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ANALYSIS I 3

Part 1. Analysis IIEI
1. PRELIMINARIES AND NOTATION

Throughout, Q C R” is open, C denotes a positive constant that may change between occurrences, and
repeated upper and lower indices are summed. Derivatives are weak unless classical regularity is stated.

1.1. Analytic Framework.

Definition 1.1.1 (Multi-indices). For & = (a1, ..., @) € Z%; and < @, set
n n
ol =Y ai, a!=]Joi!, D¥=9"---9F, x*=x{"--xP, P<o <= B<a
i=1 i=1

Lemma 1.1.2 (Leibniz rule). For u,v € C*(Q) and every multi-index o, one has

D%(uv) = ﬁ;a (g) DPuD* Py, <g> = [3!((:61[5’)!'

Definition 1.1.3 (Holder spaces). For k € Z>o and o € (0, 1], define

IDPu(x) —DPu(y)|
(] cra (@) = Iax sup e v Mullerey = Y 1DPulli=(0) + [l cre (-
|Bl=k xy y |BI<k

The space CK%*(Q) consists of the functions with finite displayed norm.

Proposition 1.1.4 (Holder interpolation). Let Q be bounded and 0 < ae < B < 1. For every € > 0, one has
[t]co.a(q) < €[u]cop(q)+C(€, &, B)ull1~(q)-

Proof. Set § = €'/(F=%) and r = |x — y|. The two scales give

o) )| _ gp

,
Taking the supremum proves the estimate. O

|u(x) _au(y)| < 2570‘””“3"-
r

0<r<é = cop = €[U]cosp, r>6 =

Definition 1.1.5 (Sobolev spaces). For u,v & L}OC(Q), the weak derivative is determined by
(1.1.1) Dy=vy < / uD® @ dx = (—1)'0"/ vodx Yo el (Q).

Q Q
Fork € Z>p and 1 < p < oo, set

1/p
WP (Q) = {u e LP(Q): D*uc LP(Q), la| <k}, ||ullyeriq) = ( ) IID“ullfp(g)> ;

|or| <k

k,
W@ =Cr@" . HNQ=WR(Q),  HYQ=WiAQ), () = /QW'Vde-

WE(Q) = {u: D*u e L7(Q), |a| <k}, Jullyreq) = max 1D ]| ()

Theorem 1.1.6 (Sobolev—Morrey). Let Q C R" be bounded, connected, and Lipschitz. If 1 < p < n and
p* =np/(n—p), then

Wo (@) = L7(Q),  ul () < ClIVul oo,
If p>nandy=1—n/p, then every u € W' (Q) has a Holder representative satisfying

W) CN@),  uleuray < CIVulliriay.

3Based on lectures by Ovidiu Savin [2].
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Theorem 1.1.7 (Poincaré inequality). Let Q C R" be bounded, connected, and Lipschitz, let 1 < p < oo,
and write ug = fqudx. Then

|t —uqll1r0) < ClIVullr (@) Vuew'(Q), lull @) < ClIVull (o) Vu e WOLP(Q)-

Theorem 1.1.8 (Rellich—-Kondrachov). Let Q C R" be bounded and Lipschitz. For 1 < p < n and
1 < g < p*, one has

whr(Q) e L1(Q), uj—=uinWh'(Q) = u;, — uin L1(Q).
Definition 1.1.9 (Elliptic operators). For a symmetric matrix A = (a'/), the nondivergence and divergence
forms are - . - .
Lu = a"u;j +b'u; + cu, Lu=0i(a’u;j)+b'u;+cu.

They are uniformly elliptic when some 0 < A < A < oo satisfy
(1.1.2) AV < d¥(x)viv; < Alv|? V(x,v) € QxR".
Theorem 1.1.10 (Maximum principle). Let Q be bounded, let a”,b',c € C(Q) satisfy (L1.2), and suppose
¢ <0. For u,v € C}(Q)NC(Q), one has

Lu>LvinQ, u<vonoQ = u<vonQ.
Proof. Set w = u — v and make the differential inequality strict with y(x) = ¢**1. For « sufficiently large,

Ly =™ (' k* +b'k+¢) > e (A2 — ||b!||=k — ||c||r=) >0,  L(w+ey) > 0.

At a positive interior maximum of we = w4 €y,

Dwe =0, DZWS <0 @ Lwe < cwe <0, Lwe >0,
a contradiction. Hence

we(x) < max{O,rg?zxwg} < Emaxy, €0 = w<0.

This proves the comparison principle. ([l

Theorem 1.1.11 (Schauder estimate). Let L satisfy (I.1.2) on By, let a”/ b, c € C%*(By), and suppose
Lu= f € C%%(By). Then

Hu”C2=“(B]/2) < C(H”HL"“(Bl) + HfHCOvO‘(B]))v C= C("? OC,A,,A, HaHC(Wv Hb|’C0=“7 HCHCO“)'

Theorem 1.1.12 (Calderén—Zygmund estimate). Let 1 < p < oo, let L satisfy (I.1.2) on By, and assume
its principal coefficients are continuous and its lower-order coefficients are bounded. For u € W*P(B)
and Lu = f € LP(By), one has

lullw2r(s, ) < C(lullrsy + 1 lmy),  €=Cn,p.A A on,lbll=, |[c]l-).
2. THE LAPLACIAN

The Laplacian is the constant-coefficient model for the elliptic operators of Definition[I.1.9] Throughout
this section, n > 2, @, = |B) |, and the notation of Sectionremains in force.
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2.1. Harmonic Functions.

Definition 2.1.1 (Laplacian). For u € C?(Q), define
n
Au=Y 0*u=div(Vu), u harmonic <= Au =0, u subharmonic <= Au > 0.

i=1

For u € L] .(Q), these inequalities are distributional with
(Au, @) = / uApdx Vo e CI(Q).
Q

Theorem 2.1.2 (Green identities). Let Q C R" be bounded with C' boundary and let u,v € C*(Q)NC(Q).
With v the outward unit normal, one has

/Audx:/ oyudo, /Vu-Vvdx:—/uAvd)H—/ udyvdo,
Q Jog Q Q 20
/(vAu—uAv)dx:/ (voyu —udyv)do.
Q o0

Proposition 2.1.3 (Spherical means). For u € C*(Q) and B,(xo) € Q, set

My(r) = ][8Br(x0)ud67 Mp(r) = ][Br(xo)udx.

As r ] 0, one has
2

2n

1

nw,r*!

My (r) = /Br(xo)Audx, M (r) = u(xo) + —Au(xo) + (),

72

2(n+2)

Theorem 2.1.4 (Mean value property). For u € C*(Q), harmonicity is equivalent to both mean value
identities

Mp(r) = u(xo) + Au(xo) + o(r?).

Au=0 <= u(x) = ][BB,(xO)“dG <~ u(x) = ][B,(xo)”dx VB,(x0) € Q.

Proof. Differentiate the spherical mean and integrate in polar coordinates. Proposition [2.1.3| gives
Au=0 B2 M) =0 = My(r)=ulxo), Ms(r)= ﬁ/ 9 M (s) ds = u(xo).
r~Jo
Conversely, either mean value identity and the corresponding expansion in Proposition [2.1.3] forces
Au(xo) = 0. This proves all three equivalences. O

Theorem 2.1.5 (Fundamental solution). The locally integrable function

’x‘zfn
—————, n>3,
2.1.1) I(x) = n(nl—Z)wn AT = —& in 7'(R").
—Elog x|, n=2,
Proof. Radial differentiation gives the classical equation and the unit inward flux at the pole.
—1
r>0 = AT =T"(r)+ —T'(r) =0, 9, Tdo = —1.
r 9B,

For ¢ € C*(R"), Green’s identity on R" \ B, yields

Al', @) =1i T'Npdx=1i / —Id,0+¢dI)do=—¢(0).
(AT, ) = lim o, FAO e =lim aBg( ¢+ 99,T) (0)

Thus (2.1.1) holds distributionally. O
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Definition 2.1.6 (Regularization). For p > 0, replace the pole in (2.1.1)) by the unique radial quadratic
matching I to first order on dB,. The resulting function satisfies
5,

Fx? XZ Y n

ap+bplx*, [x[ <p,
Moreover, I'y — T'in L for p <n/(n—2) when n > 3 and for every finite p when n = 2.

