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2 1Z TECUM

Part 1. Algebraic Number Theoryf]
1. NUMBER FIELDS
This section fixes the integral, linear-algebraic, and discriminant invariants of a finite extension of Q.
1.1. Algebraic Integers, Trace, and Discriminant.

Definition 1.1.1 (Number field and ring of integers). A number field is a finite extension K/Q of degree
n=[K:Q]. Anelement o € K is integral over Z when it satisfies a monic polynomial in Z[X], and

Ok ={acK:a +a_ja" ' +---+ay=0forsomeay,...,a,_ € Z}.

For o € K, its minimal polynomial fy(X) € Q[X] is the unique monic irreducible polynomial satisfying
fa(a) =0. An element 6 € K is primitive when K = Q(0).

Proposition 1.1.2 (Integral-element criteria). Let o, 0, .., 0 € K.
(1
o € Ok <= Z|a] is finitely generated over 7. <= 30 # M C K : M is finite over ZZ N aM C M.

Proof. Use a monic relation and the determinant trick.

o' =—a, 0" ' - —ay = Zla| =Z+Za+ -+ Zo' L.
Z|o] finite over Z = M :=Z[a] # 0, oM C M.
0]
M=7w0,®- DL, w:=|:
0
ai e au
A= |1 - i, A e Mat,(Z), o0-0=A 0.
(20 O 7
(a-L,—A)-0=0 = det(a-, —A) =0, det(X -1, — A) € Z[X] monic.
The three conditions are equivalent. O
(2)
o,...,04 € Ox < Z[ay,..., 0 is finitely generated over 7.

Proof. Reduce every exponent by a monic relation.
filoy) =0, fi(X) € Z[X] monic, d; := deg(f).

Zloy,. .. 0] = Z Zo)' o = Zlay,...,q is finite over Z.
0<e;<d;
Zlay,..., o finite over Z = o4Z[oy,. .., 04 C Z]ay,. .., 0] L. o € 0.
This proves the finite-family criterion. U
3)
o,felx — at+f e Ok, af € Ok, Ox C K is a subring.

3Based on lectures by Gyujin Oh [2].
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Proof. Work in the common finite algebra.
a,p e 0 L. p.= Zla, B] is finite over Z.
ye{oa+B,0—B,0f} = v€B, YB C B.
yBCB%yeﬁK, 0,1 € 0.
Thus O is a ring. O

Proposition 1.1.3 (Primitive and minimal polynomials, [2]). Let K/Q be a number field and o € K.

(D
360 € Ok : K=Q(0), deg(fo) =[K : Q]

Proof. Scale a generator supplied by the primitive-element theorem.
K=Q(m), fX)=X"+a,1X"""+ -+ao€Q[X].
0£ceZ, cjan_jEZ (1<j<n), 0 :=cn.
" fn(X/c)=X"+can1 X"+ +c"ap € ZX).
"fy(0/c)=0 — 6e Ok,  Q(6)=Q(n)=K.
Hence K admits an integral primitive element. g

(2)
o€ Oy < fo(X)€Z[X].

Proof. Compare the minimal polynomial with all conjugates of «.

gla)=0, g(X)eZ[X]monic = g(o(a)) =0 = o(a) € Z.
d
faX)=[](X =) =X +bg1 X"+ +bo,  b;€QNZ.
i=1
QNZ=Z = b; € Z = f4(X) € Z[X].
fa(X) € Z]X] monic = «a € Uk.
This proves the minimal-polynomial criterion. ([

Definition 1.1.4 (Norm and trace). Let my: K — K be multiplication by «, and let 61,...,0,: K — C
be the embeddings of K. Set

cl(a) 0 0
cop(x) ‘
ma(x) = o, ZK(x®c) = : , Dy = 0 62(06)
cOp(x) : 0
0 0 o,(a)
__ ma®id@ _
K®9gQ — K®qQ
EK\LN N\LZK Yo (moc ® ld@) =Dy -Xg.
Q" o Q"
(1.1.1) Ng g(@) := det(mq) = HG,'(OC), Trgjg(a) := tr(mg) = Z oi(a).
=1 i=1

Proposition 1.1.5 (Norm and trace identities). Let o, 8 € K, and let f4(X) = X¢ +aq 1 X' +--- +ao.
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(1) Fore=[K:Q(a)],
NK/Q(OC) = (—1)"ag, TrK/Q(Oc) =—e-ay_1, n=de.
Proof. Restrict the embeddings of K to Q().
{oi(at) : 1 <i<n}={oy,...,04} with every ¢; repeated e times.

d ¢ d
(1.1.1) = NK/Q(OC) = (H 06j> , TrK/Q(OC) =e- Z o;.
j=1 j=1

d

d
H(Xj:(—l)dao, Zaj:—ad_l, de =n.
j=1 j=1

Nijo(0) = (—1)%dg = (~1)"a5,  Trgjq(e) = —e-a1.
The formulas follow from Viete’s identities. ([
(2) ForqeQ,
Nx/(@B) =Ngo(@) Ng/o(B),  Trxjg(a+B) = Trg/g(e) + Trg/o(B),
Ng/o(q) = 4", Trx/o(q) =n-q.
Proof. Use the multiplication endomorphisms.
Mg = Mg Omg, Mo yp = Mg +mg, my = q-lIg.
det(mq omg) = det(myg) - det(mg), tr(mg +mpg) = tr(mg) +tr(mg).
det(q-Ix) = 4", tr(q-Ixg) =n-q.
These are the asserted identities. O
3)
o€ Oy = NK/Q(OC),TI‘K/Q(OC) €.
Proof. Apply the integral minimal-polynomial criterion.
o€ Ok 2 fu(X)€ZX] = ag,aq_; € 7.
Nk /g(@) = (—1)"ag, Trgg(0) = —e-aq1.
ao,dq_1,e € L — NK/Q(OC),TI‘K/Q(OC) € 7.
This proves integrality of norm and trace. U

Theorem 1.1.6 (Trace pairing). The trace pairing is nondegenerate and induces the displayed isomor-
phism,
Bk (x,y) := Trg p(xy), K — Homg(K,Q), X+— (y»—>BK(x,y)).

Proof. Test a nonzero element against its inverse.
x#0, yi=x1, Bk (x,y) = Trgg(1) =n #0.
Bg(x,K) =0 = x=0 = ker(K — Homg(K,Q)) =0.
dimg(K) = n = dimg(Homg(K,Q)) = K = Homg(K,Q).
Thus the trace form is perfect over Q. g
Theorem 1.1.7 (Integral bases). For every number field K /Q of degree n,
Ox=17", rankz (Ok) = n.
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Proof. Bound Ok between two lattices using the trace pairing.

K=Q(0), 6c¢c 0k, w:=[1 60 - 07, Li=Z+Z6+ --+7Z68"'C tk.
Trg /(1) TrK/Q(e) o Trgyp(0m )
Tri0(0)  Trgp(6%) - Trgo(6")
Goim | T/ k/0(6) , /ol e Maty(Z), D :=det(Gg) 0.
TrK/Q(Gnil) TrK/@(G") s TI'K/Q<62’172)
n C1 TrK/@(xa)l)
x=Y ciw €0k = Gp- || = : c7".
=1 Cn Trg /g (xa,)
C1 | TI‘K/Q(X(Dl) |
= — . d' . N _.7n — L.
Da_](Ga)) : eDZ, LC@’KCDL
Cn Try /g (x@,)
O 1is finite and torsion-free over Z, Q®z 0k =K — Ox=7".
This gives the asserted free module.
Definition 1.1.8 (Integral bases and discriminants). An integral basis is a Z-basis ® = (®y,...,®,) of
Ok. For any Q-basis a = (ay,...,a,) of K, set
61(061) Gl(OCn) TI'K/Q((Xl(Xl) TrK/Q(OQOCn)
SO! = ’ t. 9 GO( = ’ . 9
o,(ar) - ou(oy) Trgg(onan) -+ Trgg(0m o)

disc(@) :=det(Gg).
Proposition 1.1.9 (Trace matrices and lattice index). Let & and B be Q-bases of K.
(1
(1.1.2) Go =58y -Sq,  disc(a) = det(Sy)? = det(Gy) # 0.
Proof. Compute the entries through the embeddings.

n

(S, Sa Zcrk a)op(a;) = Z ().
=1 k=1

n
ch(aiaj) @ TI'K/Q(OC,‘OC]') — Ga =S;~Sa.
k=1

det(Ggy) = det(S]) - det(Sq ) = det(Sq)%.
det(Gy) =0 <= Bk is degenerate g

This proves the trace-matrix identity and nonvanishing.

