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ALGEBRAIC CURVES

Part 1. Algebraic Curves]
1. RIEMANN SURFACES AND PLANE CURVES
A domain is connected and open, and V(F) denotes the zero locus of F'.
1.1. Complex Analysis.
Definition 1.1.1 (Holomorphicity). Let V C C be open, z=x+1iy, and f =u+iv: V — C. Then
F(z0) 1= lim f(z0+h) — f(z0)

h Y
The Wirtinger operators are

Jd _1(d .9 9. 179 .9
oz 2\ax "oy) oz 2\ox oy )

Proposition 1.1.2 (Cauchy-Riemann). For f = u+iv € C'(V),

feO(V) < f'(z) exists for every z € V.

Jd d JdJ d J . ,_i
Put
J u J u
0 -1 dx dy
=0 S w= %
ox" ayv
Equivalently,
TZC L Tf(z)(C
Jr(f)-J =J-Jr(f), JJ JJ
Proof. Compare the two coordinate-axis difference quotients and the real differential.
i )@ 20 i) 99,
=0 t dx dx 1—0 it dy dy
9,09, 9, 9,2, 9, ,9,__9
o 3xv_8yv ! 8yu 3xu_8yv Byu_ ox
d d d d
axt oyt o =11 o 1] |ax" ay" _
I R S ) R R R A
dx dy dx dy

fleth) = fz) = <§Zf) (2)-h+ <if> (2)-hi+o(|]).
<§Zf> (2) =0 = W _ <§Zf> (2)+o(1).

Thus all four formulations are equivalent.

3Based on lectures by Yoonjoo Kim [1].
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Theorem 1.1.3 (Cauchy formula). Ler y CV be a positively oriented piecewise-C ' Jordan curve with
Q,CNy€V.For feOV),z€Qy andn>0,

(1.1.1) " (z9) = ! %‘(f(z)dz FO =7
Y

2mi Jy (z— Zo)
Writing the integral in (I.1.1)) as 6, ., gives
O(V) —=—— O(Ny)

C.
Corollary 1.1.4 (Taylor and Laurent expansions). For 0 < p <R,

" (z0)

(n)
fEOBr() = f(2)=) anlz—2)", an= ! n(‘zo)7
n>0 '
o a _ n a, = L L w
f € 0(Br(z0)\Bp(20)) = f(2) = r§z n(z2—20)", "= o ]{wzo—r (w— z9)7+1 d

forevery p <r<R.
Theorem 1.1.5 (Isolated singularities). Let V C C be open, zo € V, and f € O(V \ {zo}). For
Py = Z an(z—20)",

n<0
exactly one branch occurs:

Pr=0 removable f extends across zg

pole of order m
—_—>

o 5 0<#{n<0:a,#0} <o

f=(z—20)"h, h(z0)#0

#Hn<0:a,#0} =00

- 70 is essential.
essential

Here m € Z~o, h is holomorphic near zo, and the removable branch is equivalent to f = O(1) as z — zo.
Theorem 1.1.6 (Identity theorem). Let V C C be a domain and f,g € O(V). If S CV has an accumulation
point in'V, then

S§———V

()
fls=gls = f=gonV, (.ﬂg)l{ ” J(ﬂg)

’
/
’

Ac — C%
Here Ac := {(a,a) :a € C}.
Theorem 1.1.7 (Open mapping and maximum modulus). For f € 0(V) and every nonempty open U C V,

f nonconstant — f(U) open, | f| has an interior local maximum = f is constant.
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f

U———YV V—— > C
fl{ Jf l
/]
f(U) —— C Rzo.

Theorem 1.1.8 (Holomorphic inverse theorem). If f € O'(V) and f'(z9) # 0, then some neighborhoods
20 €U CVand f(z0) € W C C fit into

.C —% 5 1y,C
f —1
W 20) = W fte) —— V), jdmf@
\/ id T.C.
idy
BV
U= Ty

Corollary 1.1.9 (Liouville). For f € 0(C), C >0, and N € Z>,
If(z)| <C-(1+z))N = feClz A deg(f) <N, N =0 = f is constant.
1.2. Riemann Surfaces.

Definition 1.2.1 (Riemann surface). A Riemann surface is a connected second-countable Hausdorff space

X with a maximal atlas
Oq: Uy — Vg CC

such that 5
Opoci=9p°0q' € 0(9a(UaNUp)),  5-9pa 70
For Uypy :=Ua NU NUy,
9B
9o (Uapy) — 05 (Uapy)
W Oroc = 05 Opar

(PY(UOCﬁ}’)?

Proposition 1.2.2 (Canonical orientation). Every Riemann surface is canonically an oriented smooth real
surface. On an overlap, writing §go = u+iv,

Oya

0 } d y 0 0
dx  dy T ax)
JR(¢B0¢): ax ay @ 8ax aax 5
gv jyv ZV au
d\* /9 \* |2 2
det(Jr(9pq)) = <axu> +<8xv> = |5;%a| >0.

Corollary 1.2.3 (Genus). For compact X, there is a unique g(X) € Z>o and an orientation-preserving
homeomorphism
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Definition 1.2.4 (Complex projective space). Forn > 1,
P" = (C"1\ {0})/C*, Ui:={[xo: - :xy] : x; #0},

0i(lxo -+ xa]) = (x" UUR Ll e S x>

)
Xi Xi Xi Xi

For g;(x) := ¢i([x]),

{XGC"JFIZX,'#O} %} U;

NJ‘P:‘
Ccn.

qi

Example 1.2.5 (Projective line and complex tori). The projective-line charts and the lattice quotient
satisfy

)
UyNU, ——— C* C——C
0 \ﬂ:
%lN Jﬂ%tl ”l \ l“

Here
do(lz:w) =w/z,  dullz:w]) =2z/w, P'=$>  g(P')=0,
L=7w &Zay, 0<2e< inf [A],
0#£A€L

O T(Be(z0)) = Be(0),  ¢p(7(2)) = 2—z0.
On every connected overlap,

¢[m0¢[;j(f):t+m—m—/l, AeL.

Consequently,
C/L is compact, C/L=T?, g(C/L)=1.

Definition 1.2.6 (Holomorphic functions). For W C X openand f: W — C,
feOx(W) < fop e O(¢(U)) foreverychartp: U = ¢(U), UCW.
On an overlap,

(Poc(Uocﬁ) L 0 (Uaﬁ)

Jfod,ﬁl fo9a' =(fo05")odpa
fody! C,

Corollary 1.2.7 (Identity theorem). For a domain W C X and f,g € Ox(W),
{peW: f(p)=g(p)} has an accumulation point Lid f=gonW.

Proposition 1.2.8 (Compact maximum). If X is compact, then
Ox(X)=C.

Proof. Choose py € X maximizing |f| and a connected chart ¢ : U — V at py.
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¢ fop~!

U\V/C

1f(po)| = 1f(p)| (pEX) => |fo¢~'| has alocal maximum at ¢(po).
‘fo q)’l‘ has a local maximum f|u is constant f is constant on X .

This proves the compact maximum principle. O

Definition 1.2.9 (Meromorphic functions). A function f: W\ D — C is meromorphic on W C X when
some closed discrete D C W satisfies

flw\p € Ox(W\D), pEeD = pisapoleof f,
Mx (W) :={f: f is meromorphic on W }.
Proposition 1.2.10 (Projective target). For a domain W C X and p.. = [1: 0] € P!,
(1.2.1) My (W) < {F € Hompo(W,P') | F # poo } .
The correspondence is encoded by

(i1

]
WAD L ¢ T p

J

w - Pl
f

Near p € D, shrink U > p so that h := 1/ f is holomorphic:
U\{p} —L— cx - U, C P!

j aHalJ/ J[a:b]b—m/a

a—la:1]

Proof. Extend a meromorphic function across its pole set by its value at infinity.

7r) ::{[f(.p)ilL pEW\D,
[1:0], peED.
peD = 3JU>p, h:=1/febx(U), hip)=0= fly=[1:h].
F # pe L2 p.= F~!(po) is closed discrete, Fly\p=[f:1].
peED = Fly=[1:h], h(p)=0 = fly\p = 1/hhasapoleat p.
Thus the two constructions are inverse. (|

Lemma 1.2.11 (Orders in charts). Let 0 # f € #x (W), p € W, and let

0;:U; =V, Uu,cw, Zj3:¢j(p)a gj::foq)j_l'
Then
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#2009

T

(V1,z1) (V2,22)

\%o%l/

Pl
IfmeZand
g1(z) = (z—z1)" - w(2), ui(z1) # 0,
then
9109, (w)—z1=(w—2)-alw),  a(z)#0,
g2(w) = (w—2)" (a(w)" - ur($109, "' (w))).
Thus the order and singularity type are chart-independent.
1.3. Plane Curves.

Definition 1.3.1 (Affine curves). Let f € C[z,w] be nonconstant and squarefree, and put
X :=V(f)cC>

sing() = {pex: (7)) (556) )| =D 0]},

X is smooth at p <= p ¢ Sing(X), X is smooth <= Sing(X) = @.

Then

Theorem 1.3.2 (Holomorphic implicit function theorem). Let f € 0(U), U C C?, and p = (z0,wo) € V(f).
After shrinking neighborhoods,
d
(57) () #0 = V)N = (g1 €V,

(57) )20 = V(U= ((h(9)5) 5 € W,

Equivalently,

VMV(]C)QU m; % Wmv(f)ﬂU—'>W-

idy idw

Theorem 1.3.3 (Smooth affine curves). Every connected component Xy of a smooth affine plane curve is
a noncompact Riemann surface.

Proof. Use the coordinate projection complementary to a nonzero partial derivative.
d d
(527) 070 2 oyirgpn =1 (57) @70 B wyihy(o)s) =

0,00, y
- ¢q(UpNUy) Xo e, C?

l@,‘ lm
9, ‘
g U,NU, C.

9p(UpNUy)
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zZ|xy, Wlx, € Ox,(X0) N Xo compact L2 z|x,,w|x, are constant = X is a point.
X is locally biholomorphic to a nonempty open subset of C = X is not a point.
Thus the graph charts give the asserted noncompact Riemann surface. U

Definition 1.3.4 (Projective plane curves). Let
0 # F € Clxg,x1,x2]
be squarefree and homogeneous of degree d > 1:
F(Axo,Ax1,Ax2) = A% F(x0,x1,x2),
V(F) :={[x0: x1 : x2] € P?: F(x0,x1,x2) = 0}.
Smoothness at p € V(F) is smoothness of any standard affine dehomogenization whose chart contains p.

Proposition 1.3.5 (Dehomogenization). Let

flu,v) :=F(1,u,v), Up := {xo # 0}.
Then
(1.3.1) F(x0,x1,12) = x4 - f(xl xz) V(F)NUy =5 V(f).

X0 Xo o
For (u,v) = (x1 /x0,%2/%0),
d d d d d d d
o om 8x2F] = {d U A A A A

The affine and projective zero loci form

V(F)ﬂU() — > U

~—
%Jw ()= (1 /x0,%2./ %0 )VJ b0

N

V() C
Lemma 1.3.6 (Euler identity). For homogeneous F of degree d,
X0
(1.3.2) iF iF iF -|x1| =d-F.
dxg ox1 x>
X2
Indeed, for
m=c- xO Ox7'x5%, agt+a+a=d,
ij 8 =(ap+ar+ar)-m=d-m.