Proposition 2.1.7 (Green representation). Let Q be bounded with C' boundary, let u € C*(Q)NC'(Q),
and let xo € Q. Then

(2.1.2) u(xo) = —/QF(x—xo)Au(x) dx+/aQ(F(x—xo)8Vu(x) —u(x)dyI'(x —x0)) do(x).

Theorem 2.1.8 (Weyl lemma). Let u € Ll .(Q) satisfy Au = 0 distributionally. For every Br(xo) € Q and
multi-index o, one has

Clal

ueC?(Q), ID%u|| (B (x0)) < WH”HL'(BR()CO))'
Corollary 2.1.9 (Analyticity). Every harmonic function is real analytic, namely
Au=0inQ — uecC®Q).

Theorem 2.1.10 (Liouville theorem). Let u be harmonic on R" and satisfy |u(x)| < C(1+ |x|™) for some
m € Zx>o. Then
u is a harmonic polynomial of degree at most m.

Proof. Fix xo € R" and |ot| = k > m. Rescaling Theorem gives
Cn.k _k R—oo
|D°‘u(xo)| < RTH(HMHLI (Br(x0)) < kaRm k — 0, D% =0.
All derivatives of order greater than m vanish, proving the claim. ([l

Theorem 2.1.11 (Subharmonicity). Let u € LIIOC(Q) have an upper-semicontinuous representative. The
following conditions are equivalent:

Au>0 <= u(xg) < ][aB,(xo)MdO' <~ u(xg) < ][Br(xO)udx VB, (x0) € Q,

Au>0 << (¢ € C?, ¢ > unear xo, ¢(xp) = u(xo)) = Ad(xg) > 0.

Proposition 2.1.12 (Harmonic replacement). Let u be continuous and subharmonic, and let h be harmonic
on B,(xo) € Q with h = u on dB(xo). The replacement

~ h, B, (X()), ~
U= u>u,
u, Q\B(xg),
is subharmonic on Q.
Theorem 2.1.13 (Weak maximum principle). Let Q be bounded and u € C*(Q) NC(Q). The maximum

principle of Theorem[[.1.10| gives
Au >0 — maxu = maxu, Au<0 — minu = minu.
Q Q Q 2Q
Theorem 2.1.14 (Strong maximum principle). Let Q be connected and let u € C*(Q) satisfy Au> 0. If u
attains an interior maximum, then
U =maxu.
Q
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Proof. Let M = maxqu and A = {x € Q : u(x) = M}. For xy € A and B,(xy) € Q, Theorem[2.1.11] gives
M = u(xy) < ][Br(xo)”dx <M = u=M on B,(xyp) = A is open and closed in Q.
Connectedness gives A = Q, proving the result. U
Theorem 2.1.15 (Hopf lemma). Let u € C*(Q)NC'(Q) satisfy Au > 0, and suppose u has a strict

maximum at xo € dQ where Q has an interior tangent ball. For the outward unit normal v, one has
u(xo) >u(x) VxeQ = dvu(xp) > 0.
Corollary 2.1.16 (Dirichlet uniqueness). Let Q be bounded and connected. For u,v € C*(Q)NC(Q), one

has
Au=Avin Q, uzvon&Q@u—VﬁO/\V—uﬁO:uzv.

Theorem 2.1.17 (Derivative estimates). Let u be harmonic in Br(xo). For every multi-index o, one has

R\a\
Theorem 2.1.18 (Harnack inequality). Let u > 0 be harmonic in Bg(xo). Then

n
(2.1.3) [Vu(xo)| < EHMHLM(BR(XO))7 |D%u(xo)| < N1l 1= (B (x0))

sup u<C, inf u.
Bgya(x0) Bgya(x0)

Proof. The mean value property first gives a local comparison. If By,(z) C Bg(xo) and y € B,(z), then

u(y) :][ yudx < ||122r|’ ][Bz, udx =2"u(z).

Any two points x,y € Bg/(xo) are joined by at most eight such steps with r = R/8. Hence

u(x) < 2%u(y), X,y € Bgja(x0) = sup u< 28" inf u.
Bgya(x0) Bry2(xo)

This proves the estimate with C, = 2", U

Corollary 2.1.19 (Nonnegative Liouville theorem). Every nonnegative entire harmonic function is

constant, namely
u>0, Au=0inR" = u=u(0).

Theorem 2.1.20 (Holder estimate). Let u be harmonic in By. For some a = o(n) € (0,1), one has
[u]CO‘“(B,/z) < CnHu”L“(Bl)-

Proof. Write
M(r) = supu, m(r) = igfu, n(r)=M(r)—m(r).
B, r

Apply Theorem [2.1.18|to the nonnegative harmonic functions M (r) — u and u — m(r):

M(r)—m(r/2) <Cy (M(r) — M(r/2)) , M(r/2)—m(r) < Cy (m(r/2) - m(r)) )
Adding and iterating gives
Cy—1

n(r/2) < 6n(), 92CH+1 €(0,1), n@2 ) <en1)=2"n(1), a=-logs.

Scaling this oscillation decay on balls contained in B proves the Holder estimate. ([l

3. THE POISSON EQUATION

The Dirichlet problem is reduced to harmonic extension by Green functions, Poisson kernels, barriers,
and Newtonian potentials.
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3.1. Dirichlet Theory.

Definition 3.1.1 (Dirichlet problem). Let Q& C R” be bounded, f € C(Q), and ¢ € C(dQ). The Dirichlet
problem is

ueCH(Q)NC(Q).

Au=f ingQ,
u=¢@ ondQ,

Theorem 3.1.2 (Uniqueness). For u,v € C*(Q)NC(Q), one has

{Au—Av in Q, @]
U=v.

U=v on dQ

Definition 3.1.3 (Green function). Assume every continuous boundary datum on the bounded connected
domain Q has a harmonic extension. For y € Q, let &, extend I'(- — )| and define

AGq(x,y) =—0, inQ,

Ga(x,y) =L (x—y) = hy(x), {GQ(X y) = (T on dQ.

Theorem 3.1.4 (Green representation). Ler Q be a bounded connected C? domain admitting a Green
function, and let u € C*(Q)NCY(Q). With f = Au, ¢ = u|yq, and

PQ(y>x) = _anGQ(x7y)a
one has

3.1.1) u(y):—/ Gg(x,y)f(x)dx—l—/ Po(y,x)0(x)do(x).

Proof. Write I'y =I'(- —y). Green’s identity and h, = Iy on dQ give

/hfdx—/{9 h Oyt — u8vhy) d(F:/l9 (Fy8vu—(p8vhy)d0'
o

Consequently,

) 22 —/erydx+/m(ryavu—<pavry)do = —/Qf(ry—hy)dx—/mcpav(r
which is 3.1} O
Proposition 3.1.5 (Green properties). For every bounded connected domain admitting a Green function,
X;'éy - GQ(X,y) = Gﬂ(yvx) > 0.
If Q) C Q, admit Green functions, then
X,y € Qy, x;éy@0<Ggl(x,y)§ng(x,y).
Proposition 3.1.6 (Model Green functions). Let H = {x, > 0} and y* = (y/, —y,). For x,y € H,
Gr(x,y) =D(x—y) =T(x—)").
For x,y € By and y # 0, let y* = y/|y|*>. Then
Gp, (x,y) =T(x—y) =T(yl(x—y")),  Gp (x,0) =T(x) —T(1).

Their Poisson kernels are

(3.12)  Pal(x{) =

1

n(on‘x—C‘”’ dB)

2x,
nw,|x— "’

Py, (x.) = Poy(x,£)do (L) = 1.
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Theorem 3.1.7 (Poisson formula). For ¢ € C(dB)), define

0= [ Pux00()do(0)
Then & @ is the unique harmonic extension and
A@gl) =0 in B,

120l 1=5,) < |Ql=08,)-

P €C”(B1)NC(By), {@(P:(p on dB;

Proof. The kernel in is positive, harmonic in x, and has mass one. Fix {, € dB; and choose & > 0
such that |@(&) — @(&o)| < € for |§ — &o| < 6. Then

|Z¢(x) = 9(So)] §8+2||<P||LN/ Py, (x,6)do(8).

