
X

d(η)∧ ωn−1

(n−1)!
=
∫

X
d
(

η ∧ ωn−1

(n−1)!

)
= 0.
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X

Λω(α) · ω
n

n!
= 0 3.5.5

=⇒ ∃!u ∈C∞(X ,R), ∆ω(u) = Λω(α),
∫

X
u · ω

n

n!
= 0.

Set
β = α− i

2
·∂ (∂̄ (u)).

Then

d(β ) = 0, β = d
(

η− i
2
· ∂̄ (u)

)
, Λω(β ) = Λω(α)−∆ω(u) = 0.

If n = 1, every primitive real (1,1)-form vanishes, so β = 0. If n≥ 2, then

∥β∥2
L2 =

∫
X

β ∧∗β A.2.2
=⇒ −

∫
X

β ∧β ∧ ωn−2

(n−2)!
.

Writing β = d(ζ ) and using d(β ) = d(ω) = 0,

∥β∥2
L2 =−

∫
X

d
(

ζ ∧β ∧ ωn−2

(n−2)!

)
= 0 =⇒ β = 0.

Hence α = (i/2) ·∂ (∂̄ (u)). Finally
i
2
·∂ (∂̄ (u− v)) = 0 3.4.1

=⇒ ∆ω(u− v) = 0 3.5.2
=⇒ u− v ∈ R,

and the mean-zero condition removes that constant. □

Corollary A.2.4 (Quantitative potential estimate). For k∈N∪{0}, 0< γ < 1, and the mean-zero potential
above,

∥u∥Ck+2,γ (X) ≤C(X ,ω,k,γ) · ∥α∥Ck,γ (X).

Proof. By ∆ω(u) = Λω(α),
∫

X u ·ωn/n! = 0, and Λω(α) ∈Ck,γ(X),

(∆ω(u) = Λω(α), u ∈ L2(X))
A.3.2
=⇒ ∥u∥Ck+2,γ ≤C(X ,ω,k,γ) ·

(
∥Λω(α)∥Ck,γ +∥u∥L2

)
.

∆ω(u) = Λω(α)
3.5.1
=⇒ ∥d(u)∥2

L2 ≤C(X ,ω) · ∥Λω(α)∥L2 · ∥u∥L2 .∫
X

u · ω
n

n!
= 0 3.5.3

=⇒ ∥u∥2
L2 ≤C(X ,ω) · ∥d(u)∥2

L2 .

Combining the two inequalities and ∥Λω(α)∥Ck,γ ≤C(X ,ω,k,γ) · ∥α∥Ck,γ proves the estimate. □

A.3. Elliptic Upgrade on Compact Manifolds. This section isolates what is genuinely imported from
elliptic theory, writes the complex Laplacian as a real uniformly elliptic operator, and then gives the
complete difference-quotient equation that bootstraps a C2,γ Monge–Ampère solution.

Proposition A.3.1 (Real form of the complex Laplacian). Write z j = x j + i · y j and

G−1 = A+ i ·B, AT = A, BT =−B.

For real u,

PA(u) =
1
4
·

n

∑
j=1

n

∑
k=1

A jk ·
(
∂x j(∂xk(u))+∂y j(∂yk(u))

)
,

MB(u) =
1
2
·

n

∑
j=1

n

∑
k=1

B jk ·∂x j(∂yk(u)).

(A.3.1) ∆ω(u) = PA(u)−MB(u).

Its real principal matrix is

(A.3.2) A =
1
4
·
[

A −B
B A

]
.
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If m · In ⪯ G⪯M · In, then
1

4 ·M
· |ξ |2 ≤ ξ

T ·A ·ξ ≤ 1
4 ·m

· |ξ |2 (ξ ∈ R2n).

Proof. By ∂ j = (∂x j − i ·∂y j)/2, ∂k̄ = (∂xk + i ·∂yk)/2, and g jk̄ = A jk + i ·B jk,

∂ j(∂k̄(u)) =
1
4
·
(
∂x j(∂xk(u))+∂y j(∂yk(u))+ i ·∂x j(∂yk(u))− i ·∂y j(∂xk(u))

)
.

The symmetric matrix A annihilates the antisymmetric mixed bracket, while the antisymmetric matrix B
annihilates the symmetric pure bracket. Hence

n

∑
j=1

n

∑
k=1

B jk ·
(
∂x j(∂yk(u))−∂y j(∂xk(u))

)
= 2 ·

n

∑
j=1

n

∑
k=1

B jk ·∂x j(∂yk(u)),

which proves the real-form and principal-matrix identities. For ξ = [pT qT]T,

ξ
T ·A ·ξ =

1
4
·
[
pT qT

]
·
[

A −B
B A

]
·
[

p
q

]
=

1
4
· (p+ i ·q)∗ ·G−1 · (p+ i ·q).

m · In ⪯ G⪯M · In =⇒M−1 · In ⪯ G−1 ⪯ m−1 · In =⇒
|ξ |2

4 ·M
≤ ξ

T ·A ·ξ ≤ |ξ |
2

4 ·m
.

□

Theorem A.3.2 (Global Schauder estimate and elliptic regularity). Let M be compact, k ∈ N∪{0},
0 < γ < 1, and suppose that in every real coordinate chart

P(u) =
d

∑
a=1

d

∑
b=1

aab(x) ·∂a(∂b(u))+
d

∑
a=1

ba(x) ·∂a(u)+ c(x) ·u,

where the coefficients are smooth, aab = aba, and

λ · |ξ |2 ≤
d

∑
a=1

d

∑
b=1

aab(x) ·ξa ·ξb ≤ Λ · |ξ |2.

If u ∈ L2(M), P(u) = f distributionally, and f ∈Ck,γ(M), then u ∈Ck+2,γ(M) and

(A.3.3) ∥u∥Ck+2,γ (M) ≤C(M,P,k,γ,λ ,Λ) ·
(
∥ f∥Ck,γ (M)+∥u∥L2(M)

)
.

In particular, smooth f gives smooth u.
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