Theorem 1.3.7 (Projective Jacobian criterion). For X = V(F) C P? and p € X,

p € Sing(X) <= [<8i0F>( ) <88x1F> (p) (8(12F>( )} =[0 0 0].

On Uy, the criterion is transported by

Sing(X)NUy —— XNy
_ (x(p) »(p)
¢{~ NP’U 4= (XO(P) ’ xo(!’)) )

Sing(V(f)) ——— V(/),
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Proof. Dehomogenize on a standard chart containing p.

(F) 0 (558) )] =00 (5 @ (557) @]
x(p) #0 = Kaaxl )(p) = (aif) (p)=0 (aauf> (q) = (if) (4) =0] :
F(p)=0 A (;xlF) (p) = (aif) (p) =0 =2 x(p)- <aaon> (p)=0.
Thus the affine criterion on the three standard charts gives the result. O

Theorem 1.3.8 (Smooth projective curves). Every smooth projective plane curve is a compact connected
Riemann surface. For xi(p) # 0, choose distinct j,k,{ with

d
—F 0.
< 7%, ) (p) #
Its local chart has the form

r Uz

V—— V(F)N%,
idy
02/[, CU= C2.
Proof. Put X := V(F), fix p € X, and combine compactness, the Jacobian criterion, and Bézout.
X C P? closed A P? compact = X compact.
d
x(p) #Z0 N p¢ Sing(X)Elj #k: <8F> (p) #0 32 X NUy is locally a holomorphic graph.
Xj
F=G-H, G, H coprime of positive degree 204 dq e V(G)NV(H).

d d d
—F =G(q)- | =—H H(g)- | =—G =0 (0<i<2) = geSing(X).
(57 ) @ =60 (5-#) @+ @) ( 5-G) @ =0 (©0=i<2) — g€ Singx)
X smooth = F irreducible = X connected.
Thus the local graph atlas defines a compact connected Riemann surface. ([l

Theorem 1.3.9 (Plane genus). For a smooth plane curve X C P? of degree d,

o(X) = (a’—l)z(d—Z).

The generic-projection computation is Proposition[2.3.5]in §2]
Example 1.3.10 (Plane models). For

f(xay) :y2_x2(x+1)7

16 (520) ) (5r) )| =D 0 0] = ()= 0.0)

1
y=*txvV1l+x==+ <x+ 2x2—|—0(x3)) )
so (0,0) is a node. For
F(x,,2) = y*z— x> +x2°,

z=0ANF=0= [x:y:z]=[0:1:0], <§ZF>(O,1,0):1,
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0 d
z2#0, [riy:zg=[:y:1], »F=a=0= (x,y) = (0,0),

<aaxF> (0,0,1) =1.

O(x,y,2) :i=x* +y* + 27,

Hence E := V(F) is smooth. For

d 0 d
50 50 Sol=410 ¥ =] 0 0] = (2= (0.0,0)

so the Fermat quartic is smooth. Hence
E,V(Q)smooth B2 o(E) =1,  ¢(V(Q)) =3.
2. MEROMORPHIC MAPS AND RAMIFICATION

Meromorphic germs are local fractions, while a nonconstant holomorphic map is controlled by its local
multiplicities, covering degree, and ramification.

2.1. Orders and Meromorphic Functions.
Proposition 2.1.1 (Local fractions). For an open set W C X,

feMx(W) <= VpeW f,eFrac(Ox,) < f|,= %,
where U > p is a connected coordinate neighborhood, g,h € Ox(U), and h # 0.

&1 x>

J(a,b)»—m /b

C

U\V(h)

Ox(V 1%

A |
[1p
[1p

Oxp s My, —— Frac(Oy.,).

Definition 2.1.2 (Order). For 0 # f, € .#x p, choose a coordinate z with z(p) = 0 and factor
f=7-u, rez, u€ Oy, ord,(f) :==r, ord, (0) := +-co.
Then

Oxp={f € AMxp:ord,(f) >0}, m, ={f € Mxp:ord,(f) >0},
Oxp = C{z}, m, =2z-Ox p, Mx p, =Frac(Ox p).

Proposition 2.1.3 (Order arithmetic). For f,g € .4y,
(2.1.1) ord,(fg) = ord,(f)+ord,(g), ord, <£> = ord,(f) —ord,(g).

ord,(f +g) > min{ord,(f),ord,(g)}.
Equality holds in the last relation when ord,(f) # ord,(g).
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Corollary 2.1.4 (Compact finiteness). If X is compact and 0 # f € Mx(X), then
Supp((f)o) = {p € X :0rdy(f) >0},  Supp((f)=) = {p € X : ord,(f) <0}

are finite.
Theorem 2.1.5 (Rational functions on the projective line). Fort =x/y on Uy = {y # 0},
Mp (P15 Cr), fr—(t—f([t:1])),

A
f(lx:y]) = ng’yi , A, B € Clx,y| coprime and homogeneous of one degree.
X,y
Uy S P!
fU0 |

tJN i.f
,,,,,,,,,,, pl
n—>A(z.,1)/B(z,1§ )

IfX = V(Q) C P? is smooth and G,H are homogeneous of one degree with H|yx # 0, then

G
— € Mx(X).
7 € x(X)

2.2. Multiplicity, Degree, and Fundamental Groups.

Definition 2.2.1 (Holomorphic maps). A map F': X — Y is holomorphic when its coordinate representative
f:=woFo¢~!is holomorphic.

GoF

(PJN Wl~ le x —f sy o, pl
\_/
hoF
Vx =) Vy 3 — V,
){OGOFO(])_]

Thus
G o F is holomorphic, F*(h):=hoF € .#x(X) (F nonconstant).

Proposition 2.2.2 (Biholomorphisms). For holomorphic maps of Riemann surfaces,

F
E—— F G
L u— e ——
GoF
F is a biholomorphism <= F is bijective, mult,(GoF) = mult,(F) -multg(,) (G).

Theorem 2.2.3 (Local normal form). Let F: X — Y be nonconstant and p € X. There are centered
coordinates for which

221 ¢(p)=0, W(F(p)=0, (yoFo¢ ")(x)=z""")  mult,(F) € Zso.
dF,

(U,p) ——— (V.F(p)) T,X ——— Tp(p)Y

¢J~ Nl‘l’ d¢{~ ~ [ 4VE(p)
- SN

(A7O) ZHZmuIU}(F) (A’O) C J mullp(F)| (C

9% 7=0
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For a target parametert at F(p),

mult,(F) = ord,(t o F) = dimc <(;of)x.7pﬁx> '
P

Proof. Factor the first nonzero term of g := woFo ¢!

, dt
g(0)=0,  g#0, nizmln{kZlidzkg(Z)

7&0}7 g(z)=7"-H(z).
z=0

H(0) £0 — H(z) = exp(L(2). n<z>::exp(”z)), N = H().

n
d _ . .
o(z) :=z-1n(2), d—a(z) =n(0)#0 LI s locally biholomorphic.
Z z=0
g(x)=a(z)' = (yoFo(aog) !)(w)=w",  n=ordy(g)= mult,(F).
This proves the local normal form and uniqueness of its exponent. ([l

Definition 2.2.4 (Ramification). For nonconstant F': X — Y, set
R:={peX mult,(F)>2}, B:=F(R),

=0.
z=0
Theorem 2.2.5 (Finite maps and degree). Let F: X — Y be nonconstant and holomorphic, with X,Y
compact and connected. Then F is open and surjective;, its fibers, R, and B are finite.

peR = 2 (yoroo )

R - X > X\ F~1(B) F (g —— X
FlRl F‘ideg(F)—sheeted Flp-1 (qi lF
B < Y > Y\B {¢} —— Y.
The weighted fiber is independent of g € Y :
(2.2.2) deg(F):= Y multy(F), gqev.
pEF(q)

Proposition 2.2.6 (Composition and principal divisors). Let F: X — Y and G: Y — Z be nonconstant

holomorphic maps between compact connected Riemann surfaces. For 0 # f € .#x(X), let f~: X — P!
be the induced map.

FH(o:1)) - X - f([1:0))
X Q/G z l Jf l
GoF
{[0:1]} « P! > {[1: 0]}
mult,(Go F) = mult,(F) - multg,) (G), deg(GoF) =deg(G)-deg(F),
deg(F) =1 <= F is a biholomorphism, Y, ordy(f) = deg(f) = Y, Jord,(f)I.

ord,(f)>0 ord,(f)<0
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Theorem 2.2.7 (Subgroup core and Galois closure). Let F': X — Y be a nonconstant holomorphic map
between compact connected Riemann surfaces, let B be its branch locus, and set

Y°:=Y\B, X°:=X\F!(B), F°:=F
For qo € Y°, po € (F°)~!(qo), put
[:=m(Y° q), H:=(F°).(m(X°, po)),
N := Corer(H) := ﬂ y-H-y L

Xe-

yer
Then N<I', N C H, and the quotient tower compactifies uniquely to
~ N ~ ~ ~
vo N, xe X0 —— X
° \4

Yo e Y.
Here F = F oV is Galois and

1 N « r Deck(F) —— 1, Deck(F) = T/N.

Moreover, N
deg(F)=[T:H],  deg(F)=[T:N],  deg(v)=[H:N],
F is Galois <= H<I' <= N=H <= |Deck(F)|=deg(F).

Definition 2.2.8 (Orbifold fundamental group). Let ¥ have genus A, let B = {b;,...,b,} C Y, and let

m; > 2. For positive lassos y; about b;, define
Y9} (Y \Bqu)
(/I o)

I'ym:= n(Yiby /my, ... by m,) =

Equivalently,

h r
[TleaBl-TIri=1 %"= 1>,
i=1 =1

FY,m: <O‘1,BI7~-aOChth,?’l,n-’Yr

Xorb (Y, m) ;:2_%_2" (1_1>.

j=1 mj
Theorem 2.2.9 (Orbifold Riemann existence). Let G be finite. The following are equivalent.
(1) There is a connected G-Galois holomorphic map
F: X —Y
branched exactly over b;, with ramification index m; over b.
(2) There are A;,B;,C; € G satisfying
G= <AlvBl7‘ o 7Ah)Bh7C17‘ o 7CI’>5
h r
{AiaBi]'ch: 1, ord(Cj):mj.
=1 j=1

1
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(3) There is an epimorphism
p: r‘y?m —» G
such that
ploy)=Ai,  p(B)=Bi,  p(1)=Cj ord(p(y))=m;.

For the resulting cover,

Yorb
/:(er(/ wﬂ
X G Y
l — s mX) — L 5 Tym —>—» G 1

Moreover,

G=Deck(F), Y=X/G, G,:={geG:g(p)=p}, G,=(Cj), |Gyl=m; (peF (b)),

_ G
F 1= 9 2200 = 6] (v,
j
2.3. Riemann-Hurwitz and Models.