I—Col>6
For |x—§o| < 6/2,

1) =G
’C_C0’25:>‘X_C‘2§7 PBl(xvg)SCnﬁ(l_’x’)—%O
Thus Z¢(x) — ¢(&p); harmonicity and the norm bound follow from differentiation and positivity. [

Definition 3.1.8 (Barriers). A barrier at { € dQ is a function b € C?(Q) NC(Q) satisfying

Ab<0  inQ,
b>0  onQ\{C},
b(§) =0.

The exterior ball condition at { means that some ball satisfies
B,(y) CR"\Q,  B,(y)nQ={{}.
Proposition 3.1.9 (Exterior barriers). Under the exterior ball condition, a barrier at § is
P ==y n23,
R
0g

r

n=2.
Proof. The exterior tangency and the fundamental solution give
xEﬁ\{C}:>|x—y|>r:>bc(x)>0, ]C—y\:rzbg(C):O, ygéﬁ@AbC:O.
Hence b is a barrier. O
Definition 3.1.10 (Perron envelope). For ¢ € C(dQ), let
Zp =4 v:vissubharmonic in Q, limsupv(x) < @(§) V€ dQ Hy(x) = sup v(x).
x—¢ veSp
Theorem 3.1.11 (Perron method). Let Q be bounded and connected and let ¢ € C(dQ). Then
AHy =0inQ, § admits a barrier —> lin(l:Hq,(x) =0(8).
xX—

Consequently,
AHy, =0 inQ,

Q satisfies the exterior ball condition on 9 EL2 H, € C(Q),
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Definition 3.1.12 (Newtonian potential). For compactly supported f € L?(R") with p > n/2, define

(3.1.3) N f(x)=([Txf)(x / I'(x—y)f(y)dy, AN f=fin Z'(R").

Theorem 3.1.13 (Potential regularity). Let Q be bounded and extend f by zero outside Q. Then
P> g felP(Q) = N feC(RY,

while
feL*(Q) = AN feC'(RY), AN f=f*al.

Theorem 3.1.14 (L? solvability). Let Q satisfy the exterior ball condition, let f € LP(Q) with p > n/2,
and let @ € C(dQ). Then the unique distributional solution of Definition is constructed by

Au=0—-ANf=Ff inQ,

h=H —h— N EL3
o+ flag> u f {M:(p on 0Q.

Existence follows from Theorem|[3.1.11|and uniqueness from Theorem

4. POTENTIAL THEORY

The identity [3.1.3|reduces constant-coefficient elliptic regularity to estimates for the singular Hessian
of I.

4.1. Singular Integrals.
Theorem 4.1.1 (Newtonian regularity). Let0 < o < 1, f € C?’a(R"), andw = N f. For 7 # 0, set

1 (nziz; G /
Ki; D;;I" - — Kiido =0.
( ) ( ) no, <‘Zn+2 |Z‘n ) 3B, ijao

Then w € C*(R") and

@LD D) =~ ), Tyf) =p. [ Kyl dz
Equivalently,
i) = [ (P2 = )Ry @t [ fle=2Ki()dz
Proof. Regularize I as in Deﬁnition and set wp, = f*I'p. Differentiation gives
Dijwp(x) = —(Zj B,f(x—z)dz+ IZ‘>pf(x 2)Kij(z) dz.

Spherical cancellation removes the constant part near the pole, while
r
| =2 = 00K ()] dz < Clf o [ 5% ds < Clfener®
e<|z|<r €

The far integral is smooth because f is compactly supported. Hence

S
wp — win Ciy, Djjwp — ——L f +T;; f locally uniformly = w € C*(R"),

n

which proves {.1.1] O
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Definition 4.1.2 (Singular kernels). A Calderén—Zygmund kernel is a function K € C!(R"\ {0}) satisfying
K(1z) =17"K(2), g Kdo=0. K@) +[e]|VK(2)] < Aklz| .
B
Its truncated and principal-value operators are
Tof= [ K@-nf0)dy TS0 =lnTf(x).
[x—y|>¢€ €0
The kernels K;; in Theorem [4.1.1| satisfy these conditions.
Theorem 4.1.3 (Holder boundedness). Let K satisfy Deﬁnition ForO<oa<landfe c? H(RM),

one has
4.1.2)

[T flcoamn < C(n,0)Ak[flcoamny, — Supp(f) CBr = [|Tfllcoamn) < C(n, 06, Ak, R)|| flco.c(mn)-

Proof. Fix x,y € R" and set d = |x — y|. Cancellation and translation split the difference into near and far
terms satisfying

4d
Tnear| < CAR[f] o /0 1 dr < CAg[f]powd®,

|Ifar| S CAK[f]CO.ad/;d ra_zdr S CAK[f]COA,ada.

Thus |Tf(x) — T f(y)| < CAk[f]co«|x —y|%; the support condition and the same near—far splitting control
1T Sz O

Lemma 4.1.4 (Fourier multiplier). The principal-value Fourier transform of every kernel in Defini-
tion is a bounded multiplier m homogeneous of degree zero. For the kernels K;j,

_ - 8 &&
Lif(&) =miy(§)f (&), my(§) =+ - @} [m|| = < C(n)Ak.
Corollary 4.1.5 (L? boundedness). Every Calderén—Zygmund operator extends uniquely to L*(R") and

satisfies
1T fll2 ey < C)AK| | 2wy
Proof. For f € CZ(R"), Plancherel and Lemma [4.1.4] give
_ ~ ~
7f=mi SBTIR = [ Im@PIFEPE <Cma|f I
Density gives the extension. U

Lemma 4.1.6 (Calder6n—Zygmund decomposition). Let f € L'(R") and A > 0. There exist disjoint
dyadic cubes Qy and a decomposition f = g+ Y by satisfying

lg] <271 a.e., Supp(bx) C Ok, /Q brdx=0, A< ][Qk|f|dx <2"A,
k

1/ 1l
Y10 < AL o Mgl < Al Y bkl <201 fll-
k k
Theorem 4.1.7 (Weak type). Every Calderon—Zygmund operator satisfies

C(n)A
{xeR":|Tf(x)| > A}| < (n}BKHfHU(Rn) VfeL'(R"), A>0.

Theorem 4.1.8 (Marcinkiewicz interpolation). Let T be sublinear and of weak types (po, po) and (p1,p1),
where 1 < pg < p; < oo. Then

po<p<pr = |Tfllr <C(po,p,p1)|lfllLr-
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Theorem 4.1.9 (Calderén—-Zygmund theorem). Let K satisfy Definition Then
T sl TP EE s (1<p<2),
and duality applied to the adjoint kernel K(—z) gives
1 <p<oo = |Tfllrwr) < Cn,p)Akl| fllLrwn)-
Consequently,

= | D> flliorey < C(n, )| fll o -
Theorem 4.1.10 (Interior Schauder estimate). Let 0 < o < 1, u € C*>(By), and Au = f € C*%(By). Then

(4.1.3) [ullc2es, ) < C(n, &) (|lull z=(,) + || fllcoas,))-
Proof. Choose 1 € C7°(By) with n = 1 on B4, extend 1 f by zero, and set
w=A4(nf), h=u+w, —Aw=nf = Ah=0inBj.

The Newtonian formula and singular-integral estimate give
= Iwlcaaiay < €l leosion
The harmonic estimates of Theorems[2.1.17]and [2.1.20] yield
||h||c2~a(31/2) < C”h||L°°(B3/4) < C(||””L°°(Bl) + ||f||CO‘°‘(Bl))7 u=h—w.
Combining the last two estimates proves {.1.3] O
Theorem 4.1.11 (Boundary Schauder estimate). Write Bj = By N{x, > 0} and B}, = By N {x, =0}. If
ue C*(Bf)NC(BY) and

{Au =f inB},

u=¢ onbB,

fec™(BY),  ¢eC*B)),
then
Il enaapyy < €O (lllioiary + 1S oy + 19 llcaear))-

Proposition 4.1.12 (Campanato characterization). Let 0 < @ < 1 and k € Z>¢. With &, the polynomials
of degree at most k, one has

ue Cﬁ;g(g) — VQ' €Q, sup r k=% inf (|1t = Pl| =8, (x)) < °-
xeQ/ Pey

0<r<idist(Q,0Q)
Theorem 4.1.13 (Campanato iteration). Let Au = f in By, f € C%%(B), and
el =) + 1 f o)) < 8(n, ).
There exist p = p(n,a) € (0,1/2) and quadratic polynomials Py such that
AP=f(0),  |lu—Pellpz ) <P k>0,
Together with Proposition this recovers the local estimate
Definition 4.1.14 (Kelvin transform). For I(x) = x/|x|? and Q* = {x # 0: I(x) € Q}, define
u' (x) = e Mu(l(x)).