(2) Suppose
B - Bu=[ou - o] M, M € GL,(Q).
If a = o is integral, M € Mat,(Z), and L := ZB + --- + ZB, C Ok, then

(1.1.3)  disc(B) = det(M)? - disc(a), [Ok : L] = |det(M)|, disc(B) = [0k : L]? - disc(o).
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Proof. Apply each embedding to the coordinate identity.
Sp=Sa M, Gg=M"-Go M.
disc(B) = det(M") - det(Gy) - det(M) = det(M)? - disc(a).
zn — M 7
NJ JN Ok/L=T"/(M-Z").
L —— Ok
[0 : L) =#(Z" /(M -Z"")) = |det(M)| = disc(B) = [0k : L]* - disc(w).
This proves both transformation laws. U
Definition 1.1.10 (Field discriminant). For any integral basis w of Ok,
disc(K/Q) :=disc(w) € Z\ {0}.
Equation (I.1.3)) makes this independent of .
Corollary 1.1.11 (Principal-ideal index). For every 0 # a € Ok,
[0k : a0k = [Nk p(a)].

Proof. Write multiplication by « in an integral basis.

aig -+ din
Ag:=1| 1 - | eMat,(Z), a0 - oy =0 - 0] Ag
anpl " dpn
o0k =Z(aw)+---+Z(ow,), [Ok : 0.0k] = |det(Ay)|.
det(Aq) = det(mq) = Ngjg(a) = [Ok : aOk] = [Ng/g(a)].
This proves the index formula. ]
Theorem 1.1.12 (Quadratic integers). Let d € 7\ {0, 1} be squarefree and K = Q(\/d). The two cases
are
Z[Vd), d=2,3 (mod 4), 4, d=23 (mod4)
= mo
1.1.4) Ok = disc(K/Q) = ’ ’ ’
(1D =1, 1+2‘/3 , d=1 (mod 4), (K/Q) {d, d=1 (mod4).
(1) Fora=a+bVd €K,
o€k < o= H—;\/ZZ, rs€Z, r*=ds’® (mod 4).

Proof. Use the trace, norm, and squarefreeness of d.
acOx B ri=Trggl@)=2a€Z,  4db*> = r* —4Ng (@) € Z.

s:=2b=u/veQ, (uyv)=1, ds’cZ — V*|d = v=1 = scZ.
rr—ds? 5 5
Ng /g() = 1 €L < r-=ds~ (mod 4).

r2 — ds?

rs€Z, r*=ds® (mod4) = a’—ra+

=0 = ac 0.
This proves the quadratic integrality criterion. U

(2) Ifd =2,3 (mod 4), the first lines of Equation (1.1.4)) hold.
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Proof. Reduce the criterion modulo 4.
P=ds* (mod4), d=2,3 (mod4) =— r=s5s=0 (mod 2).
L. aweczVd, (VdP—-d=0= Ox=17[Vd.
xo(Vd)  Trg/g(d) 0 2d
disc(K/Q) = det(G(L\/;i)) =2-2d—-0-0=4d.
This proves the first case. l
(3) Ifd =1 (mod 4), the second lines of Equation (1.1.4) hold.

Proof. Set ® = (1++/d)/2 and reduce the criterion modulo 4.

=5 (mod4) < r=s (mod2), a:%+sa)€Z[a)}.
2 1-d

() —0)+T:O, \/;1':2(0—1:>6’K:Z[a)]

14d 2 1
Trg(@) =1, Trgjg(0®)=—=  Guoy=| 1+d|.

2

1+d
disc(K/Q) = det(G(y o)) =2 % l1=d.
This proves the second case. ([l

Theorem 1.1.13 (Cyclotomic integers, [2]). Let m > 1, let §,, be a primitive m-th root of unity, and let
®,,(X) be the m-th cyclotomic polynomial. Then

Z[Gn]

Z[x] — X2

em-1
j=0

Definition 1.1.14 (Dedekind domain). An integral domain A is Dedekind when
A is Noetherian, A is integrally closed in Frac(A), 0#p C A prime = p is maximal.

Theorem 1.1.15 (Dedekind structure). Let K /Q be a number field.
(1) Ok is Noetherian.

Proof. Regard every ideal as a subgroup of the integral lattice.

Ok 27" g oy = a=7" (0<r<n).

a=2o;+---+ 20, o; €a.
aC Okoy+--+0ka, Ca — a=Og0y +---+ Ok,
Thus every ideal is finitely generated. g

(2) Ok is integrally closed in K.
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Proof. Apply transitivity through a finite coefficient algebra.
X Ha X e tag =0, ao,...,d,_1 € Ok.
B:=Z[ag,...,a,] B is finite over Z.
Blx] =B+Bx+---+Bx"~' = BJx| is finite over B = BJ[x] is finite over Z.

xBJx] C Blx] == x € 0.

Hence O is integrally closed. O
(3) Every nonzero prime ideal p C Ok is maximal.

Proof. Reduce modulo a nonzero principal ideal inside p.

O£aep, abxCp,  #(Ox/abk) =2 [Nggla)] < oo,

Ok/aOx ——» Ok/p #(Ok/p) < oo.

p prime = Ok /p is a finite integral domain = O /p is a field.
Ok /p is a field <= p is maximal.
This proves maximality. O

Consequently, Ok is a Dedekind domain.

2. PRIME IDEALS

Prime-ideal factorization replaces element factorization and records splitting through ideal valuations,
residue fields, and Frobenius classes.

2.1. Factorization, Splitting, and Frobenius.

Definition 2.1.1 (Fractional ideals). A nonzero fractional ideal of K is a nonzero 0kx-submodule a C K
satisfying
3075616 ﬁK:daC ﬁ[(.
The ideal product, inverse, and ideal group are
r
ab := {Zaibi ra;€a, b; € b} , al:= {x€K:xaC Ok}, Ji :={a: ais fractional }.

i=1
Theorem 2.1.2 (Unique prime-ideal factorization, [2]). Every a € Jx has unique finite-support integers
vp(a) satisfying
2.1.1) a= [T »*@,  vp(ab) =vy(a)+vy(b),

vp(a+b) =min{v,(a),v,(b)}, vp(anb) =max{vy(a),vy(b)}.
For nonzero integral ideals,

Moreover,
al= Hp_"lﬂ(“), aa” ! = Ok, (Jk,) is an abelian group.
p

Definition 2.1.3 (Coprime ideals). For nonzero integral ideals a,b C O,
ged(a,b) :==a+b, lem(a,b) :=anb,
a+b= 0k < min{vy(a),v,(b)} =0 forevery p.
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Theorem 2.1.4 (Chinese remainder theorem). Let ay,...,a; C Ok be pairwise coprime. Then

x+a,

O HﬁK/a,

/ ﬂai:f[ai.
i=1 i=1
ﬁ[{/Hai
i=1

Proof. First treat two coprime ideals.
a+b=0x — Juca,veb:ut+v=1.
x€anNb = x=xu+xve€ab = anNb=ab.

b; :Haj, a;+bj=0x = de;jeb;:e;=1 (mod CL,').
J#i

N
(X1 +ap,...,xs+a5) = (Zx,eﬁ—m, Zx,'e,-+as> , ker<6"K — HﬁK/a,) = Hai.
i1 i i

i=1
This proves the quotient isomorphism.

Theorem 2.1.5 (Two generators). For every nonzero integral ideal a C Ok and every 0 # o € q,
A €a:a=a0x+ P 0Ok.
Proof. Use the module form of the Chinese remainder theorem.
S:={p:vp(aOk) >vp(a)}, #(S) < eo, S=0 = a=a0k, p:=a.

S+ d, apCa = dx,calap (pes).
a—>Ha/ap is surjective = IB ca:B=x, (mod ap).
pes

V(O + BOk) = min{v,(a0k),vp,(BOk)} =vp(a) for every p.
Thus a = (a, ).

Definition 2.1.6 (Ideal norm). For every nonzero integral ideal a C Ok,
N(a) :=#(Ok/a).
Proposition 2.1.7 (Ideal norms). Let a,b C Ok be nonzero integral ideals.

(1
N(ab) =N(a)-N(b).

Proof. Reduce by Equation to one prime factor.
ap C a, 0 — a/ap —— Okg/ap —— Ox/a —— 0
p-(a/ap) =0, Ac:apCcCa by Equation @.1.1).
dimg, jp(a/ap) =1 = #(a/ap) =N(p) — N(ap) = N(a) - N(p).
b —Hp —> N(ab) HN ) =N(a)-N(b).
This proves multlphcatwlty.