Definition 2.3.1 (Ramification and branch divisors). Let F: X — Y be nonconstant and holomorphic
between compact connected Riemann surfaces. For g € Y, set

F*(g):= ), multy(F)-p,  deg(F*(q)) =deg(F),

pEF~(q)
Rp =Y (mult,(F)—1)-p, Br := F.(RF).
peX
Thus

Br = Z < Z (multp(F)—1)> -q

acY \peF-1(q)
= Zy(deg(F) —#(F '(q))) -9,

q€<

Supp(Br) = F (Supp(Rr)),  deg(Br) = deg(Rr).

Proposition 2.3.2 (Cotangent form of ramification). The differential and its torsion cokernel 2 fit into

0O——— F*Qy S dF QX QF 0
0O— Qx(—RF> < .QX Qx/Qx(—RF) — 0.

For every p € X,
length,, | ((2F)p) =mult,(F) -1, F*Qy = Qx(—RF),
Qx & F*Qy ®¢, Ox(Rr),  Kx ~ F*Ky +Rp.
Theorem 2.3.3 (Riemann-Hurwitz). Let F: X — Y be as above. Then
(2.3.1) 2¢(X) —2=deg(F)- (2g(Y) —2) + deg(RF).
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Proof. Remove the branch values B = {q,...,qn} and count punctures.

)
Fﬁl(qj):{pj./l,...,pj,rj}, Njg = multp_hk(F), Znﬁk:deg(F).

deg(Rr) = ZZ njx—1)=m-deg(F Z’”J

: k=1 ] 1

X\F'(B) —

X
Foldeg )-sheeted ‘/
Y

Y\B —

Y = g (X\F\(B)) = deg(F) - 1Y \B) = deg(F) - (x(¥) —m).

j=1
2(X) = deg(F)- 2(Y) — deg(Rr) =2 2g(X) —2 = deg(F) - (2g(¥) —2) + deg(Rp).
This proves Equation (2.3.1). O
Corollary 2.3.4 (Genus constraints). For F: X — P!,
deg(Rp) = 2deg(F) +2g(X) -2,
F:P' 5P deg(F)=d = deg(Rr)=2d 2.

For arbitrary Y,

g¥)>1 = g(X)>g(Y), gX)=0= g(¥)=0,

g¥V)=1= g(X)>1, gX)=g(¥Y)=1 <= Rr=0.

Proposition 2.3.5 (Projection and plane genus). Let X = V(P) C P? be smooth of degree d, and choose
a=1[0:0:1] ¢ X. Then

X P2\ {a}

Jna 7o ([x0 1 x1 : x2]) = [x0 : x1].

]P>1

=V () ot () st (oep) 1),

pESupp(Ry,) <= a€T,X — ( >(p):0,
mult,(7,) — 1 =1, <X,v< J p>>

The polar and X have no common component, so

ForpeX,

deg(m,) =d,  deg(Rg,)=d-(d—1) E2 g(x)=
For generic a, both Ry, and By, are reduced.

Example 2.3.6 (Hyperelliptic and cyclic covers). Let i € Clx] be squarefree of degree b, and let X be the
smooth projective model of y¢ = h(x).
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VO =h(x) ——— X

(%) H{ l“

Ce————P.

x—[x:1]
If d =2, then
b=2g+1 = #(Supp(Rz)) =b+1, o € Supp(Ry),
b=2g+2 = #(Supp(R,r)) =b, oo ¢ Supp(Ry),
deg(Rz) =2¢+2,  g(X)=g.
More generally,

ged(d,b) =1 = deg(n) =d,  deg(Rz)=(b+1)-(d—1), g(X)_(d_l)z(b_l),

Example 2.3.7 (Maps between complex tori). Let X = C/L and Y = C/M. Every holomorphic map lifts

as
Z—=Y-ta

C C

Indeed,
d d
G(z+A)—G(z) eM = <82G> (z4+A)= (azG) (z) =8 G(z) =7 -z2+a, Y-LCM.
Put
@) :=[v-2lm,  F =Ty, 00y
For y# 0, F is unramified and

0 L« y M ker(py)) —— 0
lHy-llN z»—)V-zJN lN
0 YL < M M/yL —— 0.
Hence 1w
covo
Rr=0 deg(F)=[M:yL]=|y)* ———=%.
F ’ Cg( ) [ Y ] |’Y| COVOl(M)
Moreover,

Aut(C/L) = (C/L) x Auty(C/L), Auty(C/L)={yeC*:y-L=L},
Z)2Z, (L) #0,1728,
Auto(C/L) = { 7,/47, (L) = 1728,
7)6Z, j(L)=0.
ForL;:=Z+Z-7,3(t) >0,

~ o a b| |t
(C/LTZC/LT/<:> |:1:|_Cf+d|:c d:||:1:|7

{Z ﬂ € SL,(Z).
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Proposition 2.3.8 (Finite quotient local model). Let a finite group G act effectively and holomorphically
on compact connected X. The quotient Y := X /G has a unique Riemann-surface structure making
w: X — Y holomorphic. For g € G and

Gp:={g€G:g(p)=rp},
there is a G,-invariant neighborhood U > p for which

X —% X (U.p) ——2— (A,0)
7{ lﬂ 7{ leZGP
X/G— X6 (a(U).a(p) —=— (A0).

The tangent representation gives
G, — GLc(T,X) = C* = G, is cyclic,
mult, (1) = |G,/ deg(m) =|G|.

Remark 2.3.9 (Nodal plane curves). If a reduced irreducible plane curve of degree d has exactly 6 nodes
and no other singularities, then its normalization has genus

g:(d—l)z(d—2)_6'

3. MONODROMY, PROJECTIVE MODELS, AND DIFFERENTIALS

3.1. Monodromy and Hyperelliptic Covers. Let F: X — Y be a nonconstant holomorphic map of
degree d between compact Riemann surfaces. Set

B:={q €Y :qis abranch value of F}, Y°:=Y\B, X°:=X\F'(B).
By Theorem [2.2.5]

B is finite, F°:=F|,,: X° — Y" is an unbranched degree-d covering, X°,Y° are connected.
(F)"'(q0) - X X
{g0} re Y

Definition 3.1.1 (Monodromy representation). Fix go € Y° and label

(F9) " (q0) = {p1,--->pa}-
For a loop y: [0,1] — Y° based at qq, let ; begin at p;; Y- 1 traverses 1 first.

{0} — x°

- A
24 7 ye
The monodromy permutation is determined by

pr(IM@) =j <= %(1)=p;,  pr: m(Y°,q0) — Sa.
For /(p;) = i, the action is
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Ppi)—(1
71 (Y°,q0) % (F°) " (qo) 2221 (Foy=1(gy)

PFXfl l@
1,....d 1,....d}.
Sa x {1, a}W{v ,d}

Proposition 3.1.2 (Well-definedness). For the labeling above and a relabeling p} = P(iy

pe(ly-m))=pr(M)pr(]).  pPr([¥) =" pr([¥)T.
Proof. Apply homotopy lifting and uniqueness for F°.

W= nrel {01} = W.(1) =n.i(1) = pr(ln]) = pr(n),
Y= Yor (- i = Pr([v-m]) = pr(] ]) (),
pr(ly1) = pr() ", ([1qo])
Pi=pe) = p{v(M)—f pr((M)T.
Thus monodromy is well defined up to conjugacy. U

Proposition 3.1.3 (Components and orbits). The components of X° are the monodromy orbits.
7'[0(XO) — 1m(pp)\{1 yous ,d}

In particular,
X° is connected <= im(pr) acts transitively on {1,...,d}.

Proof. Fixi,je{l,...,d}.
pi, pj lie in one component = 3¥: p; ~ pj, y:=F°oY,
Y0 =v(1)=q0. Y¥O)=pi, V)=p; = pr((M() =],
pr([M)(i)=j = %: pi~ p; = pi,p; lie in one component,
mo(X°) +— im(pp)\{1,...,d}.
Hence connectedness is equivalent to transitivity. U

Theorem 3.1.4 (Classification by monodromy). For a connected Riemann surface Y°,

{connected degree-d

coverings of Y° }/ = Homtrans(nl (Y07QO)7Sd) /Sd'

Proof. Use the universal cover with its diagonal action.
G:= nl(YO7qO)a (Eivl)g: (agap(g)_l(l))>

Yox{l,...,d} —» X,

Xy = (Y°x {1,...,d}) /G, lF,,
(@)@ b

p transitive AR | Xp connected, Pr, =P,
p'=1pt = [4,i] — [§,7 ' (i)] defines X, = X,
Thus the constructions are inverse modulo isomorphism and conjugacy. D
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Theorem 3.1.5 (Branch cycles on the sphere). Fix B={q1,...,q,} CP'. Let 7#;(B) denote the connected
degree-d covers branched only over B, and define

Ja(B) :={(01,...,0,) €8 :01---0,=1id, (01,...,0;) transitive} ,
(3.1.1) kj

Oj has cycle lengths ejy,...,ej, = Z(ejg —1)=d—k;.
(=1
All isomorphisms below are over P'. For positively oriented loops with [y]--- [y = 1, set

pr = (pr([n]);---.pr([%])).
Then
Ha(B)) = — 75— Ta(B)[Su.

The cycles of o} correspond to the points over g, Wlth lengths equal to their ramification indices.

|_|DW X° « X
IJMHZWJ F F
D} YO < Y

B is the branch locus <= o #id (1 <j<r).
Proof. Apply covering classification and complete across the punctures.
71 (P'\B,q0) = ([1],--.. %] : [n] -~ [v] = 1),
pr([n])---pr([%]) =1id, X° connected 22 (o1,...,0) transitive,
oj=(cj1)--(cjx;), lejel =eje E23 F has local model z — %7,

kj kj
Y (mult, (F)—1) =Y (eje—1)=d —k;.
(=1 (=1
Thus the branch-cycle data determine the compact branched cover. U

Definition 3.1.6 (Hyperelliptic curve). A compact Riemann surface X is hyperelliptic when
3n: X — P! holomorphic, deg(m) =2.

Proposition 3.1.7 (Hyperelliptic involution). Let £: X — P! have degree 2. The nontrivial permutation
of a regular fiber extends to a holomorphic involution 1: X — X.

X ——X

| |

P! —— P!
For the model w* = h(z) from Example

1(z,w) = (z,—w), Mx(X) =C(z) dwC(z),

r(z) = f+2fOI, s(z) = f_zi;Ol, f=r(z)+ws(z), r,s € C(z),

Fix(1) =Ram(7), X/()=P',  #xX)") =C(z).
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3.2. Projective Curves and Models.
Definition 3.2.1 (Projective variety and dimension). A projective algebraic set has the form
X=V(R,...,F,) CP",
It is a projective variety when it is irreducible, and
dim(X) :=max {r:Xo CX; C--- C X, =X, X; irreducible } .

A projective curve is a projective variety of dimension 1.

Fi,...,F, homogeneous.