Proposition 4.1.15 (Kelvin covariance). If Au = f in Q, then

Au*(x) = |x| "2 (I(x)) Vxe Q.

In particular,
Au=0inQ — Au*=0inQ".
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5. SCHAUDER ESTIMATES

The Laplacian estimates of Section ] extend to uniformly elliptic operators by freezing coefficients,
rescaling, and flattening the boundary.

5.1. Variable Coefficients.
Lemma 5.1.1 (Small perturbations). Let 0 < & < 1, let u € C>*(B), and let
Lu=da"ujj+b'uj+cu=f
satisfy[1.1.2] There exists 8 = 8y(n, ot,A,A) > 0 such that
a7 — 8| coa(s,) + 1Bl coas,) + llcllcoas,) < S = [ull 2, ,) < C(llull =) + I f o)) -
This follows from[|d.1.3| Holder interpolation, and a concentric-ball absorption.

Theorem 5.1.2 (Interior Schauder estimate). Let L satisfy in By, let . b',c € CO%(By), and let
u € C>%(By) satisfy Lu= f € C**(By). Then

(5.1.1) el 2, ) < C(ull =81y + 1 f I coaa,))
where C depends only on n,a,A, A and the coefficient norms.

Proof. Fix xo € By, and normalize A(xo) to the identity by an affine change of variables. For v(y) =
u(xo +ry), the rescaled operator is

Lyv=alvij+rbi+rieyv=rf,  0,:=|a ~1l|coap)+rlblcows) +llellcons,):
0
®, < Cr%||al|co« + Crl|b]|coe +Cr|lc]| con 225 0.
Choose r so that ®, < &. Then
Lv=rf 2 Vlic2a, ) < CUVI=@) + 7 frllcoaz,))-
Scaling back gives
lullczas, 0y < Cr (el + 1 lcows,))-
A finite cover of By /, proves @ t
Lemma 5.1.3 (Boundary flattening). Suppose L satisfies with a'l b, c € C%* and, locally,
Q={(¥,x):x>g(¥)}, geC®  g0)=0,  Vg(0)=0.
The map ®(x) = (', x, — g(x')) sends the boundary to {y, = 0}. If v=uo®~!, then
Lu=f <— Lv=d"vy +Zkvk +cv= f
a(®(x)) = a (x)0; Py (x) 9Py (x), Zk(®(x)) = a"(x)0; Py (x) + b (x) 9Py (x).
The transformed operator remains uniformly elliptic with C%% coefficients.

Theorem 5.1.4 (Boundary Schauder estimate). Ser Q, = QN B, and X, = 0Q.N B,, where Q. is C**
near the origin. If L is uniformly elliptic with C%% coefficients and

Lu= in Q — _
{ LB peche@),  ge®(m),  uel*(@),
u=¢ onk,
then
||MHc2,a(W) = C(||”HL°°(Q.) + ||f||c0,a(ng) + ||‘P||c2-a(zl))-
The estimate follows by Lemma [5.1.3|and the flat half-ball perturbation estimate.
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Theorem 5.1.5 (Global Schauder estimate). Let Q be bounded with C%% boundary, let L be uniformly
elliptic with coefficients in C**(Q), and let
ueC*®(Q), fec™*Q), @ecC**Q).
Then

Lu=f inQ,
(5.1.2) {u:q) onaq — e < C(llullz=(@) + I fllcoaa + 1@llc2atan))-

If ¢ <0, then
= |lullcre@) < CIfllcva@ + 10llc2ea0))-

Theorem 5.1.6 (Laplacian solvability). Let Q be bounded with C*%* boundary. Then

Au=f inQ,

() 2409 3lueC**(Q):
feC(Q),  9eC¥(0Q) = 3lue Q) {M:(p on 96,

Theorem 5.1.7 (Continuity method). Let X,Y be Banach spaces and lett — L, € B(X,Y) be continuous.
Suppose Ly is an isomorphism and

(5.1.3) l|lullx < CJ|Lyully V(t,u) € [0,1] x X,
with C independent of t. Then every L, is an isomorphism.
Proof. Let

I={t€][0,1]: L, is surjective}.
Estimate [5.1.3] gives injectivity, while
s€l,  Cl|L—Lilgxy <1 = L=L(I+L;'(Li—L;) = t€l

by the Neumann series; hence [ is open. If 7; € I, 1; — ¢, and L;,u; =y, then

j ko0
Lyy(uty =) = (L = Lo =2ty = llx < Cll(Ly = Ly Juelly < CllLy = Ly s Iy ly 2= 0.
Thus u; — u in X, continuity gives L,u =y, and [ is closed. Therefore I = [0, 1]. O

Theorem 5.1.8 (Dirichlet existence). Let Q be bounded with C*>% boundary, let L be uniformly elliptic
with coefficients in C*%(Q), and suppose ¢ < 0. For every

feC™™(Q), ¢@eC>¥(9Q),
there exists a unique u € C*>%*(Q) satisfying
Lu=f inQ,
{u =¢ ondQ.
Proof. Extend and subtract ¢, and set
X={ucC*(Q):uljo=0}, Y=C"%Q), L =(1-1)A+:L.
The Laplacian theory and the uniform global estimate give

[5.1.6l = Lo : X — Y is an isomorphism.

= |lul|x <C||Lully BL2 /1, =Lisan isomorphism.

Restoring ¢ gives existence; Theorem [I.1.10|gives uniqueness. O

Theorem 5.1.9 (Fredholm alternative). Let Q and L satisfy the hypotheses of Theorem without the
condition ¢ < 0. Exactly one of the following holds:

Moreover,
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(1) Every f € C%%(Q) and ¢ ECZ’“(QQ) determine a unique solution u € C>%(Q).
(2) There exists 0 # u € C>%(Q) satisfying
Lu=0 inQ,
u=0 ondQ.

Theorem 5.1.10 (Higher regularity). Let k € Z>, let L satisfy let a/ b c, f € CH*(Q), and let
ue Cﬁ)’g (Q) satisfy Lu = f. Then
k2,
u€ Gy Q) luloza@) < Clulli-@) +Iflcra) V@ €
In particular, o
a’l,b'ie, feC?(Q) = ueC”(Q).

Theorem 5.1.11 (Continuous boundary data). Retain the hypotheses on Q. L, f and the condition ¢ <0
from Theorem but assume only @ € C(dQ). There exists a unique solution satisfying

_ Lu=f inQ
eC**(Q)NC(Q), ’
! @ncey {u:(p on Q.

loc

Indeed, if ¢; — @ uniformly and u; is the solution with boundary value @, then

{L(uj—uk) =0 in Q,

L ) — il ) < 119 — @ellie(90) — O
Wi —u =@ — @ ondQ lluj — (Q)—H(pj ol (0Q) )

and gives uniform local C** bounds and compactness in C*P for every 0 < B < o.

6. SINGULAR INTEGRALS AND W2” ESTIMATES

The Calderén—-Zygmund theorem converts L” control of the equation into two weak derivatives of the
solution.

6.1. Sobolev Estimates.

Theorem 6.1.1 (W>? Laplacian estimate). Let 1 < p <o, letu € W*P(By), and suppose Au= f € LP(B).
Then

(6.1.1) lullwr (s, ,) < €l p) (el ooy + | fller sy )-
Proof. Extend f by zero, set w= 4"f =T f, and let h = u+w. Since —Aw = f,
Ah=Au+Aw=f—f=0, u=h—w.