(2) Every nonzero prime ideal p C Ok lies over a unique rational prime p, and
PNZ=pZ, — Og/p=F,,  Np)=p/ forsomef>1.
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Proof. Contract p to Z.
0#acp = 0#Ngpg(a)calkx Cp = pNZF#0.
pNZ C Z is nonzero and prime = pNZ = pZ for a unique rational prime p.
F, = Ox/p, Ok /y is a finite field = Ok /p =F ;.

N(p) = #(0k/p) = p.
This proves the prime-ideal formula. U

Definition 2.1.8 (Prime decomposition). For a rational prime p, write
g
n:i= [KQL PﬁK:HP?a ki = ﬁK/Pingfm ft: [ki:]Fp]'
i=1

Here e; = e(p; | p) and f; = f(p; | p). Moreover,

behavior of p ‘ numerical condition
split completely | e, = fi=1(1<i<g), g=n
inert g=1, e =1, fi=n
totally ramified g=1, e =n fi=1
ramified e; > 1 for some i

Theorem 2.1.9 (The efg relation). With Definition
(2.1.2) Xg;eiﬁ:[l(:@].
Proof. Take ideal norms of the prime factori_zation of pOk.
p € 0x\ {0} E=' N(pOr) = [0k : pOx] = Nk /o (p)| = 1"

8 8 8
pOx =[Tvi" =5 Npox) = [[NG)" = [[ "
i=1 i=1 i=1

g
p'=pEil = n=Y ef
i=1
This proves the degree relation. U

Theorem 2.1.10 (Discriminant and ramification, [2]]). For every rational prime p,
p | disc(K/Q) <= p ramifies in K <= Ok /pOk is not reduced.

Theorem 2.1.11 (Dedekind—Kummer). Let K = Q(a), where a € O has minimal polynomial f(X) €
Z[X), put n:= [K : Q] = deg(f), and let

p— g .
pilOk:Zlall,  f(X)=]]aX)" €FylX]
with distinct monic irreducible g;(X) and monic lifts g;(X) € Z|X]. Then

g
pOx =[] pi=(p,gi(@)),  f(pilp)=deg(g:)
i=1
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Proof. Reduce the monogenic order modulo p.

m:= [0k :Z[a)], am+bp=1, x€Ox = x=amx (mod pOg),  mx < Z[a].
ZX] — X2 s gla] 6
FplX] —— Fp[X]/(f ?Nw> Ok/pOk

@)+ @) =FX] (%)) = FX)/(P) > HIF
pi= (pagi(a))v ﬁK/pi = FP[X]/(gi)v N(pl) pdeg 1)

HP? C pOk, (HP ) pricidesls) = pleslf) — N(pOk) = pOx = HP
i
This proves the factorization criterion. O

Theorem 2.1.12 (Quadratic splitting, [2]]). Let K/Q be quadratic, let D = disc(K/Q), and let xp(p) =
(%) be the Kronecker symbol. For an odd rational prime p,

L pOk=pp's p#p, (ef8)=(112),
xp(p) =4 —1, pOkisprime, (e f,g)=(1,2,1),
0, pOx=p* (ef.g)=(21L1).
For p=2,
D=1 (mod8) = 2 splits, D=5 (mod8) = 2is inert, 2| D = 2 ramifies.
Example 2.1.13 (The field Q(v/—5)). Let K = Q(+/—5). Then
20k =p>, p=(2,1+V-5),  30k=aq, q=(3,1+V-5), q=(3,1-V-5),
(1+V=5)0k =pa,  (1-V=5)0k =pq,
6=2-3=(1+vV=5)(1-V=5),  60x=p’aq = (pq)(pq").

Definition 2.1.14 (Decomposition and inertia). Let K/Q be Galois with G := Gal(K/Q), and let 3 | p.
Set

D(B|p):={ccG:0(P) =%},
IB|p):={c€D(P|p):0(x)=x (mod P) for every x € Tk }.
Theorem 2.1.15 (Galois transitivity). Let K /Q be Galois, let G = Gal(K/Q), and let p be rational prime.
For any B | p,
G/D(B|p) = {QCOk:Q|p},  oD(PB|p)— o(P).

Consequently, all ramification indices equal e, all residue degrees equal f, and efg = |G|.
Proof. Exclude two distinct orbits by simultaneous approximation.
P+ Py, Pe P, Qe% B 3acor:ae®P, a=1 (modR) (Re 2).

Nggla) =[] o(e) eBnZ=pZcCA.
ceG

ol@)eQ <= aco '(Q), o¢'QecP = ola)¢.

HG a)eN N o(a)¢Qforeveryc — L.
ocG
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Thus the action is transitive, and Equation (2.1.2) gives efg = |G|. O

Theorem 2.1.16 (Decomposition—inertia sequence, [2]]). Let ky := O /P = Iﬁ‘pf. Reduction induces

o (@-0(y))

(2.1.3) 1 — I(B|p) — D(B|p) Gal(kyp/F,) — 1

and

DB | p)l=ef, [U(BIp)l=e  DPB|p)/I(P|p)=GCal(F,/F)).
Writing K' := K'¥IP) ang KP .= KPFIp),

X 1
K I(B | p)

1 K:K')=e, [K':KP]=f, [KP:Q]=¢.
KP D(B | p)

8

Q G

For o € G,

D(c(B)|p)=cD(B|p)o~',  1(c(B)|p)=0cI(R|p)c "
Definition 2.1.17 (Frobenius). Assume p is unramified in the Galois extension K /Q. The Frobenius
element Frob(3 | p) € D(B | p) is the unique lift in Equation (2.1.3)) satisfying
Frob(*B | p)(x) =x (mod P) forevery x € Ok.

(ng@> := Frob(%P | p).

Proposition 2.1.18 (Frobenius properties). Let p be unramified in the Galois extension K /Q, and set
G = Gal(K/Q).
(1) Forevery o € G,
Frob(c(%) | p) = oFrob(F [ p)o~',  ord(Frob(R | p)) = £,
and the elements Frob(*Y | p) for B | p form a conjugacy class Frob, C G.

Its Artin symbol is

Proof. Conjugate the defining congruence.
oFrob(P | p)o ' (x) =0 ((67'(x))?) =x” (mod o(P)).
6Frob(P | p)o ' (x) =x" (mod o (P)) 6Frob(P | p)o~! = Frob(c(P) | p).
{Frob(Q | p) : Q| p} = {oFrob(P | p)o~' : 6 € G} =: Frob, by Theorem[2.1.13]
p unramified = I(P | p) =1 AR D(B | p) = Gal(F s /F,) = (¥ ¥) = ord(Frob(B | p)) = f.

This proves conjugacy and the order formula. ([

(2)
Frob(P | p) = 1 <= p splits completely in K.
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Proof. Use the order and degree relations.

Frob(P | p) =1 <% f=1.
p unramified = e=1, efg=|G|=[K:Q).
e=f=1<+<= g=[K:Q] < p splits completely.

This proves the splitting criterion. U
Theorem 2.1.19 (Frobenius orbits, [2]). Let H < G, let M = K", and let p be unramified in K. For 3 | p,
put F = Frob(*B | p). Then

H\G ——— (H\G)/(F)

Ho—o(P)NOu l
{aC Ou:alp}

where (F) acts on the right. The residue degree of the prime corresponding to an orbit is its orbit length.

Theorem 2.1.20 (Chebotarev, [2]). Let K/Q be Galois with group G, and let C C G be a conjugacy class.
Then

(0.1.4) lim #Hp<x:p lmramiﬁed,. Frob, = C} _ g
x—oo #{p < x:pprime} |G|

Theorem 2.1.21 (Cyclotomic arithmetic, [2]). Let K,, = Q((,), and identify its ring of integers by
Theorem[[ 113l Then

Gal(K/Q) = (Z/mZ)*,  our—a,  04(Cu)=C5

Form > 2,
m®m)
disc(K,/Q) = (—l)q’(m)/zlwwl), ¢ ranges over rational primes.
Om
For a rational prime p, write m = p®mgy, where (p,mg) = 1, and set ord,(p) = 1. Then
poe <TIW. e=ol).  foon(p).  e= 200
pl

Hence
ptm = Frob(B; | p) =0,, f=ordu(p), p splitscompletely <= p=1 (mod m),
P m/2, m=2 (mod 4)
ramifies in K, < p*>2 < p|n’, m = ’ ’
P fi " P Pl {m, m#?2 (mod 4).

Corollary 2.1.22 (Dirichlet). Let (a,m) = 1. The rational primes p = a (mod m) have density 1/ (m),
hence are infinite.