Remark 3.2.2 (Noetherianity). Let I C C|xy,...,x,] be homogeneous. Hilbert’s basis theorem gives
I:(Flv"'7Fm)7 VARV, EOREE
V() =X,U---UXj,

== IN=Zny1="",
Xi,...,X; irreducible.
Theorem 3.2.3 (Projective dimension estimate). Let Fy,...,F, be homogeneous. Then
Z an irreducible component of V(F\,...,F,) = dim(Z) >n—r,
F,...,F, regular = V(Fy,...,F,) is a pure complete intersection,
dim(V(F,....F)) =n—r, dim(V(F)) =n—1.

Example 3.2.4 (A non-pure zero locus). In Pf’x -
V(xy,xz) = V(x)UV(y,z) = P>UP!,
dim(V(x)) =2,  dim(V(yz)) =1.

Definition 3.2.5 (Projective Jacobian). Let X C IP" be a projective curve with homogeneous ideal generated
by Fi,...,Fy,andlet p={[po:---: py] € X. For p=(po,...,pn) # 0, set

/9 R P) R P) ]
aaxOFl (P) aaxlFl (P) 9gnFl (P)
25\ (ZR)G )
(p) - | \on 2 | (P) o 2 (P) ER: (P)
(3.2.1) : : :
p) /D R P) .
(aonm) %) (aXIFm) %) (ame) )

p € Xsm = rank(JX(ﬁ)) =n—1.

The rank condition is invariant under rescaling p and replacing the homogeneous generators.

Proposition 3.2.6 (Tangent space). For p € Xgp,
T,X = ker(Jx(p): C"' — C™) /Cp,

The Euler identities give

dime(T,X) = 1.

_ <‘9aonl> ) <ai" Fl> (ﬁ)_ Po deg(F)Fi(p) 0
Jx(p)-p' = : D= : = |:
' < aaxo Fm) (5) ( aaxn Fm> (ﬁ)_ Pn deg(Fn)Fin(P) 0

Equivalently,
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0 — Cp < ker(Jx(p)) T,X 0
0— Cp - crtl c/Cp — 0
Jx(P) Tx(p)
Cm Cm

Theorem 3.2.7 (Smooth projective curves). Let X C P" be connected and smooth. Then
rank (Jx (p)) =n—1 ri2 dimc(7,X) =1 = X is a compact Riemann surface.
Example 3.2.8 (The twisted cubic). The cubic Veronese map has image

ﬁb(l[s:t]): [s3 :szt:st}ﬁ]( p3

where
X =V(? —xz,22 —yw,aw —yz) C ]P’[xyzw]

The equations recover every point:

x#0 = [x:y:z:w]=[l:u:?:u’], wu:i=y/x, x=0= [x:y:2:w|=[0:0:0:1].
Its projective Jacobian is
rd d d d T
0 —xz) 5-(7—x2) (7 —x2) (v? —xz)
a ay aZ aW _ 2 —x 0
= i 2 i 2 i 2 i 2 Y| = ()Z _y 27z —
JX(xay7Z7W)* ax(z —yw) ay(z —yW) aZ(Z —yW) 8W(Z —yw - 7W 7Z Y-
d d d W ©oTyox
| 5, 0w —2) a*y(xw—yZ) ;Z(xw—yZ) 3y, 0w =7) |

At v3([s : 1]), either x = s> # 0 or w = 13 # 0, and
x;é0:>det([ § OD:—x27éo, w#Oﬁdet([ :|)—W27é0.

2(y* —x2) +x(22 —yw) +y(xw —yz) =0 = rank(Jx(p)) <2 (p#[0:0:0:1]),
0 0 0O
Jx(0,0,0,1)= [0 —1 0 0|, rank(Jx(p)) =2 (peX).
1 0 0O
Hence
X= IP’I, X is smooth and rational.

Example 3.2.9 (Two crossing lines). Let Z = V(xy,z) C IP?. Then

O ) L) L) 2(w)

- 3 3. I 0 0
Z=V(x,z)UV(y,2), Jz(x,y,2,w) = axa aya aza awa 2[3 g 1 O]'

gz yyZ afzz %Z

Consequently,
rank (Jz(x,y,z,w)) <2 <= x=y=z=0 < [x:y:z2:w]=[0:0:0:1],
Sing(Z) ={[0:0:0:1]} = V(x,2) N V(y,2).
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Theorem 3.2.10 (Embedding in P3). Let X be a smooth projective curve. Then
X=X cP?, X' smooth and projective.
Proof. Project successively from points outside the secant variety.
N<3 = XP"< P  N>4 = dim(Sec(X)) <3 <N,

X —— PV\{q}
dim(Sec(X)) <N = Jq € P"\ Sec(X), prq’XJ~ lprq

prq(X) 5 PN

qgéSec(X):prq‘xisinjective A d(prq}X)p#O (peX),

prylx _
Xcompact:>X—q——>prq(X):X€—>IP>N l'— . = X P
Thus successive generic projections preserve X. U

Theorem 3.2.11 (Nodal plane model). Every smooth projective curve X admits a finite birational
normalization map onto a plane curve with only ordinary nodes.

X\ v!(Sing(C)) —<— C\ Sing(C)

| !

X C c P2

For a generic projection center g,

X —2— P\ {g}

N

C c P2
For every node c € C,

vie)={pl p-}, pl, po are the two local branches.
3.3. Differential Forms and Exterior Calculus.

Definition 3.3.1 (Holomorphic and meromorphic 1-forms). A holomorphic 1-form on X is a collection
a)\Ul_ = fi(z)dz;, fi € ﬁ(zi(Ui)),

such that, for 7;; := z; Ozi_l,
d
fi(2) = fi(L3(2)) 4 Tij(2)-
Equivalently,

*

T
ﬁ(zj(UiﬂUj)) dz; —— ﬁ(zi(UiﬂUj)) dz;

[ T

d
fizj)dzj ——— fj(Tij(zi))d—Zl_Tij(zi)dzi
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The holomorphic and meromorphic cotangent sheaves are
Qx(U) = {(fidzi)i : fidZi = le(f]dzj)} y %.Q.X = QX ®ﬁx ./fx.
Their gluing is the equalizer

res

Qx(U) — Hﬁ(zi(Ui))dz,- Hﬁ(zi(UiﬂUj)) dz;

7
Atevery p € X,

Qx p = Ox pdz, rankﬁx'p(QX’p) =1.
Definition 3.3.2 (Order and divisor of a differential). Let z be centered at p, and write

o = f(z)dz, f(2) =7"u(z), meZ, u(0) # 0.

For a nonzero meromorphic 1-form on a compact Riemann surface,

ord, () :=m, (w):= Z ord,(®) p.

peX
Lemma 3.3.3 (Coordinate invariance of order). For every centered coordinate at p,
ord,(w) is unchanged.

Proof. Letw = T(z) be a second centered coordinate.
0= f@)de=gn)dw,  f(e) = ¢(T() 5T (),
T(z)=zH(z),  H(0)#0,  gw)=w"G(w),  G(0)#0,

7€) = PHEGT (@) 1T (),

#0 = ordy(f) =m = ordy(g).
z=0
Thus the order of a meromorphic differential is intrinsic. O

H(0)"G(0) .T(2)

Definition 3.3.4 (Smooth forms). In a coordinate z = x + iy,
n=a(x,y)dx+b(x,y)dy = f(z,2)dz+¢(z,2)dz, ~ ©=h(x,y)dxAdy.

The basis transformations are
dz| |1 i _ dx dx _1. 1 1 ' dz
dz| |1 —=i| |dy|’ dy| 2 |—i i dz|’
fl_1 1 —i| |a -~
[g =511 bl dzAdZ = —2idxAdy,
dxAdy = édz/\dz, A=A, =)

Proposition 3.3.5 (Covector transformation). Let w = u+ iv = T (z) be a holomorphic coordinate change,
where z = x+iy. Then

J 4 J ; o 0
5-U oo —u —=v

av dy EV 8xu
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For n =A(w,w)du+ B(w,w)dv,

au aV
al _|ox ox AoT| T [AoT
B=|E 5| o] =[5
3yu 8yv

2

du Adv = det(Jr(T ))dx/\dy—‘ dx Ady.

Definition 3.3.6 (Exterior and Dolbeault differentials). For f € Cy, set

0 0 0 0
df = - fdx+ - fdy = 5 fdz+ 5 fdz,
dx dy dz Jz
(3.3.1) 5 5
dof = = fdz, of = = fdz, d=d+9.

2z d7

For n = fdz+ gdz, define
d
n=——=fdzAdz,
97

0
(3.3.2) dn = <§Zg881 > dZ/\dZ,

(fidz+g1d2) A(fodz+g2d2) = (fig2 — f2g1)dz N dZ.

0
an = a—zgdz/\di,

le

JZ{X *> JZ/XZ
d /
o701
X
dla+B)=da+dB, 9dd+dd=0.
The first-stage decomposition is

2.0
C3 _ @9 A0 @ !

| |@prats

MXI ——— %Xl'
The signed Dolbeault ladder is
0 Ox - cc—9 0
dl l«? J—a
0 Oy - L |

Proposition 3.3.7 (Coordinate invariance). For every holomorphic coordinate change T,
T*od=doT", T 0d =0doT", T*0d=00T",
T"(mAM) =T"m AT .
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Proof. Let w = T(z) be a holomorphic coordinate change.

@i = @joT, Ni =a;dz+b;dz=T"(ajdw+b;dw),

P) rd (9
871% B EZT(Z) 0 ‘ <8W(PJ> oT
) o d d ’
Frad 0 EZT(Z) _(awq’]) of
d . d
R s BT P R B
il |bjoT]’ v
b 0 iT(z) bjo dw| 0 gT(z)
dz J dz
d P, d 2779 P
o = ‘dzT(Z) [(awa_ 8w) "T} |
2
dw Adw = (iT(z) dzAdz,  dmi=T7(dn;).

Thus the local formulas define global operators.
Lemma 3.3.8 (Nilpotence). On smooth forms,
d?> =0, 0> =0, 0> =0, 00+ 00 =0.

Proof. Compute in a coordinate z = x + iy.
d d
df = —fdx+ =—fd
f= gl g

d(d d (9
d(df) = » (axf> dy Adt 5 <ayf> dx Ady,

d (d d [ d
wan=[2(20)-5 (2] oo
0=d’f=03df+0ddf, d: .o — o3 =0.
Hence the exterior derivative defines a complex.

Theorem 3.3.9 (Poincaré lemma). The smooth de Rham sequence is exact.

0 C cc—4 5 —L R0

Proof. Work in a rectangular coordinate neighborhood.

N =adx+bdy, ® = hdxAdy, dn =0 < ib:ia7
dx dy
d
F(xy) = /xa(t YO)dH-/yb(x 5)ds ax’ - [“(W)]
) Xo ) Yo Y ) iF b(x7y) 5
dy
n=dr, p:= </xh(t,y)dt> dy,
X0

dg = ;x (/xh(t,y)dt> dxAdy = h(x,y)dxAdy = O.
X0

Thus the de Rham complex is locally exact in positive degree.

Remark 3.3.10 (Holomorphic de Rham complex). Local holomorphic integration gives

'dz
dz|’
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0 C Ox d Qx 0.
Its inclusion into the smooth resolution is

Oﬁgﬂﬁxﬂgxﬂo

[ [

OHQHC;?%X}?%X%HO

Therefore
H*(X,C) ~ HF (X, ox % QX) .