I,VI e L' (By), = [wlw2r,) < Conp) I fllrs,)-

The harmonic estimates now give
AR
Ah = 05 ks, ) < Cllblra) < Clulirmy + 1 lww)),  u=h=w,

which proves [6.1.1] O

Lemma 6.1.2 (Small perturbations). Let 1 < p < oo, u € W*P(By), and Lu = f € LP(B\). There exists
& = 6 (n, p) > 0 such that

la? = 8| =(,) + 16l =,y + llell =) < S0 = Nutllwar(s, ) < C(lullrs,) + 1 fllrs,))-
This is the absorption of

Moreover,

Lu=f 23 Ay = f+(8Y —ad")u;; — b'u; — cu
in[6.1.1} using Proposition[6.1.6]
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Theorem 6.1.3 (Interior estimate). Let 1 < p <o, let L satisfy in By, let a'/ be continuous, and let
b',c € L*(By). Ifu € W*P(By) and Lu = f € L”(B,), then

[ullw2e(s, ) < C(|u V1 e s))-

The constant depends on n, p, A, A, the lower-order bounds, and the modulus of continuity of A. The proof
freezes A(xy), rescales, applies Lemma and covers By ;.

Theorem 6.1.4 (Boundary estimate). Write
Bf =B N{x, >0}, B = BN {x, =0}.
Let 1 < p < oo, let L satisfy with A € C(E) and b',c € L*(B). If

{Lu =f inB],

27
oy e WEWMBD. er),

then
||u||sz B* < C(H“HLP BY) + ||f||L1’ B) )

Theorem 6.1.5 (Global estimate). Let 1 < p < oo, let Q be a bounded C"' domain, and let L satisfy
with A € C(Q) and b ,c € L=(Q). If u, € W*P(Q), u— ¢ € W, 7 (), and

Lu=f inQ
’ €L (Q),
{u:q) on 0Q, 4 (@)
then
(6.1.2) lullw2r) < Cllullr@) + I fllr@) + @ llwar(e))-

Proof. Replace u by u— ¢ and f by f — L. Interior charts use Theorem C"! boundary charts use
the flattening computation of Lemma [5.1.3|and Theorem Thus a finite-overlap cover {U,} gives

L 00y < €Ll 19 rcy) < )+ 11 )

Restoring ¢ proves[6.1.2] a

Proposition 6.1.6 (Interpolation). Let 1 < p < o and let Q be bounded and Lipschitz. For every € >0,
IVullr() < ellD?ull ooy +Cle.p. Q) ullr)  YueWP(Q).
Definition 6.1.7 (Contact set). For u € C(Q), its upper contact set is
I (u) ={xeQ:u(y) <u(x)+p-(y—x) for some p € R" and every y € Q}.
Atevery differentlablhty point in I'" (), one has p = Vu(x).
Theorem 6.1.8 (Alexandrov—Bakelman—Pucci). Let Q be bounded, let d = diam(Q), and let
w e W2 (@)NC@).

Suppose L satisfies bel"(Q), c <0, and Lu > f almost everywhere. Then

cd, .
(6.1.3) supu < S;lgbﬁ + = lewiw),  C=CnAAd [1blle)-

Corollary 6.1.9 (W>? uniqueness). Let Q be bounded and C'', let L satisfy with b',c € L*(Q) and
¢ <0, and let p > n. Foru € W>?(Q) ﬂWol’p(Q),

Lu=0 Q,
" in @supu<0 A sup( u) <0 = u=0.
u=0 ondQ
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Theorem 6.1.10 (W?”’ solvability). Let p > n, let Q be bounded with C** boundary, let L satisfy
let aV € C(Q), let b',c € L*(Q), and suppose ¢ < 0. For every

ferr(@), @ew?r(Q),
there exists a unique u € WP (Q) satisfying

{Lu—f in Q,

—eW,"(Q),
u=¢ onadQ, u=g W)

and
lellw2r(@) < C(Iflr@) + I9llwar@))-
Proof. Subtract ¢ and set
X, =W (Q)NW,"(Q), Y,=L"(Q), L =(1-1)A+IL
For L;u = g, the ABP and global estimates give, uniformly in #,

Liu=g inQ, BL3
o <C n <C ) (Q)) -
{u —0 on 90 (el Q= lgllz Q= HgHLI(Q)

Consequently,

Lu=g 22 [ulwzro) < C(lullriey + I8lr@) < Cllgllirio.
For smooth g; — g in L”, Theorem gives solutions of Au; = g; with zero boundary data, and

luj — ullwari) < Cllgj — gkllr@) = Lo: X, —Y) is an isomorphism.
Therefore@holds on X, —Y,, and
Ly is an isomorphism 517 Ly = L is an isomorphism.
Restoring ¢ proves existence and the estimate; Corollary [6.1.9] gives uniqueness. (|

Corollary 6.1.11 (Higher regularity). Let 1 < p < oo, let k € Z>1, let Q be bounded with dQ € Ck+1:1,
and let L satisfy Assume
dl bl ce W (Q),  fFeWRP(Q), @ eWHr(Q).

If
ue Wr(Q), {Lu:f in Q,
u=¢ onadQ,
then
ueW(Q),  ullwizni) < C(lull@) + 11 lwer@) + 19 llwen@))-

Theorem 6.1.12 (Fredholm alternative). Retain the hypotheses of Theorem but allow arbitrary
c €L (Q). For
X, =W (Q)NW,"(Q), L:X,— LP(Q),
the operator L is Fredholm of index zero. Consequently,
kerL={0} <= ranL=17(Q) <= VfecLl’(Q)IuecX,: Lu=f,
whereas failure of these conditions gives

1 < dimkerL = codimranL < oo.

7. SOBOLEV SPACES

Definition [I.1.5|and Theorems contain the basic theory. We record only the calculus and
boundary tools needed below.



18 1Z TECUM

7.1. Core Tools.

Proposition 7.1.1 (Mollification). Let u € wk.p (Q), 1 < p < oo, let pe be a standard mollifier, and let
Q' € Q. For sufficiently small €,

(7.1.1) D*(uxpg) = (D%u) * pe, [t pe — ullyiry — 0 (|| <k).
Proof. For ¢ € CZ(€), Fubini and[I.1.1|give
/Q,(u*ps>D°‘<P = /Qu(y)(ps «D@)(y)dy = (=) | (D) * pe)9,

Ql
while translation continuity gives

[(D%u) * pe — Dul|1r(qry < ‘STlP ID%u(- — h) — D%u| 1p(cry — 0.
h|<e

Summing over |¢t| < k proves[7.1.1] O
Proposition 7.1.2 (Weak stability). For 1 < p < o,

uj — uin LP(Q), D% —vinL’(Q) = D%*u=v.
Proposition 7.1.3 (Sobolev chain rule). Let u € WP (Q) and let ¢ € C' (R) satisfy ¢ (0) =0 and ||¢’| 1~ <

oo, Then
o(u) eWH(Q), Di(¢p(u)) = ¢'(u)Diu a.e. in Q.

Corollary 7.1.4. Foruec W7 (Q),
u™ = max{u,0} € WP (Q), Diu™ = Y01 Diu  ae.

Theorem 7.1.5 (Smooth approximation). For every open Q C R", 1 < p < oo, and k € Z>o,
WhP(Q)

k.p
c@nwir@)” Y wkr@), @Y = wh ).

The first assertion follows from a locally finite partition of unity and[7.1.1]: the second is the definition of
WP,
Theorem 7.1.6 (Extension). If Q is bounded and Lipschitz, then for every k € Z>o and 1 < p < oo there
is a bounded linear map

E:WH(Q) — WH®),  Eua=u,  |Eulyrn < Clulyisa.

Theorem 7.1.7 (Trace). Let Q be bounded and Lipschitz and let 1 < p < oo, There is a unique bounded
linear trace map satisfying

(7.1.2) B
T W'(Q)—L/(3Q),  Tu=ulpe (weCE@NWP(Q),  [Tuluoa) < Clulyisa)-

Moreover,

uEWOI’p(Q) 22 1y —o.