Proof. Apply Chebotarev to the cyclotomic extension.
Gal(K,,/Q) = (Z/mZ)* = {0o,} is a conjugacy class of size 1.

pim, Frob, =0,=0, <= p=a (mod m).
. #{p<x:p=a (modm)} 1 1
roby = {eu} = p=a(modm) 55 lim =~ (@]~ o)

This proves Dirichlet’s theorem. g
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Lemma 2.1.23 (Quadratic Gauss sum, [2]]). For an odd rational prime p and b € (Z./pZ)*, put

p=l 74
Tp¢=Z<> o pT= (=D,

a=1 p
Then

b "
op(T,) = <> T,, T =p"
p
Theorem 2.1.24 (Quadratic reciprocity). For distinct odd rational primes p,q,

() (1)-co+

Proof. Use the quadratic Gauss sum in Q({),).

b
oy(1y) = <p) Tp, ’L'[% =p" by Lemma[2.1.23]

UV =) CQG).  Silas =idas) < (1) =1
(’Z;) =1 2 ¢ splitsin Q(v/p*) = g, = idgs,)-
()= (5)-G)6)
q p q q q
)= ()

This proves quadratic reciprocity. O

3. CLASS GROUPS, UNITS, AND QUADRATIC FORMS

The Minkowski embedding converts ideal classes and units into lattice problems, while binary quadratic
forms make the imaginary-quadratic class group explicit.

3.1. Geometry of Numbers and Quadratic Arithmetic.
Definition 3.1.1 (Ideal class group). Let
Py :={a0k:0#a €K} C Jx, CI(K) :=Jk/ Pk, hg = #(CI(K)).
Thus
CI(K) =1 <= Ok is a principal ideal domain <= Ok is a unique factorization domain.

The defining maps form the exact sequence

a—a0g

l — Of « K> Jx CI(K) —— 1.
Definition 3.1.2 (Lattices). A lattice in R” is

A=7Ivi® - ®ZLv,,  det([vi -+ wa]) #O.
Its fundamental parallelotope and covolume are

Py = { y i 0<t< 1} , vol(A) :=vol(Py) = {det([vl vn])‘ .
=1

1



ALGEBRAIC NUMBER THEORY 15

Theorem 3.1.3 (Minkowski convex-body theorem). Let A C R”" be a lattice and let S C R" be measurable,
convex, and centrally symmetric. Then

vol(S) > 2"vol(A) = (SNA)\ {0} # 2.
Proof. Apply the quotient map to the half-body.

%S%R”

N Jq q(x) =x+A.

R"/A
q|%s injective = 27"vol(S) = vol(1S) < vol(A) = L.

Ix#yesSix—yeA,  3S—35CS = 0£x—yeSNA.
This proves the lattice-point assertion. t

Definition 3.1.4 (Minkowski embedding). Let K have real embeddings o7,..., 0, and one embedding 7;
from each complex-conjugate pair, where r| +2r, = n = [K : Q]. The unscaled Minkowski embedding is

k: K—>R"xC?=R", x> (01(x),..., 00 (%), T1(X), ..., Tr (x)).
Proposition 3.1.5 (Arithmetic covolume). For every nonzero integral ideal a C O,
(3.1.1) vol(ix (Ok)) =274/ |disc(K/Q)], vol(ix(a)) =27"2N(a)+/|disc(K/Q)|.

Proof. Fix an integral basis oy, ..., @,, list all embeddings as py,..., s, and pass from conjugate coordi-
(0]
(0]

nates to real coordinates.
(
{Pl( 1)
Pn< 1) pn(wn)
1
=1
2i

A=
o)1 Al |
vol(1x (Ok)) = 27| det(A)| = 27"2/|disc(K/Q)|.

[0k :a] =N(a) = vol(ik(a)) =N(a) - vol(1k(CTk)).
This proves both covolume formulas. g

p17"'7pn) = (617"'7Gr17717%17"‘7fr27%r2)-

p1(®,)
: , det(A)? = disc(K/Q).

Theorem 3.1.6 (Minkowski ideal-class bound). Every class C € CI(K) contains an integral ideal a
satisfying

(3.1.2) N(a) <Mk,  Mg:= ! <4>r2\/|disc(K/Q)|.

na\mw

Proof. Choose an integral ideal b representing C~! and use a weighted cross-polytope.

¥ ¥ r tn
S, ::{(x,z)eR” x(C’Z:ZIXi\+22|Zj!§f}7 vol(§;) = 2" (g) o

n!
~ n!

Ty :=n! (i)er(b)\/ |disc(K/Q)], "> Ty vol(S;) > 2"vol(1k(b)).
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vol(S;) > 2"vol(1x (b)) 22 30£ o € b: ix(a) €5,

Ny (@) = f{\m(a)\ -ﬁlrrxaﬂ%

Nijg(@)] < <Z;1_1’Gi(a)’+22?_1\fj(0‘)’>n< <t)”
K = ~ .

n n

a:=ab™' C Ok, [a] =C, N(a) = ’le\;?b()a) = ”nli:(b)'

Mg < |[Mg|]+1 = 3t>0:T, <t" <n"N(b)(|Mg]+1) = N(a) < |[Mg|+1 = N(a) < Mk.
This proves Equation (3.1.2). 0

Proposition 3.1.7 (Class-group consequences). The Minkowski bound has the following consequences.
(1) The group CI(K) is finite and
CI(K) = ([p] : p C Ok prime, N(p) < Mk).
Proof. Factor the bounded representatives from Theorem [3.1.6]
C=[a, N@) <Mk, a=[Tp" B N(pi) < Mx.
i

N(p)=p/PIP) <My — p<Myg,  #{p:N(p) < Mg} < oo.

. log(Mk)
Na) = [Np) <My = 0<¢; < ————.
H '~ log(N(py))
Thus only finitely many classes occur, and the displayed prime classes generate them. ([l

(2) For every nonzero prime ideal p C Ok,
p is principal <= 30# a € p: [Ng/g(a)| = N(p).
Proof. Compare containment and index.
pisprincipal = 304 ae€p:p=00k, N(p)=|[0k:a0k] s N(p) = [Ng/o(@)].
ocp = a0k Cp, [Okx:a0k|=[0k:p|-[p:alk].
aep A |Nggla)=Np) B [0k : aok] = [0k :p] = [p: ak] =1.
p:alk]l=1 = p=0a0k.
This proves the principal-prime test. ([l

3) If K # Q, then
r pn
|disc(K/Q)| > <g)2 (ZT>1, dp : p ramifies in K.

Proof. Apply Equation (3.1.2)) to the principal class.
[a] = [ﬁ[(] — 307'é o c ﬁ[( ra= OtﬁK — N(Cl) = ‘NK/Q((X)’ S Zzl‘

n2n

(n!)?
|disc(K/Q)| > 1 = Fp: p|disc(K/Q) zim p ramifies in K.
This proves both assertions. U

1 < My <= |disc(K/Q)| > (9% >1 (n>1).
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Theorem 3.1.8 (Hermite, [2]). For every B > 0,
#{K/Q up to isomorphism : |disc(K/Q)| < B} < oo.
Definition 3.1.9 (Logarithmic embedding and regulator). Put s = r 4+ r», and define
Agi KX — R, Ag(x) := (log(|o1(x)]), ..., log(| oy, (x)]), 21og(| 71 (x)]), - ., 210g (|7, (x)]))

Hyg = {(yl,...,ys) ERS:Z)/[:O}, ug :={& € K*:{" =1 forsomem > 1}.
i=1

For units &;,...,&_1 whose classes form a Z-basis of ﬁ; / Uk, let
[log(loi(e)]) -+ log(loi(g—1)]) ]
Ly = | loglon(en)]) - log(loy (&-1)])
2log(|mi(en)]) -+ 2log(|mi(&-1)])
[2log(|, (&1)]) -+ 2log(|T, (&-1)])]

The regulator Reg(K) is the absolute determinant of any matrix obtained from Lg by deleting one row.

Theorem 3.1.10 (Dirichlet unit theorem, [2]]). The image Ak := Ax(O% ) is a full lattice in Hk, and
Ak

1 Hk © ﬁ;(( AK 0

(3.1.3) Hy OF Zugxz 1

er—l-rz
Moreover, Reg(K) > 0 unless ri +r, — 1 =0, when Reg(K) := 1.
Corollary 3.1.11 (Units in cyclotomic fields). Let m > 2 and K,;, = Q(&,,). Then

2|m
ﬁx >~ “Km X Zq)(m)/z_l’ ’J“Km = /'Lma ’
Kin ,u'2m7 2 ,f m.
Proof. Compute the signature and torsion subgroup.
m>2 = r(Ky) =0, rz(Km):"’(z”’).