Definition 3.3.11 (Pullback). Let F': X — Y be holomorphic, with
woF =H(z), N = a(w,w)dw+b(w,w)dw.

Then
— d — d
F'n=a(H(z), (Z))&H(Z) dz+b(H(z), (Z))&H(Z) dz.
AtpeX,
. (dFy)*xid
TF(,,)Y XTpX ——— TyX xTX
idxdF,,l l<w>
i)Y X TeY —— 5 C

Moreover,

Floy 50y, Flaft S apt  Flaoy B a0y

27

Proposition 3.3.12 (Functoriality of pullback). For a holomorphic map F: X — Y, the following squares

commiute.
c2(Y) —4— F\(v) C2(Y) —2— 1Y)
r| |+ el |+
C*(X) —— Z'(X) C*(X) —5— o(X)
() — 25 O(y) Y x ANY) —L s (Y)
F*l lF* F*xF*l
C=(X) — %1 (X) AN X) x dN(X) —— o

Forx Ly Sz
(GoF)' =F*oG*,  id} =id.

Corollary 3.3.13 (Holomorphic forms are closed). If @ = f(z)dz € Qx(U), then
d
do=—-—_fdzAdz=0.
97

Definition 3.3.14 (Contour integral). For a piecewise smooth path y: [a,b] — X,

b
/n:=/v*n-
Y a
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If zoy=1t+z(t) and n = fdz+ gdz, then

/yn = /ab [f(z(t),z(t)) %Z(I)-Fg(z(f)am) iz(z‘)] dr.

Equivalently,

Theorem 3.3.15 (Stokes on a Riemann surface). Let M C X be a compact oriented subsurface with
piecewise smooth boundary. Then

(M) —L— F(M)

a ’
A (OM) — C

Theorem 3.3.16 (Stokes for paths). For f € C*(X )and y: [a,b] = X
[ ar = rre) = rr(@).
CX) —— (X

7 v

C*(la,b]) —*— o ([a,b])

evy—evg, Jias)

C C

Proof. Apply the complex chain rule on coordinate subintervals.

7 (@0 = | (526) c020) g0+ ( 527 ) (0.0

(5:) €020 20+  526) C0.0) 0 = G 7o)

far= [ Gueno

/ahi(foy)@df = f(y(b)) — f(r(a)).

Thus exact forms have zero integral around every closed path. O

~
~—

~—
| e
N‘

—

~

~—

—_
o

~

4. RESIDUES, DIVISORS, AND THE CANONICAL CLASS

Throughout, X is a compact connected Riemann surface.
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4.1. Residues.

Definition 4.1.1 (Residue of a meromorphic 1-form). Let z(p) = 0, let %; = {|z| = €} have positive

orientation, and write
0= Z a,7" | dz.
n=—N
Then

1
411 R =dad_1 = —
( ) esy(w) :=a_ i /yg 0]

Lemma 4.1.2 (Coordinate invariance). For every local biholomorphism T : (X,p) — (Y,q),

My, — 5

-

%QXJ; pr> (C

In centered coordinates w = T (z) = zu(z),

d
—ulz
d #07 T*<dm}>:dz+d2()dz,
z=0 w

u(0)= —T(z) : T

dz
d(T(z2)"") = Res,(T*®) = Res, (o).

n#—1 = T"(W'dw)= o

Proposition 4.1.3 (Residue sequence). Let Qx (p) consist of meromorphic 1-forms holomorphic away
from p, with at most a simple pole at p. Then

0 Qy < Qx(p)

For every coordinate z(p) = 0, the stalk sequence is

Res,

C, 0.

R
0 — Qx, — Qx(p)y —5 C — 0

11

0 — Oxpdz — Z_lﬁX,demﬁ,IC — 0.

The sequence is exact as a sequence of sheaves; its map on global sections need not be surjective.

Proposition 4.1.4 (Logarithmic derivative). For f € .4y,

df  dz | gu(@)
7Tl

d
//ZXX,p fedf/f MOy,

ord ,,l lRCS p

7 —  C.

dz = Resp<dff> =ord,(f).

f=7"u, u(0) #0 =

Theorem 4.1.5 (Global residue theorem). For every @ € H(X, .#Qx),
Z Res,(w) = 0.

peX
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HOX,.#Qy) B0 (e

peEX
0 Jen=Eaey
C.
If p1,...,pr are the poles and M = X \U)_ D5, then
oM =—y — do =0,
0= /d / :—27rzZResp ).
oM pex
The logarithmic derivative gives the global compatibility diagram
At (X)L gox ey

div J(Resp)pGX

Div(X) —— @ C
Zp appH ap

deg j(cp)p'ﬁzp Cp
7 < C.

4.2. Divisor Classes and Line Bundles.

Definition 4.2.1 (Divisors).

DIV(X) :@Zpa D= Zapp7 Supp(D) ::{pEX§ap7éO}, deg Zap
peX peX peX

The sum is finite, and D > 0 <= a, > 0 for every p. For f € .#x(X)*,
div(f) := Y ord,(f)p, Prin(X) := {div(f): f € Ax(X)"}.

peX
Definition 4.2.2 (Linear equivalence and the Picard group).
D~D <= D' —D=div(f) forsome e .#x(X)",
Pic(X) :=Div(X)/Prin(X),  Pic?(X) := {[D] € Pic(X) : deg(D) = d}.

]
| —— C ——— (X)) — Div(X) —— Pic(X) —— 0

Div(X) ——» Pic(X)
dng{ ldeg
7.

Definition 4.2.3 (The divisor sheaf). For D=} ,a,p,

Ox(D)(U) :={0}U{f € ax(U)* :ord,(f)+a,>0forevery peU}.
D<E = 0Ox(D)C Ox(E),  Ox(—p)C Ox C Ox(p) C Ox(2p) C
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Lemma 4.2.4 (Local triviality). For every D € Div(X), the sheaf Ox (D) is locally free of rank 1. If
Dly =ap,  z(p)=0,

then
Ox(D)ly =720y,  fe€Ox(D)(V) < Zf € Ox(V).
hszh
Oy —— 0x(D)ly
f=tf
Proposition 4.2.5 (Divisors and line bundles). If D' = D +div(g), then
Ox(D) 5 Gy (D)
My —— M.
h—h/g
Furthermore,

Ox(D) ®gy, Ox(E) = Ox(D+E),  Ox(D)" = 0x(-D),

and every holomorphic line bundle on X has a nonzero meromorphic section. Hence

Pic(X) ——— {holomorphic line bundles on X } | =

| T

D] ox(D).
ﬁx(D) = ﬁx(E) <~ D~E.

Proposition 4.2.6 (The Picard group of P'). For every e € P!,
deg: Pic(P') 5 7, [D] — deg(D), Opi (D) = Op:i (deg(D) - o).
For D = Zp app,

fo@) =[] —2=p)*,  div(fp) =D—deg(D)-eo.
p#e
deg
Pic(P') —% 7

4.3. Canonical Divisors and Pullback.

Definition 4.3.1 (Canonical class). A divisor Kx is canonical when

Ox (Kx) ~Qy.
Equivalently, for every 0 # @ € H(X, .#Qx),
Kx ~ div(w), [Kx| € Pic(X).

Lemma 4.3.2 (The canonical line bundle). If0 # o € H*(X, . #Qx) and Kx = div(®), then

ﬁx(Kx) % Q.X

]

h —— ho.

For nonzero meromorphic 1-forms 1, @,

31
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(HOX, ax)\ {0})” P22 g ()

(71-,60)H>((17)7(w))l JfHdiV(f)

Div(X)? Div(X).

(D,E)—~D—E
Thus
N =fo = div(n) —div(w) = div(f) = div(n) ~ div(w).

Example 4.3.3 (The canonical class of P'). For w = 1/z at o,
1 .
dz= 2 dw, div(dz) = —2eo, Kpi ~ =200, deg(Kpi) = —2.

Definition 4.3.4 (Pullback of divisors). Let F': X — Y be nonconstant. For D =}y a.q,

F*(g):= ), multy(F)p, F*(D):=Y a,F*(q).
PEF~(q) q€Y

Lemma 4.3.5 (Pullback laws). Pullback is additive, and
My (Y)Y — Div(y)
g»—)goFl l *
Therefore

Div(Y) —E&— Div(X)

Pic(Y) — Pic(X)

deg deg

n—deg(F)-n
F*6y(D) = 6x (F*(D)).

Lemma 4.3.6 (Pullback order). Let F: X — Y be nonconstant and holomorphic, let p € X, let g = F(p),
and let 0 # o € M Qy . Then

ord,(F*®) = mult,(F) (ordy(®) + 1) — 1.
Forw=z° and @ = w"u(w)dw,
e = mult,(F), Fro=ezfm=1y() dz, m = ord, ().

Theorem 4.3.7 (Divisor form of Riemann—Hurwitz). Let F: X — Y be nonconstant and holomorphic,
and let Rp be its ramification divisor. Then
dF

0 —— F*Qy Qy Qxy —— 0,

where Qy jy is supported on Supp(Rr). At p € X, withw = z°,
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0— (F*Qy>p % Qx’p — 'Q'X/Y,p — 0

s

0 ﬁX’Pa»—)eze’laﬁX’p — ﬁxm/(zefl) — 0.

e =mult,(F), lengthy, (Qxy,) =e—1,
dF € H'(X,Qx ®¢y (F*Qy)Y),  div(dF) =Rp.
Consequently,
4.3.1) Qx 2 F*Qy ®¢, Ox(RF), Kx ~ F*Ky +Rp.

F*Qy ®¢, Ox(Rp) ———— Qx
ﬁx(F*Ky —i—Rp) _ ﬁx([(x).

Theorem 4.3.8 (Poincaré-Lelong). For 0 # f € .#x(X), define
5div(f) = Z Ordp(f) 5p.

peX
Then .
5-09 (1og(( 1)) = dui(y)-
My (X)) — Div(X)
03 108(117) | [P
PVNX) =—= 2" (X).
Locally, if f = 7"u and u(0) # O, then
log(| /1) = mlog(|z|*) +log(|ul*), 99 (log(|u|*)) =0.
For ¢ € C2(C),

d (0 d [ d
Ag(@) := I <8x(p) + ER <o7y(P> )

A (log(|2]%)) = 478, ﬁaé(log(\zﬁ)) — &

999 = L An(p)drAdy,

N~

5. RIEMANN-ROCH, CANONICAL MAPS, AND JACOBIANS
Throughout, X is a compact connected Riemann surface of genus g, and D € Div(X).
5.1. Sheaf Cohomology and Riemann-Roch.

Definition 5.1.1 (Sheaves). A presheaf .# assigns restriction homomorphisms pY : .Z (U) — .Z (V) for
V C U, with
py=idzw), WCVCU = py=pyopy.
It is a sheaf precisely when every open cover U = J; U; gives the exact equalizer
0 —— F(U) —— [[Z7 W) —=2 [[ZWinu)).
i ij
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The principal examples are
Ox, My, Qx, P4 Ox (D).
Definition 5.1.2 (Sheaf cohomology). By Proposition ??, every sheaf .% of 0x-modules admits
0 F g0 8 g8,

and global sections give

0 1
00— x) —2 L x) =X L 2y —
Define 5
HOX, P) = F(X),  HIX,F) = 20%) sy
im(s{ )

HI(D):=H!(X,0x(D)),  h%(D):=dimc(H(D)).
Every short exact sequence 0 — %' — % — "
0 — H'X,7") — H'X,Z#) — H'(X,Z")

H'(X,7") — H'(X,Z) — H' (X,Z7") — H*X,F') — ---.