Proof. Flattening and a partition of unity reduce the estimate to R . Choose 1 € C!([0,0)) with 1(0) = 1.
Foru € C}(R%),

W 0) < [ (10O )|+ Ol ) .
Minkowski and Holder yield
g Lr(R-1) Lr(R™) nU{|Lp(Rn)) > Wl (R LP(0Q) = whr(Q):
[, 0) gy < e+ 1Dntlaey) < Clllwrosy Z2 I1Tullriony < Clul

Theorems and|7.1.5(prove by density. Continuity gives WO1 P(Q) CkerT; if Tu =0, local zero
extension, mollification, and a partition of unity give u € Wo] P(Q). g
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Definition 7.1.8 (Differences). For ¢; the ith coordinate vector and A # 0, set

u(x—+ he;) —u(x
Theorem 7.1.9 (Difference quotients). Let 1 < p < oo and Q' € Q. For all sufficiently small |h
(7.1.3)

ueW(Q) = |Dlullr) < lIDullir ), sup IDFullrery <K = [IDwllrer) < K-
0<|h|<ho

>

Proof. The fundamental theorem of calculus and Jensen give

1 1
Dl'u(x) :/0 Dju(x+the;)dt, HD?MHZ,(Q,) < /0 /g/ |Diu(x+the;)|P dxdt < HDiuHZ,(Q).
Conversely, take h; — 0 with D?’ u — vin LP, weak-*x when p = o. For every ¢ € C*(Q),
/v¢:mn D1 =—1lim ua%¢=—/#mm, V]l zo(@y < liminf D}/l 0y < K.
/ J—}oo Ql ‘]ﬁoo Ql Q/ ‘]ﬁoo
Thus v = Dju, proving[7.1.3] O

Corollary 7.1.10 (W'> = COY. If Q is bounded, connected, and Lipschitz, then every W' class has a
Lipschitz representative and

We(@) = @), falleosgy = lellwica.
Indeed, gives the Lipschitz bound after extension by Theorem|[7.1.6] the converse follows by testing
bounded difference quotients against C* ().

8. THE H' THEORY

The divergence-form theory requires only measurable coefficients: existence follows from coercivity,
while energy estimates replace pointwise differentiation.

8.1. Energy Methods. Let Q C R" be bounded and Lipschitz, and let A = (a'/) € L*(Q) satisfy
AEP <d¥(x)&EE;, JA(x)E| < A& forae.xeQ, &ecR"
Set
Lu:=—0di(a’du), Blu,v] := /gzaij8ju8ivdx, H Q) := (H (Q))".
Theorem 8.1.1 (Lax—Milgram). Let H be a real Hilbert space and let B : H x H — R be bilinear. If
[B(uv)| < MullalVlz, — Bluu) > Al
then every F € H* determines a unique u € H such that
Buyv)=F(v) VYveH, |ullg <A YF|g.

Proof. Riesz representation defines T € #(H) by B(u,v) = (Tu,v)y. Coercivity gives

Mul|Z < (Tu,u)y < || Tullgllully = ||Tully > A|jul|y = kerT =0, ranT closed.
If w L ranT, then

0= (Tw,w)y = Bw,w) > A|w||z = w=0 = ranT = H.

Writing F(v) = (g,v)y and taking u = T~ 'g gives the claim and its estimate. O
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Definition 8.1.2 (Weak solutions). For f € H~!(Q) and ¢ € H'(Q), a function u € H'(Q) weakly solves
the Dirichlet problem precisely when

— inQ
(8.1.1) {"%‘ Fom& e H(Q),  Blu = (fv) VveHL(Q).
u=qQ on dQ
Theorem 8.1.3 (Weak solvability). For every f € H-'(Q) and ¢ € H'(Q),
Lu=f inQ
1 . )
®12)  SlueH(Q): {u:(p onoq, Mm@ =CUl e +olm@)-
Proof. Setw =u— @ and
Fv):=(fv) =Bl [FOI< (Ifllgr +AIVOl2) Vg, Bl = lIIVIIf,(;-
Thus
Biwy| =F(v) B2 3w e HY(Q),  |wlly <A™ (IFla- +AlIVell2),
and Theorem yields[8.1.2] O

Theorem 8.1.4 (Dirichlet principle). Assume A = AT and let u be the solution in Then
E(v) = %B[v,v] () = argmin S6), Slutw) -8 = %B[W,W] > %Hw”é{;.
v—@cH;(Q)
Theorem 8.1.5 (Caccioppoli inequality). Suppose u € H'(Bg) weakly satisfies
—0,(adu) = f+dF  inBr,  f€L*(Br), F€L*Bg;R").
Then, for 0 <r < Rand k € R,

(8.1.3) / |Vul*dx < 2/ |u—k]2dx+C(R—r)2/ |f|2dx+c/ |F|?dx.

B, (R—7)* Jg
Proof. Choose n) € Cy(Bg) withn =1 on B, and [Vn| <2(R—r)"!, and test-w1th v=n-(u—k).
Then

A [ 0219l <28 [ nlu—KVullVn|+ [ 1=k + [ 1] (0% Vul + 20—k Va).

Young’s inequality gives

A fwvip <% [ovap v [9nPlekp e cr—r? [157+c [1rP,

and absorption yields(8.1.3 U
Proposition 8.1.6 (Weak maximum principle). If u € H'(Q) and
Lu<0 kly in ©
u weakly in AL+ e H\(Q),
u<o0 on dQ,

then
0> Blu,ut|>A|Vu' |2, = u" =0 = u<0 ae inQ.
Theorem 8.1.7 (Interior H? regularity). If A € C*(By), f € L*(B), and u € H'(B,) weakly satisfies
ZLu= f, then
uc Hz(Bl/z)a ||M”H2(Bl/2) < C(||M”L2(Bl) + ||f||L2(Bl))'
Set M = |[ul| ;25,) + |l 28, Testing with —D;"(n>Dhu) and usingmgives

InVDhu|2 < C(|[VullZ. +1I£]2) 22 S VDl 25, ) < CM B2 D*u e 12(B, ).
0<|hlk1
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Theorem 8.1.8 (Higher regularity). Let k > 1. If A € C*~1(By), f € H*"1(B}), and Lu = f weakly,
then
ue H ' (Bypn),  Nullgrors, ) < Cullzm,) + 1l s,))-
In particular,
A feC”(Q) = ucH.(Q) VYm = ucC”(Q).
Theorem 8.1.9 (Meyers estimate). There exists € = €(n,A,A) > 0 such that, whenever 2 < p <2+,
B, € Q, and - .
—0;(a" dju) = J;F" weakly in By, F € L?(By,;R"),

1/p 1/p
<][B,|Vupdx> §C<][BZ,|VM|2dx> +c<][32,|F|de> :

Lu=0 = Vuec L2 ¥Q).

loc

one has
1/2

In particular,

9. DE GIORGI - NASH - MOSER THEOREM
Retain the measurable uniformly elliptic matrix A = (a'/) from Section [8|and write
Lu=—3(a’d;u), Blu,v] = /Qaij&juaivdx.
The homogeneous equation already contains the essential regularity mechanism.

9.1. Holder Theory. A function u € Hﬁ)c (Q) is a weak subsolution, respectively supersolution, when
Blu,¢] <0, respectively Blu,¢] >0, 0<¢eCr(Q).
Theorem 9.1.1 (Local boundedness). Let Zu < 0 weakly in Byg € Q. Foreveryp >0and 0 <r <s <2R,

n/p 1/p
) <][B.v(u+)pdx) ) C[) :C<n72‘7A7p)

Proof. Since u, is again a weak subsolution, scaling reduces the case p =2 first to r = % and s = 1. Put

esssupuy <C, (
s—r

B,

1 »

I"j:§+2 J 1, kj:M(1—2 ]), wj:(u—kj)+, Yj:/B w?dx.
rj

Choose 17, =1 on B,,.,, 1, =0 on 9B, and [Vn;| < C2/. Forsome y > 1,6 =1—x"' >0, and

b =b(n) > 1, testing with njzw j» then applying Theorem and Holder, gives

9.1.1) /|V(njw,-)\2dx <cay;,  [{wjpr >0} < CAMTYY; = Yj <CHM YO

Taking M = CYOI/2 in gives Y; — 0, hence u; < M a.e. in By . Repeating with radii r + (s — )2~/
proves the p = 2 estimate. For p < 2, writing S(r) = esssupg u, yields

_ 2 1 n
i iy < S22, = 5() < 38(6)+Cls— 1 iy,

and iteration in r < s gives the claim; for p > 2, apply the energy—Sobolev iteration directly to (u)” 2. 0

Lemma 9.1.2 (Measure-to-point). Let v € H'(Bg) be a weak subsolution and let 0 < § < 1. There is
v=v(n,A,A,0) € (0,1) such that

Zv <0in Bg, v<1, [{v <0} NBg| > §|Bg| = esssupv < 1—v.
Bg)a
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Proposition 9.1.3 (Oscillation decay). There are 6 € (0,1) and
1
o= min{z, —log29} € (0,1),

depending only on n,A, A, such that every weak solution of £u = 0 satisfies

r\ o
(9.1.2) oscu < Boscu, O0<r<R — oscuSC(—) osCu.
B> Br B, R Bg
Proof. Set
. u—m
m = essinfu, M =esssupu, Oo=M-—m, V=
Br Bg (0]

when @ > 0. Then
{v<3}NBr|>3Bg| Vv |{v>3}NBk|>}|Bgl.
Apply Lemma[9.1.2]to 2v — 1 in the first case and to 1 — 2v in the second:

\Y . v Y
esssupv < 1—5 V  essinfv > — = oscu < (1——) .