2|m = .uKm:<Cm>:“ma 2{m = Kn = Ko, Uk, = Hom.

r(Kn)=0 A rz(Km):(p(zm)@rank(ﬁ,?m/uKm):n—Hz—l:(P(zm)—l.

This proves the stated decomposition. O

Definition 3.1.12 (Continued fractions). For ay € Z and a; € Z~ fori > 1, set
1

[aosai,az,...] :==ao+ 1

a; +

a,+ .
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Its convergents py/qr = [ao; . . ., ax] satisfy
p—2=0, pa=1 qga2=1 4¢-1=0, Pk = @kPk—1 + Pr—2, Gk = kqr—1 + Gk—2,
[Pk Pkl] _ {ao 1] . [al 1} o
gk qk-1 L o/ |1 0]
Theorem 3.1.13 (Lagrange and Legendre, [2]). For & € R\ Q,
[Q(&): Q] =2 <= & has an eventually periodic simple continued fraction.

a, 1
[lk O]’ Pri—1 — Pre1qx = (— 1)1

Moreover,

a 1 a px
—— < = b)=1 b>0 = —=— k.
‘5 b‘<2b2’ (a,b) , > b qkforsome

Theorem 3.1.14 (Pell equations and fundamental units, [2l]). Let d > 1 be squarefree and
\/;1 = [0026117- .- 7af—172a0]'
Assume that ¢ is the least period. Then
pr o —dqi | = (-1, x> —dy* = —1is solvable in x,y € Z <= 21}/,
. Pé—1+QE—1\/3, 2 |‘€a
min{x+yVd>1:x,yeZ, x> —dy* =1} =
t Pr—1+qu_1Vd, 21

The order Z.[\/d) satisfies
Z[\/Zi]X :{iejzkeZ}, €4:=pr_1+qiVd.
Ifd=2,3 (mod 4), thisis 0. Ifd =1 (mod 4), then
X+ y\/;i
2 9y
and the least such u > 1 is a fundamental unit of Ok.

UE DY < u= x,ye€Z, x=y (mod?2), x*>—dy’ =4,
K

Definition 3.1.15 (Binary quadratic forms). Let D < 0 with D = 0,1 (mod 4). A primitive positive-
definite binary quadratic form of discriminant D is

0(x,y) = ax® + bxy + ¢y, a,b,c €7, (a,b,c) =1, a>0, b*> —4ac = D.
Proper equivalence is the SL;(Z)-action determined by

M= [’Z ﬂ €SL,(Z), M- m = m Q' (x,y) :=0(x.Y).

The form [a, b, c] is reduced when
b| <a<ec, b>0if |b|=aora=c.
Write .% (D) for the proper-equivalence classes and h(D) := #(%# (D)).

Theorem 3.1.16 (Reduction, [2])). Every class in .% (D) contains exactly one reduced form. For a reduced

form [a,b,c|,
32 <|D|, 1<a</ID|/3, |b|<a,
50 h(D) < oo.
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Theorem 3.1.17 (Gauss composition and ideal classes, [2]]). Let D < 0 be a fundamental discriminant
and K = Q(\/D). Gauss composition makes .7 (D) an abelian group, and
F

Z(D)x F (D) ————— F(D)
~b++D
(314) q;DX@Dl N\th ‘I)D([(l,b,CD = |aZ+ #Z .
CI(K) x CI(K) ———— CI(K
() > CUK) e )
The identity, inverse, and principal form are
D
xz—zyz, D=0 (mod 4),

[a,b,c]*l =[a,—b,c], Op(x,y) =

1-D
x2+xy—|—Ty2, D=1 (mod 4).

In particular,
h(D) = hg = #(CI(K)).

Corollary 3.1.18 (Prime representation). Let p 1D be an odd rational prime. Then

D
p is represented by a primitive positive-definite form of discriminant D <= <> =1.
4

Proof. Translate splitting into an ideal of norm p.

(D) =128 pox=pp, N(p)=p.

p
—b D
3beZ:b*=D (mod 4p), p:pZ—l——';/»Z-
b*>—D -
Op = |P:b, 4p |’ Pp([Qp]) =1[p],  Qp(1,0)=p = pis represented.

r
N

u|  |xu+rv
M: [v] N [yu—i—sv} ’
Q' (u,v) := Q(xu+ rv,yu+sv) = pu* + b'uv + v?,

D=() (mod p) — (i) 1.

This proves the representation criterion. U

Ox,y)=p = (x,y)=1 = 3ns€Z:M:= B ] € SLy(Z), det(M) =xs—ry=1.

Corollary 3.1.19 (Principal representation). For an odd rational prime p 1 D,
p = 0p(x,y) for some x,y € . <= pOx = pp with [p] = 1 in CI(K).
Proof. Use the identity under Equation (3.1.4).
®p([0p]) = [0k, p=0p(x,y) = Ja € O : [Ng/g(a)| = p.
0#£ae0x A |Nggla)=pZE Naoy) = [0k : abk] = |Ngjg(@) = p.
p = Otﬁ[(, pﬁ[(:(aa)ﬁ}(:pﬁ.
pOkx =pp, p=0a0x = p=|Ngg(a)|
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a=x+ywp = Ng/o(a) = Op(x,y) = p.

3 VD)2, D=0 (mod 4),
T+ VD)2 D=1 (mod 4),

This proves the principal representation criterion. g

Example 3.1.20 (Two squares). For D = —4, one has K = Q(i), CI(K) = 1, and Qp(x,y) = x*> +y°.
Hence
p=x*+y*forsomex,yeZ < p=2orp=1 (mod 4).

Theorem 3.1.21 (Genus theory, [2]). Factor the fundamental discriminant as D = qj --- qf into prime
discriminants. If Q represents m with (m,D) = 1, set

x(10]) = (Zi) . Y= {(81,...,&) e {£1} fle,- = 1}.

The characters are well-defined, two classes have the same genus exactly when all X; agree, and

| — 5 F(DP s F(D) Pt o 1
e
I —— CI(K)? —— CI(K) G 1.
Consequently,
CI(K)/CIK)? = (Z/22)"",  t>1 = 21| Ig.
Example 3.1.22 (The classes of Q(v/—5) and Q(v/—23)). For K = Q(v/-5),
disc(K/Q) = Mg = %\/ﬁ<3.

Let p be the prime above 2 from Example Then
N(p)=2 A Pa,bcZ: NK/Q(a+b\/TS) =a*+50* =2 p is nonprincipal.
p? =20% by Example.1.13 = [p]* = 1.
Mg <3 A 20x=p*> A pisnonprincipal =% CI(K) = {1,[p]} = Z/2Z.

The reduced forms are [1,0,5] and [2,2,3].
For L=Q(+/—23) and ® = (1 ++/-23)/2,

2
disc(L/Q) = —23, M = E\/2>3 <4, Ny jgla+bw) = a® +ab + 6b*.

P2 = (2760)7 P3 = (37 (D) 201 = P2E27 30, = p3ﬁ3'
O0L=paps,  [p3] = o] = 1] 1, [P3] = [p2].
@ +ab+6b* ¢ {2,3},  d*4ab+6b* =4 < (a,b) = (£2,0).
] =1 = p3=0a0;, Nygla)=4 = a==+2 = p;=20,=pp, = P =0,
which contradicts the splitting of 2. Thus

CI(L) = Z/3Z7 ‘g\(_23) = {[17 176]7 [27 173]7 [27_173]}
4. LOCALIZATION AND RELATIVE ARITHMETIC

Let L/K be a finite extension of number fields. Localization isolates one prime of K, while the different
and the decomposition groups measure its ramification and residue-field behavior in L.
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4.1. Valuations, the Different, and Relative Frobenius.