— 0 gives, by Theorem ??,

)

Theorem 5.1.3 (Dolbeault resolution and Hodge decomposition). For every holomorphic line bundle .,

0 7 ALY —4 s N P) —— 0.
Theorem gives
0 — HX,.Z) — 220X, 2) %% 0" (X, L) — H'(X,.2) — 0,
and ol
(X
Bz OD) gy z)—0 (g2,
im(dy: @ (X, L) — oy (X, £))
For & = 0O,

i (X:€) ——— HY(x) @ HY' (X)
H°(X,Qx) ng(X, Ox).
Complex conjugation exchanges the two summands, and
dime (Hig (X;C)) =2¢ 22 ¢ = dime (HO(X,Qx)) = dime (H' (X, 6x)).
Definition 5.1.4 (Global sections and complete linear systems). Definition [#.2.3] gives
H°(D) ={0}U{f € #x(X)" : div(f)+D >0}, ID|:={E €Div(X):E >0 A E ~D}.

Lemma 5.1.5 (Evaluation and dimension jump). Let i,: {p} — X, let £ = Ox(D), and put £, =
ipe(ZL|p). In the cohomology row, identify H*(X, %) = £\, and suppress H*(X,—). Then

0 — Ox(D—p) — 0Ox(D) 2, 0,

ev,

0 —— H(D-p) —— HY(D) %, H'(D—Dp).



ALGEBRAIC CURVES

The latter continues as
H'(D-p) —— HY(D) ——— 0.

If D|y = mp and z(p) = 0, then

Ox(D), Z"O0x 0
— P~ | ~C, k = H(D - p),
Ox(D—p), z'"0x, lp er(evp) (D—p)

0<(D)—K(D-p)<1, deg(D)<0 2L 1°(D)=0,
N€Zwo, N>deg(D) = deg(D—Np) <0 22 HO(D—Np) =0.

N-1
Dj:=D—jp, H'Dy)=0= h'(D)=Y (h°(D;)=h'(Djs1)) <N <es.
j=0
Proposition 5.1.6 (Projectivization of sections). By
PH’(D) —=—— |D|

[ [

[f] —————— D+div(f).

Indeed,

D+div(f) = D +div(h) <= div(f/h) =0 L f/heC* « [f] = A
If D' = D+div(g), then

HD)SHWD),  fr L (/g0 =dvn+0, 1Dl= 0|
Theorem 5.1.7 (Serre duality). For every holomorphic line bundle £, integration induces
H'(X,2) 2H(X,Qx ®g, £").

For & = Ox (D),

H'(D)®H"(Ky — D) —— H'(Kx) —=— C,

([Ot],s)l—>/xs/\a, H' (D) =H(Kx —D),  h'(D)=h'(Kx —D).

Equivalently,

Picd (x )~ O picdea(ki)—d )
_S,”»—m'(X,_%)J J///Hho(x,///)

Theorem 5.1.8 (Riemann—Roch). Let £ = Ox(D), and define deg(.£) := deg(D). Then
(5.1.1)
XX, L) =X, 2)—h'(X,Z)=deg(L)—g+1,  h(D)—h’(Kx —D) =deg(D)—g+1.

PiC(X) L-x(X,2L) 7

35
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Proof. Apply Euler characteristic to the point-extension sequence and then use Serre duality.
X compact and connectedhO(O) =1, h'(0) =g, x(X,0x)=1—g.
0 — Ox(D—p) — Ox(D) = ip(Ox(D)],) =0 == x(X,0x(D)) — x(X,0x(D—p)) = 1.

D=Y a,p = x(X,0x(D)) = x(X,0x)+ Y a,=deg(D)—g+1.
peX peX

h'(D) = i°(Ky — D) =2 1(D) — h°(Ky — D) = deg(D) — g+ 1.
This proves Equation (3.1.1). 0
Corollary 5.1.9 (Riemann—Roch consequences).
D=Ky 22 deg(ky)=2¢—2,  h’(D)=deg(D)—g+ 1+’ (Kx —D).
Define the index of speciality by
i(D) := h' (D) = h°(Kx — D), D is special <= i(D) > 0.

Moreover,

WD) >deg(D)—g+1,  deg(D)>2g—1 = deg(Ky — D) < 0" (p) =

deg(D) >2¢g—1 = h%(D) = deg(D) —g+1.

5.2. Linear Systems and Canonical Maps.
Definition 5.2.1 (Projective linear systems). Let V C H(D) satisfy dimc (V) = n+ 1. Define

|V|:={D+div(s) :0#s€V} C|D|, Fy : :Or;nn (D+div(s)),
eV

Bs(|V]) := Supp(Fy), |V is base-point free <= Fy =0.
Equivalently,
Vec Oy —>— Ox(D).

Proposition 5.2.2 (Linear systems and projective maps). Let V C H°(D) be base-point free, with basis
80y - -,8,. Then

gv: X —P(V)=P",  pr—fevy]=[so(p) - sa(p)].
Every local frame of Ox(D)|y gives

n(P) Cn+l \ {0}

\/

The pulled-back universal quotient is

. o7 (q) «
¢y (V ®c Opyvy) Ty oy Oy (1)

Conversely, every nondegenerate ¢ : X — P" arises from
L= "0pm(1) 2 0x(D), V:i=im(H"(P",0pm(1)) - H°(X,.2)),

uniquely up to a linear change of homogeneous coordinates.
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Proposition 5.2.3 (Hyperplane divisors). Fora=[ag:---:a,] € (P")",

Xo 50
Hy,=V [ao an]. : , sa::[ao an].
Xn Sn
Then
¢y (Ha) = D+div(sa), V| ={¢y(H): H CP" a hyperplane}.
BV) — s |V

{1

PV e VI

Definition 5.2.4 (Separation and very ampleness). For & = Ox (D),
vy H'(D) — Z|,© L1y, s (s(p).s(@)  (p#9)-
For z(p) = 0 and a local frame of .Z, the invariant first-jet map
jp: H'(D) — H°(2p, £)y,) = C*
is represented by

s(p)

jp(s)=1 2
b a*ZS(Z)

z=0
Surjectivity of ev,, , separates points; surjectivity of j}, separates tangent vectors. The divisor D is very
ample when @) is an embedding, and ample when mD is very ample for some m > 1.

Proposition 5.2.5 (Evaluation criteria). For a length-two divisor
7. pte, rFa
2p,  p=q,
the cohomology sequence is
0 — HY(D—2Z) — H(D) =% H'(Z,0x(D)|z)

0z

/

H(D-Z) — H' (D) ——— 0.
Consequently,
ker(ev,) = H(D —p), ker(ev, ) = H’(D—p—q), ker(j},) = H’(D-2p),
D| is base-point free <= h°(D—p) =h’(D)—1 (p € X),
D isvery ample <> h°(D—p—q)=h"(D)-2 (p,q€X),
where p = q is tangent-vector separation.

Corollary 5.2.6 (High-degree systems).
deg(D) >2g = deg(D—p) >2g—1 oig R(D—p) =h'(D) -1 623 |D| is base-point free,
deg(D) >2g+1 = deg(D—p—q) >2g—1 W(D—p—q)=hr(D)-2 D is very ample.
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Theorem 5.2.7 (Meromorphic functions and projective realization). For every p € X, there is a noncon-
stant meromorphic function holomorphic on X \ {p}. Moreover, X is a smooth projective algebraic curve
and X \ {p} is a smooth affine algebraic curve. Indeed,

=g+ 1)p Z2 (D) =g+2>1 = H(D)\C+# o,
feH(D) \C = div(f)+D >0 = f € Ox(X\{p}), f: X — P nonconstant,
deg(D) =2g+1 529 pis very ample 5 Op: X — PEFL,
For the hyperplane H corresponding to 1 € H(D),
X\ {p} - X
o] jpo
op(X)\H ——— ¢p(X) C Ps*.
¢p(H)=D,  P¢TI\H=Cs
op(X) C P& is closed analytic azz ¢p(X) is projective algebraic.

dp(X)\ H C C¥ is affine algebraic.
Theorems|3.2.10\and |3.2.11|further give an embedding in P and a finite birational nodal plane model.

Definition 5.2.8 (Canonical map). For g > 1, choose a basis @, ..., @, of H*(Ky) = H°(X,Qx). When
|Kx| is base-point free, define

(5.2.1) Oyt X — P71 pes (@i (p) - @, (p)).
Proposition 5.2.9 (Canonical base-point freeness). If g > 2, then |Kx| is base-point free. Indeed,

W(p)>1 = IfcH'(p)\C = deg(f) =1 22 x =P,

§22 = i(p)=1, K (Kx—p)—h(p) = deg(Kx —p)—g+1=g-2,
WKy —p)=g—1=h"(Kx)—1 |Kx | is base-point free.

Theorem 5.2.10 (Canonical map dichotomy). Let g > 2. If X is nonhyperelliptic, then ¢k, embeds X as a
smooth curve of degree 2g —2 in P$~!. If m: X — P! has degree 2, then

X x pe!
\ / Vet ([usv]) = [~ w2y v
/ Vg—1
IP)I

50 @k, is two-to-one onto the rational normal curve of degree g — 1.

Ox(Kx) =7 Opi (g —1).

Proof. Apply Riemann—Roch to Ky — p — g and use the length-two evaluation criterion.
D=Ky—p—q 210 Ky —p—q)—h(p+q) =g 3.
WRKy—p—q)=g—2 < h(p+q)=1 523 |Kx | separates p+q.
P(p+q)>2 = IfeH(p+¢)\C:1< deg(f) <2 24 deg(f) =2 = X is hyperelliptic,
X hyperelliptic = 3p,ge X :n (o) =p+q, (p+q)=2 623 |Kx| is not very ample.
X nonhyperelliptic 623 @k, is an embedding, deg (9, (X)) = deg(Kx) =2g—2.
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X =V(*—h(x)), deg(h) € {2g+1,2¢+2},

H°(Kx) = spang (xji;x 0<j<g— 1) = Pk, = V4 10T,
Thus failure of length-two separation is precisely the hyperelliptic factorization.
Example 5.2.11 (Low-genus canonical models).
g=0: X=P' mKyx)=0;, g=1: Kx~0, ¢g:X—P
g=2: X is hyperelliptic, deg(k,) = 2,
g =3, X nonhyperelliptic: ¢k, (X) C PP? is a smooth plane quartic,

g =4, X nonhyperelliptic : ¢, (X) = V(0,,03) C P?, deg(Q2) =2, deg(Q3)=3

For g = 1, every 3p satisfies
R (3p) =3, 3p is very ample, $3p(X) C IP? is a smooth plane cubic.
Proposition 5.2.12 (Multicanonical embeddings). Let g > 2 and n > 2. Then
deg((1—n)Kx) < 0FEEF B (k) =0 B p0(nky) = (20— 1) (g — 1).