Bg)» Br Br)a 2
Thus 6 = 1 — v/2; dyadic iteration gives the second estimate in O

Theorem 9.1.4 (De Giorgi—Nash—Moser). Every weak solution of Zu = 0 belongs to Cﬁ;g(Q). More
precisely,

1/2
Bor € Q = [U]coa(p, <CR™® (fBZR\ulzdx) , o=a(,A,A) e (0,1).

This follows from[9.1.2land Theorem [9.1.1} the oscillation representatives are continuous.
Theorem 9.1.5 (Weak Harnack). There are po = po(n,A,A) >0 and C = C(n,A,A) such that

1/po
(9.1.3) u>0, Lu>0inByp — <][B3R/2u”° a’x) < Cessinfu.

Bg
Theorem 9.1.6 (Harnack inequality). If u > 0 and £u = 0 weakly in Bag, then
1/po
esssupu 2l o <][B3R/2up° dx> E1d Cesginfu.
Bgr R

In particular, a nonnegative solution whose Holder representative vanishes at one interior point vanishes
identically on its connected component.

10. MINIMAL SURFACE EQUATION

Minimal graphs are critical points of convex gradient functionals. Strict convexity gives uniqueness;
gradient bounds, Section[9] and the Schauder theory give classical solvability.

10.1. Convex Graphs. Let F € C'(R") be convex with |VF(p)| < C(1+|p|). For boundary data
@ € T(H'(B))), set

Ir(v) = BlF(Vv)dx, Ay ={veH (B)): Tv=g}.

The class %7, is well-defined by Theorem [7.1.7}
Proposition 10.1.1 (Euler-Lagrange equation). For u € .o/, NCl(By),

(10.1.1) u € argmin _fp(v) <= /VF(Vu)‘Vndx:O Vn eC7(B).
By

vey

IfF € C*(R") and D*F > Al, the minimizer is unique.
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11. BOUNDARY PROBLEM

The small-slope model for a membrane constrained above an obstacle is

i i
J141pl2 = 1+ = pP+o(lp, min/ 1V £ fo a’xwmin/ SV 4 v ) dx.
2 vy Jo vy o \ 2

The unknown coincidence set makes the Euler equation a free-boundary problem.
11.1. Variational Problem. Let Q C R”" be bounded and Lipschitz, let f € L?(), and let y,g € H'(Q)
satisfy Ty < Tg. Define
1
Hyg={veH (Q):v—g€H}(Q), v>yael}, Frv) = / <2]Vv]2+fv> dx.
Q

By Corollary and Theorem|7.1.7, g+ (Y — g)4 € Jy g, so the admissible class is nonempty.

Theorem 11.1.1 (Variational inequality). There is a unique minimizer u € X%y ¢, characterized by

(11.1.1) u € argmin _g;(v) < /Q(Vu-V(v—u)—i-f(v—u))deO (ve Hyy)

VEHy.g

Proof. Write v=g+w, w € H}(Q). Theorem and Young’s inequality give

1
Hrg+w) > ZHVWH%z(m _C(||gH12'-11(Q) + ||f||%2(g))'

Thus a minimizing sequence is bounded in H'; weak compactness, weak closedness of Hy ¢, and lower
semicontinuity produce a minimizer. For v € %, 4, the segment u + (v — u) is admissible, whence

0< 4 +/ﬁf(u%—t(v—u)):/Q(Vu-V(v—u)—l—f(v—u))dx.

T odt
Conversely, [[T.T.T| gives

V)= Fplu) = /Q(Vu V(v—u)+ f(v—u))dx+ %HV(V— )72y > 0-

Two minimizers therefore have equal gradients; their common trace gives equality by Theorem|[[.1.7} [

t=0

Proposition 11.1.2 (Complementarity). Assume u and y are continuous and set
Au) :={u=vy}, Qu) :={u> vy}, [(u) :=9Qu)NQ.

Then 1 := —Au+ f is a nonnegative Radon measure supported on A(u); equivalently,
u>y inQ,
—Au+f>0 inQ,

(11.1.2) —Au+f=0 in Q(u),
(u—y)(—Au+f)=0 inQ,
Tu=Tg on Q.

Indeed,

0<nec(@) B (un) = / (Vu-Vn + fn)dx > 0.
Q
Moreover,
Supp(n) € Qu) = (1, +1) 20 —> (u,n) =0,
which proves[11.1.2]and Supp(it) C A(u).
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Theorem 11.1.3 (Optimal regularity). Ler0 < o < 1, f € Cloo‘g (Q), and y € Clzo’f(Q). The minimizer in
Theorem[l1.1.1]satisfies

u€Cee(@),  lullersery < C(llullizi) + 1 llcoaar + 1 Wlczaen)
whenever Q' € Q" € Q. In particular, with
wi=u—Vy, h:= f—Ay,
the complementarity system becomes
w>0, Aw =hly,~g ae inQ, I'(u) =d{w>0}NQ.

Proposition 11.1.4 (Quadratic growth). Assume the hypotheses of Theorem|l1.1.5|and h > co > 0. If
xo0 € T'(u) and By, (xo) € €, then

(11.1.3) N2 < supw<CrR, [ VWles ) < CF:
2n Br(x())

Proof. Since w >0, w(xg) =0, and w € C""!,
1
V(o) =0 = 0 < w(x) < 5 IDPwllimqay lr =0, VW0)] < DW=y b — ol
Choose x; € {w > 0} with xx — x¢ and put ry = r — |x; — xg|. On each component of {w > 0} N\ B,, (x),

A(wfc—o|xka|2> —h—cy>0 8 sup wzw(xk)JrC—or,%.
2n By, () 2n

Letting kK — oo gives the lower bound in|11.1.3 U

Theorem 11.1.5 (Free-boundary alternatives). Assume h € C*%(Q) and h > 0. For xo € I'(u), every
sequence

w(xo+rx
Wi r(X) 1= (Orz), rlo,
has a locally C' convergent subsequence whose limit is either
h 1
(;0) (x- V)3, ves or X Ox, Q=0">0, r(Q)=h(x).

The first alternative defines the relatively open regular set, where I'(u) is locally C LB for some B € (0,1);
all remaining points are singular.



ANALYSIS I 25

Part 2. Seminar talksE]
12. SPECTRAL RIGIDITY OF RANDOM COVERS OF COMPACT HYPERBOLIC SURFACES

The universal cover of every closed hyperbolic surface is H?, whose spectrum is [%, o). The large-cover

problem asks whether this Plancherel spectrum also governs random finite covers.

12.1. Random Covers. Fix a compact connected orientable hyperbolic surface X = I'\H? of genus g > 2.
Write

I'=(ai,...,ax|la1,a2] - [arg—1,a24] = 1), Zon =Hom(T',S,), [n] :={1,...,n}.
Definition 12.1.1 (Random cover). Choose 6, € 2, , uniformly and let I" act by
V- (zd) = (yz.0u()i),  Xp:=D\g,(H*x[n]),  vol(X,)=4nn(g—1).
The covering is connected precisely when o, (") acts transitively:
X, connected <= 0,(I") ~ [n] transitive, X, connected = g(X,) =n(g—1)+1.

Let p, be the permutation representation on V,, := ¢2([n]). Its invariant constant line and zero-sum

subspace give
trp.(y) =#Fix(0u(y)),  Vu=ClaV?,  L*X,)2L*(X)dL*(X;V)).