Definition 4.1.1 (Localization). Let A be an integral domain and let S C A satisfy
1e8, 0¢sS, s,teES = s-t€S.
The localization of A and an A-module M at S are
STA = {g LacA, ses} CFrac(A), S M= {% meM, seS}.
For a prime ideal p C A, put
Api=(A\P)'A,  Myi=(A\p)'M, k()= Frac(A/p).
Proposition 4.1.2 (Universal property and prime correspondence, [2])). Let f: A — B satisfy f(S) C B*.
There is a unique factorization

Extension and contraction give inverse order-preserving bijections

a=A""(q)

T

Spec(S1A) {p € Spec(A) : pNS =}

\_/

pSlp
and, in particular,
Spec(Ap) <— {q € Spec(A) : q C p}, pA, is the unique maximal ideal of A,,.
Definition 4.1.3 (Discrete valuation ring). A ring is local when it has a unique maximal ideal. A discrete

valuation ring is a nonfield local Dedekind domain A, equivalently a nonfield local principal ideal domain
whose nonzero ideals are the powers of its maximal ideal m. A uniformizer is an element 7 € A satisfying

m = TA, {0#£aCcA}={n"A:neZxo}.
A normalized discrete valuation on a field F is a surjective map v: F* — Z satisfying
V(o) = V(@) +v(),  v(r+y) = minE)v),  v(0):=e.
Its valuation ring, maximal ideal, and unit group are
O, ={x€F :v(x) >0}, m, = {x € F :v(x) >0}, O ={xe€F :v(x)=0}.
Theorem 4.1.4 (Local Dedekind arithmetic, [2]). Let A be a Dedekind domain, let F = Frac(A), and

let 0 # p C A be prime. Then A, is a discrete valuation ring, and every T € p \ p? is a uniformizer. The
associated valuation satisfies

Ap ={x€F :vy(x) >0}, pAp = {x € F :vp(x) > 0},

x = um"®®, u€Ay, xeF*.
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Proof. Localize the unique prime-ideal factorization of A.
q#p = Isc€q\p = sEA; N4, = g4, =A,.
0£aCA, a:quq(ﬂ) — aAp:pv,J(a)Ap'
q

0£ICA, = I=(INA)A, =p"Ap, TEP\p* = pA, = TA,.

XA = qu“(x) — XA, = ﬂv"(x)Ap — x=un"Y, ye Ay
q
Thus localization at p is the valuation ring of v,. U

Corollary 4.1.5 (Local—global ideal dictionary). Let A be a Dedekind domain with fraction field F, and
let a,b be nonzero fractional ideals. Then

ad, =p* @A, a= [ a4, CF
0s#£peSpec(A)
aCb < vy(a) >vy(b) for every p <= aA, C bA, for every p.
Theorem 4.1.6 (Structure theorem over a principal ideal domain, [2]]). Let R be a principal ideal domain

and let M be a finitely generated R-module. There are unique r,t € Z>o and nonzero nonunits dy, ... ,d; €R,
unique up to associates, such that

t
M%R@r@@R/(di), dy|dy|--|d.
i=1

Consequently,
M torsion-free <= M = R".

Remark 4.1.7. The principal-ideal hypothesis is essential,
(X,Y) cClx,Y], (X,Y) is finitely generated and torsion-free but not free.

Definition 4.1.8 (Relative prime data). Let L/K be finite of degree n, and let 0 £ p C Ok be prime. Write
g
poL=[1a’,  OLp:=(0k\p) ' OL.
i=1

ky := Ok /¥, kg, := OL/qi, fii=lkq  kp).
Here
ei=eilp).  fi=fG@ilp).  Nyx(a)=p"
If pNZ =/Z and fy = [k, : F¢], then
kp = Fgfm kq,- = Fgfofi-
The prime p is unramified, split completely, inert, or totally ramified according as

behavior ‘ relative prime data
unramified e; = 1 for every i
split completely | g =n, e;=f;=1{foreveryi
inert g=1, e =1, fi=n
totally ramified g=1, e =n fi=1.
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Theorem 4.1.9 (Relative prime decomposition). Let L/K, p, and q; be as in Deﬁnition and put

A:: ﬁ[(m, B‘: ﬁLp
Then B is a free A-module of rank n, its maximal ideals are q;B, and

0 — B

l

8
[16w/4f
i=1

Proof. Use local freeness and the primary decomposition of the special fiber.

4.1.1)

B is finite and torsion-free over the DVR A =18 p = AP dimy, (B/pB) = n.

g 8
pB=[]@B)", aB+q;B=B (i#,)) = B/pB=]]B/(a:B)"

i=1 =1
(a:B) /(aiB) ™ kg,  0<j<e; => dimy, (B/(CIiB)e") =e¢- fi.

n = dimy, (B/pB) = Z’dlmkp (B/(q:B)*") Ze, fi
i=1
This proves the relative degree formula and the displayed fiber decompos1t10n.

Proposition 4.1.10 (Relative norm valuation, [2]]). Let 0 # x € L. For every prime p C Ok,
Ny /g (xOL) = Nk (x) Ok, X0 = quq(X)

vp(Np/k (%) Zf qlp)-vg(x).

qlp

Theorem 4.1.11 (Relative Dedekind—Kummer, [2]). Ler L = K (&), where o € Oy, has minimal polynomial

F(X) € Ok[X], and assume

If
HG )6 € ky[X]
is the factorization into distinct monic lrreduables, with lifts Gi(X) € Ok[X], then

l |

kp [X] —— ky[X]/(F)

8 _ _
poL=[1a7", a=pOL+Gi(a)0L,  ky=k[X]/(G),  fi=deg(Gy).
i=1
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Theorem 4.1.12 (Tower laws, [2l]). Let K C L C M be number fields and let v | q | p be primes of
Oy, Oy, O, respectively. Then

Okp —— OLqg —— Oy

R

ky - ky ¢ ke
e(t|p)=e(cla)-e(alp),  f(x|p)=s(c[a) flalp).

Proof. Compare prime exponents and residue-field dimensions through the tower.

POy = (pOL) Oy = HH yetwla’)-eld’le)
qa'lpela’

ve(pOu) = e(c|p) = e(v]q)-e(q|p).
ky Chkq Chke = [ke 1 kp| = ke 2 kg - [kq < Ky

k
felp)=rfcla)-flalp)

This proves both tower laws. ]
Definition 4.1.13 (Codifferent and different). The trace-dual lattice, codifferent, and different of L/K are
Oy = {x€L:Tr(x0,) C Ok}, L/K) =0, AL/K) = (67)""

The relative discriminant ideal is

Trp g (xer-x1)  Trpg(xr-x2) - Trpyg(xr-x,)
Tr x2-x1) Tr X2-Xx2) --- TIr X2+ Xy,

disc(L/K) := | det L/K(, ) L/K(, ) ) L/K(, ) CXl,.. X0 € O | C Ok.
Trp k(X -x1)  Trpjg(en-x2) - Trp (X Xn)

Theorem 4.1.14 (Different identities, [2]). Let K C L C M be finite extensions of number fields. The trace
maps and differents satisfy

TrM/L

M —— L

(4.12) \ j/ Tryjx = Trgo Tryg.  O(M/K) = d(M/L)-d(L/K) Oy
vk

K
For every multiplicative set S C Ok,
Yo))y=(s"oy)Y,  SsL/K)=dS"'oL/sT ok).
If 01 = Ok|a] and F(X) is the minimal polynomial of ., then
1

Vo
%= Pl

Oy, d(L/K)=F'(a)0y.

Finally,
disc(L/K) =Nk (0(L/K)),  disc(M/K) = disc(L/K)M . N_ x(disc(M/L)).
Theorem 4.1.15 (Different exponent, [2]]). Let q | p in L/K, and put
d(q|p):=vq((L/K)), e:=e(qlp),  p:=char(ky).
Then
d(g[p)ze—1, d(g|p)=e—1 <= pfe,
d(q|p) =0 <= e(q|p) =1,
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Theorem 4.1.16 (Relative discriminant criterion). Let L/K be finite, let p C Ok be prime, and let q | p.
Then
q|o(L/K) < e(a[p)>1,  pldisc(L/K) <= Tq[p:e(qalp)>1.
Proof. Localize the trace pairing and reduce its discriminant modulo p.
B:=(0x\p) 0y, disc(L/K) Ok, = disc(B/ Ok p).
B/pB =[] 00/a" )

alp
ptdisc(L/K) <= disc((B/pB)/ky) #0 <= B/pB is reduced.

B/pB isreduced <= e(q|p) =1 forevery q|p CARK qto(L/K) for every q | p.

p|disc(L/K) ZE 3q|p:q|o(L/K) < Iq|p:e(q|p)>1.
This proves both ramification criteria. O
Corollary 4.1.17 (Finite ramification). Only finitely many primes of K ramify in L, namely

{p C Ok : p ramifiesin L} = {p C Ok : p | disc(L/K)}.
Definition 4.1.18 (Relative decomposition and inertia). Let L/K be Galois with G := Gal(L/K), and let
q | p. The decomposition and inertia groups are
D(q|p):={c€G:0(q) =a},

I(q|p):={ceD(q|p):0(x)=x (mod q) foreveryx € O.}.
Theorem 4.1.19 (Relative decomposition—inertia sequence, [2]). Let L/K be Galois with group G, and
let q | p have relative data (e, f,g). Then

G/D(q|p) = {d' COL:q'|p},  oD(q]p)— o(a),

o (F—0(x)

(4.13) | — 5 I(q|p) — D(q| p) ' Gal(ky /ky) —— 1

and
ID(alp)=e-f, |Ia|p)l=e  D(a|p)/I(a]p)=Gal(ke/ky) =Z/fZ.
For every ¢ € G,
D(o(q) |p)=0D(q|p)a~",  I(c(q)|p)=0l(q|p)o".
Theorem 4.1.20 (Decomposition groups in towers). Let L/K be Galois, let M /K be an intermediate
Galois extension, and put

G :=Gal(L/K), H:=Gal(L/M) <G, t:=qN 0Oy, p:=qN k.
Restriction gives the commutative exact diagram

L —I(q|v) —— H{a]p) —> I(t][p) — 1

I — D(q[t) —— D(q[p) — D(r|p) —> 1

1 — Gal(ky/k:) — Gal(kq/ky) — Gal(kc/k,) —> 1.