Moreover,
g > 32KX very amqleX . P2ky P3g74,
g > 23Kx very ampleX . D3k P5g76.
Indeed,

g>3 = deg(2Kx) =4g—4>2g+1, g>2 = deg(3Kx) =6g—6>2g+1,

deg(nKy) >2g+1 nKx is very ample.
5.3. Abel-Jacobi Theory.

39

Theorem 5.3.1 (Normalized periods). Choose the symplectic basis from Proposition[A.0.1] Its intersection

matrix is
10 I T
J—[_Ig 0], y-n_my-J'm,,.
There is a unique basis oy, ..., 0, of H(X,Qy) satisfying

[o  [o
ai ap

[o = [o
L 4 a

w - .
by by 8

a)l P / CO
_/};}Z bg g_

Tt S =s(t-7)>0, 0£veC — v -3(t)-v>0.

The period matrix

satisfies
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Definition 5.3.2 (Jacobian). Define
P H((X,2) — H'X,Q)", 2 (0):= /w
Y
Ax :=im(P) =725 +1- 78 C C8.
Then
(5.3.1) Jac(X) := H(X,Qx)" /Ax = C8/(Z8 4 - Z8).

The intrinsic and normalized-coordinate sequences are

(m,n)—m+7-n

0 728 Ce C8/(Z8 +7-78) —— 0

1 |

0 —— H(X,Z) —— H(X,Qy)" ———— Jac(X) ———— 0.

e rankz (Ax) = 2g, dimc (Jac(X)) =g, ToJac(X) = H(X,Qx)".
ForA=m+7-nand '’ =m’+ 7.1/, set

EA,A):=m"-n'—n"-m' € Z.
Theorem ?? identifies E as the unimodular Riemann form defining the principal polarization.

Definition 5.3.3 (Abel-Jacobi map). Fix po € X, a universal cover 7: X — X, and py € 7! (po). Define

- I’;’ . -
/ T
Po

w(p):= : € Cs.

It descends through

Extend linearly by

Hpo (g”ﬂ%) = i njlpy(Pj); Div’(X) := {D € Div(X) : deg(D) = 0}.

J=1
Proposition 5.3.4 (Well-definedness and differential). For y € m (X, po), let Ty be its deck transformation
and [Y]ay € Hi(X,Z) its homology class.

X — X

J 1

—> g
V>—>V+]( [Y]ab)
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Hence
W(Typ) = n(p)+ Z([Ylab) = Mp,: X — Jac(X) is well-defined and holomorphic.

The differential is the evaluation functional:

dity | d(T- )
r,x Sl Ty (pac(X) ——2" TyJac(X)
V= (0= 0,(v)) HO(X,QX)V.
Thus
(A, ], 0)) (@) = 0,00
P<d(Tﬂp ([’))‘ ) dupo‘p (TPX)> ¢Kx(p)
For p1 € X,

Hp, (P) = Mpy(P) — Mpo(P1),  Hp (D) — Hpy (D) = —deg(D) -ty (P1),
S0 Mpo | iy (x) is independent of po.
Theorem 5.3.5 (Abel). The Abel-Jacobi homomorphism satisfies
p: Div'(X) - Jac(X), D€ Prin(X) <= u(D)=0.

Equivalently,
0 — Prin(X) — Div®(X) —%— Jac(X) ——— 0
Pic’(X) ——— Jac(X).
Thus
(5.3.2) m: Pic®(X) S Jac(X),  [D]— u(D).

For g > 1, Up, is an embedding, since
Hpo(P) = Hpy(0) B2 p—gePrin(X) = p=gq,
where p # q would produce a degree-1 map to P' by Proposition ' and
g> 2B gy 120, g=1"E div(w) =0 = du,,|, £0.

Wp, injective A dp, |, #0 azd Up, is an embedding.
Proposition 5.3.6 (Cohomological Picard variety). The exponential sequence is

0 Zy oy 12 o 1.
Its cohomology segment is

0 — H'(X,Z) — H'(X,0x) — Pic(X) 5 H?*(X,Z) — 0.
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Here
H'\(X,07)=Pic(X), H*X,2)=7, c(Ox(D))=deg(D).
For a € H'(X,Z) and o € H°(X,Qx), normalize Poincaré and Serre duality by

/ = / oo
PD(ax) X
Then Theorems and give

0—— s H'(X,Z) — H'(X,0x) —— Pic®(X) ——— 0

00— H(X,Z) —— H(X,Qx)" —— Jac(X) —— 0.

»
Therefore
Pic’(X) = H'(X,0x)/H (X,Z) = H°(X,Qx)" /Ax = Jac(X).
At the identity,
TyPic®(X) —=— H'(X,0%) H(X,Qx)" —=— TpJac(X).

Definition 5.3.7 (Symmetric products and Brill-Noether loci). For d,r > 0, define
XW=X/Sy,  aa(pr+---+pa) = [Ox(p1+- + pa)] € Pic(X),
Wi (X) = {[g] e Pic! (X) : iO(X,. L) > r+ 1} L Wa(X) == WOX) = ag (X)),
For every [.Z] € Pic?(X),

[s]—>div(s)

P(H'(X,Z))

.

{[£]} —— Pic/(X).
Thus
a;'((£) =2P(H(X,2)), K'(X,&)>0= dimc(qa,'([£]) =r"(X,ZL) 1,
X, %)=0 < a,'(¥)) = 2.
Theorem 5.3.8 (Jacobi inversion). Assume g > 1. Then
p: X8 —Jac(X),  pr+ec+po— u(pr)+-+u(py),

and

X¢ xE % picg(x)

“_(g)‘/ NJTng

Jac(X) «———— Pic’(X).

Both maps issuing from X &) are surjective and birational, where

T_gpo([Z]) == [Z(—2P0)]-
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Proof. Identify the fibers with complete linear systems and apply Riemann—Roch in degree g.
deg(Z) =g 22 0(x,.2) =1 +h°(X, 0x(Kx) ®p, L) > 1 = ag is surjective.
Eca,'(£) BL E—div(s), [s]eP(H'(X,2)) = a;'([£])) 2P(H(X,.2)).
g=1 = deg(Ox(Kyx)®g, L") = —1FEEEOx 2y = 1.
§>2 = KX, %) >1 < " (X,0x(Kx) ®p, L") >0 <= [L] € [Kx] — Wp_a(X).

g>2, dimg (W,—»(X)) < g—2 < g = dim¢ (Pic*(X)) ?@hO(X,f) =1 generically.

Hence ag, and therefore 1(®), is surjective and birational.
Proposition 5.3.9 (Theta divisor). For g > 1,

X 2y W (X) —— Pict (X))

NOT(gl)poJ NJ/JOT(&’W’O

0, —  Jac(X).
Here
Op, 1= H(T*(gfl);’o (Wg—l (X))) C Jac(X), dim(C(@Po) =g—1,
and Oy, (x)(®p,) induces the principal polarization of Deﬁnitionw

Example 5.3.10 (Extreme genera).
¢=0 = H(X,Qx)=0, Jac(X)=0, Pic°(X)=0.

For g =1,
Upy: X = Jac(X) = C/(Z+7-Z), 3(1) > 0.

43
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Part 2. Curvature-Homogeneous Riemannian Geometryﬂ
6. MOVING FRAMES AND THE CURVATURE REDUCTION

Let V := R” have its standard inner product, let G := O(V), and let 7: F — M be the orthonormal
frame bundle of a Riemannian manifold (M",g). All tensor products, orthogonal complements, and
adjoints in this part are taken over R.

6.1. Curvature and the Bianchi Identities.
Definition 6.1.1 (Algebraic curvature tensors). For r € S?(A2V*), define
ﬁ (r) (x7y7z7 W) = r(‘x7y7Z’ w) + r(y7z7x7 W) + r(Z7x7y7 W)'

The algebraic curvature representation is

20,2
—1
oy =K (V) :=ker(B), dimg (%) = n(nlz)
0 Hy ¢ SNV — P At
Equivalently,
Tijki = —Tjiki = —Fijik = Tklij Fijid + Tiktj + rije = 0.

Definition 6.1.2 (Tautological and connection forms). The tautological form @ € Q!(F,V) and the
Levi-Civita connection 8 € Q!(F,s0(V)) are written
o! o', .- gln
o=|:1|, O6=1|: .. |, 6';+6/;,=0.
" o", - 0",
For matrix-valued forms, the dot includes matrix multiplication and exterior multiplication of the entries,

0y N O" ;.

(0-0):=) 670/, (0-0);:=
J=1 1

n
k=

Proposition 6.1.3 (Cartan structure equations). Let R: F — %, be the curvature function. With Q :=
dé+6-9,

1 n

6.1.1) do=-60-0, d0=-0-0+R(0A®), QyziijﬁmﬁAd.
ki=1
In components,
o' ol - 0] [
d . = - . - . .
" e, --- 07, 0k

Proposition 6.1.4 (Bianchi identities). The structure equations give
Qij AN/ =0 Rijkl +Rik1j -I-Riljk =0,
dQ+6-Q-Q-0=0 <= R jym+R jimx + R juis = 0.
Equivalently, there is a function R': F — V* @ ¥, satisfying
dR=-6-R+ (R, m), Alt(R") = 0.

“Based on lectures by Robert L. Bryant [2].
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Po=0 €0

dQ+6-Q-Q-0 =0 =——— Alt(R) =0
Q=R(0N®)

Proof. Differentiate Equation ( and use the graded Leibniz rule.
0=d2w=—de.w+e.dw:—(de+9-e)-w:—g-w.

QN =0 Z Riyo" No'Nw/ =0 < Ry +Ry;+R 1 =0.
=1

dQ=d(d6+6-0)=d6-6—-0-d6=Q-0—-6-Q.
dQ+6-Q—Q-0=0 < Alt(R) =0 < R jjun+R jimsk + R jues = .
These are the algebraic and differential Bianchi identities. g

Definition 6.1.5 (Curvature homogeneity). The metric g is curvature homogeneous of type r € %, when
Vx,yeM 3Jiy: TM =TM,  178,=8, LR, =R.
Equivalently,
R(F)=G-r, B,.=R'(r)#@, =#n(B)=M.
The implications among the three local conditions are
VR =0 < locally symmetric = locally homogeneous => curvature homogeneous.

Neither reverse implication holds in general for n > 3.

Proposition 6.1.6 (Orbit codimension). Let H, C G stabilize r and put d, := dimg (H,). Then
nin—1)
- dr:

2

n(n— 1)(111; 2)(n+3) rd.

Thus curvature homogeneity is an overdetermined, diffeomorphism-invariant second-order system for
everyn > 3.

dlmR(Gl") =

codim 4 (G-r) =

6.2. The Cartan-Spencer System.
Proposition 6.2.1 (Curvature reduction). Use the action
(a-r)(x1,x2,x3,x4) ;= r(a " -x,a7 " xo,a ! oxs a7 xy).
The curvature function is equivariant,
R(u-a) =a ' -R(u), H. :={a€G:a-r=r}, hr:={A€so(V):A-r=0}.