>'n

Here L?(X; V) denotes sections of the associated flat bundle. Thus the constant line records the old
spectrum and V' records the new spectrum.
For the nonnegative Laplacian —Ay , write

0=2X) SM(Xy) <o — o0, Ai(X) =~ +77 rin € RUI0,1].
The Plancherel measure of H? is

1 1
dup(r) = —rtanh(nr)dr, A=-+r*  r>0.

2 4
VA1)
per ([0, /A —1/4]) :217r/0 * 14rtanh(7rr)dr.

For comparison, let Y, be a closed genus-g surface sampled with Weil-Petersson probability. For every
>0,

IP‘%VP(M(Yg)>1368> — 1, P%VP(M(Yg)Zis> — 1.

The first limit is due independently to Wu—Xue and Lipnowski—Wright; Anantharaman—-Monk proved the
optimal second limit.

Conjecture 12.1.2 (GOE universality). For A;(X,) > %, unfold the spectrum by

A‘j(Xn)_l/‘"
Eini=n(2g—2) / rtanh(7r)dr.
0

Set sjn = C&jr1n—Ejn The local empirical statistics of {s;,} are expected to converge to the GOE
bulk-spacing law. Smooth number-variance limits are known in restricted iterated regimes, but full spacing
convergence remains open.

Random regular graphs provide the discrete model. If Gy is a uniformly random simple d-regular
graph, set
d

== 0> 20y, Ji=min{jN-j+1}.

4Based on lectures by Elena Kim [1].
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Theorem 12.1.3 (Huang-McKenzie—Yau). Let d > 3 be fixed, let N — o through values with dN even,
(d)

and let ;" be the Kesten-McKay classical locations. With probability 1 —N —l+o(1),
o(1)
o N ;
‘9 Yj | < N2/3ﬁ/3 2sjsN.
Moreover; for ag =d(d —1)/(d —2)?,
(agN)*3(6:—2) = TW,,  (agN)*3(—6y—2) = TW,.

The classical locations are governed by the Kesten—-McKay law, not the semicircle law:
local switchings A resolvent equations ==  optimal local law = rigidity,

microscopic loop equations A  Dyson Brownian motion = edge universality =— TWj.
We now return to hyperbolic surfaces. For even ¢ € C°(R), set

o R L) _
_/qu(t)e dh kel)=- s [ s Ko (z,w) = ko (dea(z,w)).

Lemma 12.1.4 (Selberg formulas). Let Y = I'y\H? be closed and have orthonormal eigenbasis {u;}.
The pre-trace formula is

Zq) ri)luj(z) 27:/ q) r)rtanh(zr)dr+ Z Ky (z,72).

j>0 vely\{1}
For the random cover in Definition[I2.1.1} the trace formula becomes
~ nvol(X) [*~ Ly ¢ (mly)
(1211 Y o(rm) = / &(rtanh(zr)dr + O (),
j;) . 2z Jo ve Ty 2sinh(mly/2) ="

where & (X) denotes the primitive closed geodesics of X.
The geometric terms are controlled by short-loop geometry. If ¥ = I'y\H? and injrad_(Y) > &, then
#{yely du(z,y2) <L} <C87 'k,  0<8<1,

while the Margulis lemma permits at most one primitive loop of length at most & := 2arcsinh(1) based at
z, up to inversion. Every cover also satisfies

injrad(X,) > injrad(X),

so these estimates are uniform in n.

Lemma 12.1.5 (Polynomial sampling). Let P be a real polynomial with degP < q. For every k € N,
92k+1 4k 1
(=)
4

q
P(0)=0 A n>22g‘<>‘<

o (k=)= (2k—1)(2k—3)--- 1.

sup |P| — |-
>q? m

m>q

sup
m>q

sup  [PO(1)| < ——
0<1<1/(2¢%) (2k—1)!

In particular,

Proposition 12.1.6 (Polynomial moments). For nontrivial words 1,7, € I of total length at most q and
n > (Cq)C, the random-cover moments admit

2
R (1/n)
deg Qg’lz)Yz <9q(4g+1), degR(yi)y2 <9g(4g+1)+1.

Eftrpa(11)trpa(1)] = +0((Cq)“n™7), R (1/n) =1,
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Define the off-diagonal quadruples by
M=\ D) sy £ L ez {03},
Ify=(1,...,%) € (T2 has total word length at most q and n > (Cq)C, then

n 8 (8) n
E Z{ﬂpn(W)ii = W +0((Cq)n171), Q(yg)(O) —0, R(yg)(l/n) ~1,
i=1{= y n

max{degQg,S),degRg,g)} <9(g+1)(4g+1)+1.

Consequently, Lemma[I2.1.5|converts cancellation at n = oo into polynomial decay in n.
J

Define
VAR —1/4
/0 n(2g—2)

Theorem 12.1.7 (Kim-Tao, [1l]). For every € > 0, there are o0 = a.(g,€) > 0 and C = C(X) > 0 such
that, with probability at least 1 —n~'/10, every A > 1 and every j with A;(X,) € [1,A] satisfy

Nu(A) :=#{j: A;(Xy) < A}, rtanh(zr)dr =

(12.1.2) )Aj(x,,) — | < CAlPre2ess,
On the same event,
VA-1/4 1
(12.1.3) Nu(A) = (25 —2)n / rtanh(zr) dr+ Ox ¢ (M*“Al/“s) . Azg
Jo
Corollary 12.1.8 (Plancherel convergence). On the event in Theorem for every R > 0,

1 R
'nNn(}‘ +R*) - (2g—2)/0 rtanh(zr)dr| < Cxen%(1+R%)'/2Fe,

Thus n~' times the spectral counting measure converges locally, with polynomial error; to the pushforward
of vol(X) ppy under r — § +r*.

Corollary 12.1.9 (Multiplicity). On the same event,

1
N, <> <cn'7Y, sup dimker(—Ax, —A) < Cx7gn1*°‘/\1/2+£.
4 A€[1/4,A]

Proof. The first estimate is[12.1.3/at A= 1. For A € (},A]and 0 < § <A —1,
dimker(—Ay, —A) < Ny(A +8) — N, (A — &) ZL cns + cn' oAl /2te,
Letting 0 | O proves the claim; the endpoint A = % follows from the first estimate. U

Theorem 12.1.10 (Eigenfunction delocalization, [[1]]). For every € > 0, there are B = B(g,€) > 0 and
C = C(X) > 0 such that, with probability at least 1 — n—1/10,

1 _
—Ax,uj = Aj(Xn)uj, Aj(Xn) <A, A= 1= ]l = (x,) < CAY/*+en ﬁ||uj||L2(X,,)-
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Part 3. Appendix
APPENDIX A. FOUNDATIONAL TOOLS
A.1. Core Estimates.

Proposition A.1.1 (Holder, Minkowski, and Jensen). Let 1 < r,p,p1,...,pm <coand r™' = f p;l.
Then

m

I15

j=1

n
<1l KA <IAlzllgle,  I1f+gle < Ifllw + gl
rx) =1
For 1 < p < oo, Minkowski’s integral inequality is

| [FCmave)

Ifu(X) =1, @ is convex, and f,®o f € L'(X), then
cb(/ fdu> < [ e(f)an.
X X
Ifo<oa<B<1andée >0, then

[U]coa(q) < €[u]cos(q) +C(€, 0, B,Q)|[ullr=q)-

Proposition A.1.2 (Young inequalities). Lera,b >0, 1 < p < oo, and p'=p/(p—1). Then

< [IFC Pl dve).
Lr(X) Y

P p b2
abga—Jr—,, “b§£a2+@ (e>0).
p p

If1<p,qr<ecandl+r'=pl4q!, then
FePR") A geLl!R") = |fgllrrmn < I1fller@el8llLomn-
Proposition A.1.3 (Iteration and absorption). LetA >0, B> 1, § >0, andY; > 0. Then
Y1 SABIYS A ¥y <ATVOBTYE — v <ATVOBTIETIE g,
Let0 <9 <1, y>0, and let ® : [ry,R] — [0,°0) be bounded. Then
D(r) <OP(s)+A(s—r)7 (nn<r<s<R) = ®(r) <C(%,y)AR—r)"".
Proposition A.1.4 (Markov and Chebyshev). LetY >0, Z € L% t > 0, and let {A;} be events. Then

P(LJJAJ-) < ;P(A», P(Y > 1) < ETY P(1Z—Ez| >1) < VagZ),
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