In particular,
D(q|v)=D(a[p)NH,  I(q]t)=1I(q|p)NH.
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Definition 4.1.21 (Relative Frobenius). Assume that p is unramified in the Galois extension L/K, and let
gp = #(ky) = N(p). The Frobenius element is the unique element

(4.1.4) Frob(q |p) € D(q|p),  Frob(q|p)(x)=x? (modq) (xe€ L)
Theorem 4.1.22 (Relative Frobenius laws, [2]]). Let L/K be Galois and let p be unramified in L. For q
D(q|p) = (Frob(q|p)),  ord(Frob(q|p))=f(q|p),

Frob(c(q) | p) = oFrob(q | p)o ', Frob(q | p) =1 <= p splits completely in L.
IfK CMCL, v=qN 0Oy, and M/K is Galois, then

p)

D(q | p) — > Gal(ke/k;)
l l Frob(q | p)|u = Frob(x | p),
D(t|p) ——— Gal(k/kp)
Frob(q | v) = Frob(q | p) ¥,

5. LocAL FIELDS AND COMPLETIONS

Absolute values complete the localizations of § 4] and the resulting local fields detect global splitting,
ramification, norms, and traces.

5.1. Completions, Hensel Lifting, and Ramification.

Definition 5.1.1 (Absolute values and places). Let F be a field. An absolute value isamap |-|: F — Rxq
satisfying

[ =0 = x=0,  |ol=ly, |ty <[x[+]yl.
It is nonarchimedean when

ety < max(lxl, [y[), [l # [y] = x4 y] = max(|x],[y]).
Two absolute values are equivalent when
Ixy =x|5 (x€F) for some ¢ > 0;

an equivalence class is a place of F. A normalized discrete valuation v: F* — Z, extended by v(0) = oo,
gives

x|, == "™, 0<c<1, v(x+y) > min(v(x),v(y)).
Its valuation ring, maximal ideal, residue field, and unit filtration are

0, :={x:v(x) >0}, m, = {x:v(x) >0}, ky:=0,/m,, Ul = 1+m.

Theorem 5.1.2 (Ostrowski and the product formula, [2]). The nontrivial places of Q are represented by

lx]eo 1= |x], x|, = p ™), [Thl,=1 (xeQ).

p<ee
For a number field K, the places are
{p C Ok :0#ypprime}U{c: K—R}U{1,T: K~ C}/conjugation.
The normalized place norms are
el :=NE) Y, e = lo@)], xlle = T@),
and satisfy

[TIxlh=1 ek™),  TIlkly=Neo@I™ [Tkl = Neg)l.

pfoo v]eo
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Definition 5.1.3 (Completion). Let (F,|-|) be valued. Its completion F is the field of Cauchy sequences
modulo null sequences, with
F—F, x—(xx..), |()]:=lm(|x]).
n—oo
For every isometric embedding j: F < E into a complete valued field, there is a unique isometric
extension j,

Fe—'" L F

r .
' En J=Jol.
J |

2

E
If A is a DVR with uniformizer 7, its -adic completion is

A= Im(A/7"A) = {(@m)m>1: Gmi1 = ay (mod ™)}
For a number field K and 0 # p C Ok, put
Oxp:=lim(Ok/p™), Ky :=Frac(Og,).

Proposition 5.1.4 (Completed discrete valuation rings). Let A be a DVR with uniformizer &, fraction field
F, and residue field k. Then

A L n A—= 1'£1(A/7rmA)

| l e

A/n"A —— X/n”g A/TA.
Moreover,
A is a complete DVR, my = TA, A/mA >k, F := Frac(A) is complete.
Proof. Use the compatible residue maps and separatedness.
t(a):=(a+7"A)m>1, ker(1) = ﬂ A =0.

m>1

(aj)jzl EA\ - (aj)j21+7r’"g:l(am)—|—7rmg — A/ﬂ'mA :MZ/ﬂTmA\

0+£acA, ri=sup({m>0:a€n"A}) <o —> a=n"u, ud¢mA.
ug mA <= u+nA#0 < ucA* = AisaDVR, F=|Jn A
r>0
This proves the completed DVR structure. g

Definition 5.1.5 (Local fields). A local field is a complete discretely valued field F with finite residue
field k. Writing ¢ := #(kr ), one has

Op :={x:vp(x) >0},  mp:={x:vp(x) >0} =1p0p,  |x|lF:=q""".
Every nondiscrete locally compact field belongs to exactly one of the families
R, C, F/Q, finite, F,((T)).
For nonarchimedean F,
char(F) =0 <= F/Q, is finite, char(F)=p < F =F,(T)).
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Example 5.1.6 (The fields Q, and F,((7'))). The standard expansions are

Zp:{ aipi30§0i<17}7 Qp:{zaipi:N€Z70§ai<p}a
=0 i=N

1

1

F,[[T]] = { :)a,-Ti La; € Fq}, F,((T)) = {iaiT":Ne Z, a; qu}.

Thus
Zp/p" Ly =Z/p"L,  F[[T]]/T"F[[T]) = F,[T]/(T™).

Example 5.1.7 (A split completion of Q(i)). Let K = Q(i) and

ps:=(5.2+1i),  SZ[i]=psps,  e(ps|5)=/f(ps|5) =1
Since X2+ 1= (X —2)(X +2) (mod 5),
Ky, = Qs, Ks, = Qs, K ®g Qs = Qs x Qs.
Theorem 5.1.8 (Global-local decomposition, [2]]). Let L/K be finite, let p C Ok be nonzero, and write

8
poL=11a7,  fi:=rflailp).
i=1

Then
(5.1.1) x®ar— (xa)q, Ly, : Kp| = eifi.
Trace and norm commute with completion,
Log K, ——— []Lq
qlp
y=Tr(y) J(xq)qHquTqu/Kp (xq)
Ky
Lok K, ——— []Lq
qlp
y—=N() l(xq)q’—’rlqp Ny /K (xq)
K,.

vp(Nyx(x)) =Y flalp)vex)  (xeL).

qlp
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If L/K is Galois, restriction extends continuously and gives

D(gi | p) ——— Gal(Lq,/Kp)
Gal(kg, /ky) == Gal(kq,/kp)
ker(D(qi ‘ p) - Gal(kqi/kp)) = I(qi ‘ p)v ker(Gal(LQi/Kp> - Gal(kq,'/kp)) = I(Lq,‘/KP)'
Proof. Apply polynomial Chinese remaindering after writing L = K (o) and f(X) =15, F(X) over K,,
with (F;,Fj) =1 for i # j.
g
Leg Ky = KplX]/(fo) = [ Ka )= H
i=1 i=1
deg(Fi) = [Lq, : Kp] = eifi, Zelﬁ =
Y (Vg)qlps my = @my = Tr(my) ZTr my, ) det(my) = Hdet my, ).
alp ale alp

o(qi) =i <= vq00 =vy, <= vg,(0(x)) =vg(x) (VxeL®) = D(q; | p) — Autg, (Lg,).
|D(qi | p)| = eifi = [qu' :KP] = LCli/KP is GalOisa D(qi | ]J) = Gal(LQi/KP)'
This proves the decomposition and its Galois compatibility. (|

Theorem 5.1.9 (Unique extension of absolute values, [2]). Let L/K be a finite extension of local fields of

degree n, and equip K with |a|g := ql_(v'( @ g unique extension to L is
1
el = Nl xeL.
Equivalently,
I Np/k K

| [

_
]R>0 PRT] R>O

For the normalized valuations, ramification index e, residue degree f, and qx = #(kg ), one has

vilk = evg, vk (Nz/x (%)) = fvL(x), x|k = CIEVL( e,

The intrinsic residue-normalized modulus on L is

el =g, = g, ar=dak,  llalle=llali (a€K).
Moreover,

L is complete, [L:K]=ef, Tk =um; for someu € O .
Theorem 5.1.10 (Hensel root lifting, [2]]). Let F' be complete discretely valued, let f(X) € Or[X], and let
ap € OF. If
(5.1.2) ve(f(ag)) > 2vr(f'(ao)),

then there is a unique a € O satisfying

fla)=0,  vr(a—ap) > vr(f(ao)).
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In particular, reduction gives a bijection on simple-zero loci,
ZM0p):={a€ Op: fla)=0, f(a) € 6},  ZP(kp):={acke: f(@ =0, f (@) #0},

Z}m(ﬁp) — ﬁF

redJ EmT L Zi"(OF) = Z3" (kr ).