FxG oo p B, F
indl lR l JR
Hgx G —— N —

(s,a)—a"1-s

The level set B, is the principal reduction



46 1Z TECUM

T

H, B, M
G F u M.

Definition 6.2.2 (Bianchi tableau). For A € so(V), the infinitesimal action is

4
(A-r)(x1,x2,x3,X4) 1= — Z r(X1,. .y A Xy, ..., Xa).
v=1

Set
EO(V) =b,Om,, m, = []rla 6|B, =Y+,
=TI (0ls),  7:=T (0]s).
The form y is an H,-connection and 7 is semibasic,

0 b, — 5 T,B, — 2y 0
m,.
Hence
t=p(w), p:B,—V'®@m,  p(b-h)=Adh")-p(b)-h.
Define

B: V¥ eom, — AV @s0(V),
B-(P)(x,3,2) := (P(x) - 1) (v,2) + (P(y) - 7)(2,%) + (P(2) - ) (x, ),
A, :=ker(f,) CV*@m,.
The second Bianchi identity yields

p

LA, - VFem, —— AV*®@so(V).

B,

Proposition 6.2.3 (Reduced structure equations). For A € b, and P € V* Qm,, put
(A-P)(x):=]A,P(x)] — P(A-x), DYP:=dP+vy- P,
D¥Yt:=dt+y-t+71 vy, %r(p):=r(0No)—p(o) p(o).
On B,, Cartan’s equations reduce to
(6.2.1) do=-y-0-p(o) o, dy=-y y+I (% (p)),
DY (p(®)) = T, (,(p)).
The two curvature projections are encoded by
do+6-0=r(oNw)

Hhr \

dy+y-y DY (p(w))
=IIy,(%:(p)) =M, (6:(p))"
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Proof. Project Equation (6.1.1)) along so(V) = b, & m,.
do =—~(y+p(0))- 0=—y - 0—-p(w) .
dy+d(p(0)) = —y-y -y p(0) - p(0) - y—p(0)  p(0) +r(o A o).
Iy, (y - p(0) + p(w)-y) =0, T, (v y)=0.
dy +y -y =TI, (r(0 A ®) - p(0)  p(w)).
d(p(@))+y - p(@)+ p(@) -y =1, (r(0 A o) - p(o) p()).

These are the reduced structure equations. O

Definition 6.2.4 (Spencer obstruction). Since p: B, — A, is H,-equivariant, there is g: B, — V*®A,
such that

D¥p =q(w).
Define
§: V@A, — NViem,  §(q)xy)=q)0)—q0)),
®,(P)(x,y) 1=, (r(x,y) — [P(x), P(y)]) + P(P(x) -y = P(y) -x).
Then
(6.2.2) dp=—-y-p+q(0),  (q)=2P(p)=0r(p)+L:
The obstruction space and first prolongation are
AV @m |
H*2(4,) = =—o— 0 AV —ker(8) CV* ®A,.
4= s er(3) C V'
0 Al ViRA —> 5 A2V @m, —» H°2(A,) ——— 0
I‘br
Ay

The first algebraic compatibility condition is
[@-(p)] =[Qr(p) + L] =0 in H*?A,)|
not Q,(p) + L, = 0 in A2V* @ m,. Further compatibility is obtained by prolongation,

p b q oM q1 DY Ar IANAAAAAY Agl) AAAAAAAAD AS,Z) EVUVVIPON

Corollary 6.2.5 (Vanishing tableau). If A, = 0, then every curvature-homogeneous realization of type r is
locally symmetric,

Ar=0 = p=0 = 1=0 = VR=0 = (M,g) is locally symmetric.
More generally,
p=0 <= VR=0 < (M,g) is locally symmetric.
7. LOow-DIMENSIONAL CURVATURE HOMOGENEITY

The curvature representation is rigid in dimension two, equivalent to the Ricci representation in
dimension three, and splits into four irreducible pieces on oriented four-manifolds. These decompositions
expose both the rigid and the genuinely inhomogeneous cases.

aoB::%(a®ﬁ+[3®a), a>:=aoa  (o,f € AV¥).
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7.1. Dimensions Two and Three.

Theorem 7.1.1 (Minding, [2]). For a Riemannian surface (M?,g),
Hr =R, Ry =K(gagji—gugi),  H-=0(2), A =0,
curvature homogeneous <= K is constant <= VR =0 <= locally a two-dimensional space form.
K>0 — 5% K=0 — R? K<0 —— Hz.
Proposition 7.1.2 (Ricci determination in dimension three). For dimg (V) = 3, contraction is an isomor-

phism

~ 2 (Y] * ~ 2 (Y] *
% r—Ric(r) § (V ) R@SO(V )

S € €

r —————— Ric(r) ———— (Scal(r),Ric°(r)).

Its inverse is

. . . . Scal(r
(7.1.1) Riju = giRicj — giRic jx — g jxRicy + g jiRicy — 2() (gikgj1 — &ilgjk)-
Hence

(M3, g) is curvature homogeneous <= Spec(Ric*) = {c|,c2,c3} is constant on M.

In an adapted orthonormal frame,

cit 0 O el ciel
[Ricﬁ] =10 ¢ 0], Ric!- ey | = |cren
0 0 cj3 e3 c3es

Corollary 7.1.3 (Three-dimensional stabilizers). The multiplicity pattern of Ric* determines H.,

c1,¢2,¢3 distinct =——> H, = 0(1)3

/

Spec(Ric?) ———— ¢ = # c3 =———= H, = 0(2) x O(1)

T

Cl=C)=¢C3 = Hr :O(3)
The final branch is the constant-sectional-curvature branch.

Theorem 7.1.4 (Kowalski-Priifer, [2]). For every constant triple (c1,cz,c3) that is not scalar, there
are local real-analytic, curvature-homogeneous, non-locally-homogeneous metrics with these Ricci
eigenvalues. Modulo local diffeomorphism,

c1,¢2,c3 distinct => 3 functions of 2 variables,

c1 = ¢y # c3 = 2 functions of 1 variable.
In Ricci-diagonal geodesic normal coordinates, the corresponding k-jet counts are

() =3(3) = 34 1), dim( 7o) =20k 1)
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For distinct eigenvalues and an adapted coframe & = E 0" + E 0 + E0°, the characteristic variety
modulo diffeomorphisms is

E, = {[E] € P(V"): &168 = 0} = (& =0} U{& = 0} U{& = 0},
o' A®*#0
T

Y CM? o'r0’#£0 noncharacteristic Cauchy data === local curvature-homogeneous metric

\_/

O A3 #£0
For ¢ = ¢ # c3, the transverse type is

c3 >0 =———= elliptic

e

cr=cyFc3 — 3 <0 =——= hyperbolic

I

c3 =0 =——=> degenerate.

Theorem 7.1.5 (Yamato, [2]). Let c1,c2,c3 be distinct and satisfy
2
+c2
Cz>0>Cl+Cz>C3>72
crto

There is a complete inhomogeneous metric on R* with constant Ricci eigenvalues (cy,ca,c3), obtained
from

g= (dz2+E )(dx)* +2F (z) dxo dy + G(z) (dy)?,

E(z) F( z 0 dx
8(axdydz) (Z G( Z of, g=[dx dy dz]-[g](ardyd) - |dY
1 dz

These metrics have cohomogenelty one under translation in x and y.

7.2. Dimension Four. Pass locally to oriented orthonormal frames. For a positively oriented coframe

(e!,e?,e3,e*), put

. e'ne’+edNet . e'neFePNet + el Net 2 NP

771 ‘_Ta 172 ‘_Ta 173 = \/i

I 0
Moo =0 5]

AZV* * AZV*
N VSNV —— s ALVIOAZV™

Proposition 7.2.1 (Four-dimensional curvature operator). As an SO(4)-representation,

HEROSHV)DSHAZV)BSHALVY),  20=1+9+5+5.
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Hy ——— RBSHVH)DSF(AIVH) D SF(A2 V™)

c S
ro (Scal(r),Ric®(r), W,",W,").
Relative to (n;",m, ., ny", 17,1y .N3 ), let B = (b;j) encode Ric®(r). Then
Scal
" W+ Cia2(r) ya B
(7.2.1) R, = S
cal(r)
BT W, 1
r + B 3
Explicitly, if W = (w;‘;),
wih+35  wh wi b b12 bi3
WIZ W3y i— 5 +W2+3 bay b ba3
(%] = Wi3 W3 w3z + 45 b3 b3, b33
: biy b b3 wntin o W Wi3
b by b3 Wia Wyt 13 W3
bi3 b3 b33 W3 Wy Wit g

Orientation reversal interchanges W, and W, .

s := Scal(r).

Definition 7.2.2 (Einstein and conformally flat loci). The two linear loci are the kernels in

0 — HF —— ot T gy ——— 0

0 %Cf . % ﬂ—)(Wﬁ,W;)

Thus

reyf <= B=0, recX = W=w_=0.

SA(AZVH) @ S3(A2V*) —— 0.
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Part 3. Appendix
APPENDIX A. FOUNDATIONAL TOOLS

Fact A.0.1 (Coverings and compact surfaces). For a covering w: (E,eq) — (B,bo) and f: (Z,z0) —
(B,by), B
[ (Z,20) = (E,ep) exists <= f.(m(Z,20)) C 7 (m(E, e)).

H,
0.1 x {0} —*— E XX
\[ ﬁ //// ‘/ l J/
e T F° F
01— 5  Y\B— Y.

Every connected Riemann surface X has a universal cover and X = X /Deck(x). IfY is compact, BCY
is finite, and F° is finite, the second square has F unique overY, with F(z) = zor(F)
finite S C int(M) and a d-sheeted cover M — M,

A(M\S)=x(M)—1|S|,  x(M)=d-zM), P \{q1,--.q}) =N, K = 1),
If X is compact of genus g, then

locally over B. For

Hl(sz)gzzgv J= |:_01g Ié{|a Y-n :m;lf—.'].mna
g=0 < X =P, g=1+= X=C/L.

Fact A.0.2 (Projective and intersection tools). Projective algebraic sets are compact, irreducible projective
sets are connected, and

P\ V(xg) S C"  [xo:-ix] — (“")
X0 X0

Every ideal in C|xo,...,x,) is finitely generated, and every closed analytic subset of P" is projective
algebraic. If C = V(F) and D = V(G) have no common component, then

o
1,(C,D) := dim¢ ( T P;”’)> ,  deg(F)=m, deg(G)=n=> Y 1,(C,D)=m-n.
pr&p peCND

For a smooth curve X C PV,
dime (Sec(X)) < 3, q ¢ Sec(X) = pr|x: X = P'7".

X —— P"\{q}

prq{ Jprq X compact —— Y Hausdorff ——= F(X) closed.

pr, (X) ——— PV¥-1
Thus every injective holomorphic immersion from a compact complex manifold is a closed embedding. If
X = V(P) C P? is smooth of degree d and 7,(|xo : x1 : x2]) = [x0 : x1] is generic, then
d

deg(m) =d,  ep(m)—1=1, (X’V<3xzp>> . deg(Ry)=d-(d—1).
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