ZJS—Cm(kF) > kF

Proof. Apply Newton iteration with s = v (f'(ao)).

Qi1 7= Gy — ]J:’((UCZ))’ tm = Ve (f(am)), to > 2s.
VF(f/(am)):Sa VF am+1_am):tm_s>s, 1 ZZ(tm—s).

tm—5>2"(tg—2s) +5 —> 00 = (a)m>0 is Cauchy = a,, —a € Op, f(a)=0.
F@)=F6)=0. a%b. vela—ao)vplb-ag) >s = TOIO _ prg)

0= @)~ 1) = (a—) TOTO pyg OO

This proves existence and uniqueness. g

£0 (mod m!).

#0 = L.

Theorem 5.1.11 (Hensel factorization, [2]). Let F be a local field, let f(X) € Or[X]| be monic, and
suppose B B B
f(X)=gX)h(X), (g,h)=1, 8,h € kp[X] monic.
There are unique monic lifts g,h € Or[X| of the same degrees satisfying
J(X) =g(X)h(X).
The lift is encoded by

d

7,% _
&8 i

(—L‘
=
S
@

Example 5.1.12 (Roots of X 24+ 1in Zs). The factorization
X2 +1=(X-2)(X+2) (mod5), 2:2#0 (mod5), 2:(=2)#0 (mod5)
lifts uniquely to
X2 Hl=X—-oa)(X—a )€ Zs[X], oy =2 (mod5), a-=-2 (mod 5).
For the positive lift,
2 (mod 5)<+—7 (mod 25)«— 57 (mod 125)«+— 182 (mod 625), o =—0oy.
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Corollary 5.1.13 (Teichmiiller representatives). Let F have residue field kr = F,. Everya € kj has a
unique lift [a] € OF satisfying

@i '=1, [a=a (modmg), [ab]=[a][b].
Thus
1 v o k: 1
K~
a—[a]
and

“alxpgx UL UV oY = (ke ) (> 1),
IfF/Q, is finite, then

Ul(pl) = - (F) Zl[f:@p] as topological groups, Ul(pm) = Zl[f:@"] for all sufficiently large m.
Definition 5.1.14 (Newton polygon). Let F' be complete discretely valued and

n

fX)=Y ax' €F[X],  apa,#0.
i=0

The Newton polygon NP(f) is the lower convex hull of

{(i,vF(a,-)) L aj; ?é 0} C R2.
The Newton slope of a side is the negative of its geometric slope, and its multiplicity is its horizontal
length.

Theorem 5.1.15 (Newton polygon theorem, [2]). Let the Newton slopes of f € F[X| be s; > --- > s, with
multiplicities my,...,m,, and write v for the extension of v to a splitting field E. If Z;(f) denotes the
multiset of roots  satisfying v(et) = s, then

Moreover,

{(sj.mj)}iey

(sjmj)=f;

{fitiz
};Hzm) f=an-[1f deg(fy)=m;,  Z(f;) = Z,(f),
=1

{ZS_/' (f) };:l
where each f;(X) € F[X] is monic and NP(f;) has the single slope s;.

(s 7mj)'_)Zsj ()

Example 5.1.16 (A polygon over Q,). For

the coefficient points are
(0,0),(1,0),(2,—1),(3,0),(4,-2),(5,0),(6,—1).
The vertices are (0,0), (4,—2),(6,—1), hence
1 1

NP(f): S1=5,m=4,  sn=-3m=2 f:%'flfb deg(fi) =4, deg(f2) =2.
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Theorem 5.1.17 (Eisenstein and total ramification, [2]). Let F be a local field and

EX)=X"+a, X" '+ 4a € Op[X], ve(ai) > 1, vr(ap) = 1.
If mp, is a root and L = F (my), then
E is irreducible, ve(m) =1, O, = Op|m], e(L/F)=n, f(L/F)=1.

Conversely, if L/F is totally ramified of degree n, every uniformizer m;, generates L/F, its minimal
polynomial P(X) = X" +a,_1X" "' +---+ay is Eisenstein, and

ﬁL = ﬁp[ﬂ'L].

Proof. Use the Newton polygon and the value-group index.
1

NP(E) =(0,1),(n,0)], V[F =vr via) = . for every root o.
X\ _ 1 1 . _ . _ _
V(L )_m29; — n|e(lL/F)<|L:F]|<n = e(L/F)=[L:F]=n, f(L/F)=1.

(bi)i=y € F", v(Z; b,~7r£> = mmin <Vp(bi) +;> >0 <= (b)) € OF = O = Op[m).
M :=F(m), nleM/F)<[M:F|<[L:Fl=n = M=L, 0p=0F[n).
v(a) = % (Va:P(a)=0) = vp(a;)) > 1 (i<n), vr(ao)=vr(Nyp(m.))=1 = P Eisenstein.
This proves both directions. g

Theorem 5.1.18 (Unramified extensions, [2]). Let F be a local field with residue field kr =¥, and let
L/F be finite and unramified.
(1) There is o € Oy such that

O, = OFflal, ki, =kr (@), [L:F|=lkp:kr].
Proof. Lift a primitive residue-field element by Hensel’s lemma.
ko =ke(a),  8(X):=far(X), & (@)#0.
g € Op[X] monic, g=g (mod mp) JoeOp:g(a)=0, a=a (modmy).

ﬁL:ﬁF{Oﬂ]—l-mFﬁL — ﬁL:ﬁF[(X], kL:kF(& .
[L:F]=e(L/F)f(L/F) = f(L/F) = ke : kr].
This proves the monogenic description. g

(2) For every finite extension E /F, reduction induces

®lg,
%8 -t Of

l l Homp(L,E) = Homy, (k,kg), @+ .
kr, T kg

Proof. Use the generator from Item I}
(ORS HOl‘IlF(L,E) - (p(ﬁL) COp = NS HomkF(kL,kE).
L=F(a), ¢o—0o(a), 9— o).
g(a)=0, g(a@)#0 511 {roots of g in E} = {roots of g in kg }.
This proves the Hom-set bijection. O
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(3) For every m > 1, there is a unique unramified extension F,,/F of degree m, and
kg, = Fyn, Gal(F,/F) = Gal(Fy /F,) = (Fry), Fr,(x) = x%.
Proof. Lift an irreducible polynomial over the residue field.
g € F,[X] irreducible, deg(g) =m, g€ OF[X] monic lift, g=g (mod mp).
Ai=0p[X)/(g).  Fn:=Frac(A) = F[X)/(g).

A/npA=F,X]/(g) =Fp = my=mnrA, AisaDVR, A=0f, e(F,/F)=1, f(F,/F)=m.
E /F unramified of degree m Homp (Fy,, E) = Homp, (Fyn,kg) # & = E = F,.
Autr(Fp) = Autg, (Fgn) = (x> x?) = F,/F is cyclic Galois of degree m.

This proves existence, uniqueness, and the Frobenius description. ([l

(4) Every finite extension E /F has a unique maximal unramified subextension E /Ey/F, and

ﬁF (% ﬁEototally ramified ﬁE
l l l [Eo:F]=f(E/F), [E:Eo)=e(E/F).
Mo e ke

Proof. Lift the full residue extension inside E.
kg /kr has degree f(E/F) g, 31 Ey/F unramified : kg, = kg.
idy, € Homy, (kg kg) == Eq < E.
FCMCE, M/F unramified = ky C kg = kg, M C E,.

E/F)f(E/F
[Ey:F]=f(E/F), [E: Ep| = W =e¢(E/F) = E/E, is totally ramified.
This proves maximality and the degree formulas. O

Corollary 5.1.19 (Structure over Q). Let F /Q),, be finite, let kr =F s, and put e = e(F /Qp,). Its maximal
unramified subfield Fy and every uniformizer mtg satisfy

F ﬁF = ﬁFo [ﬂ'p]

Fy O, [F : @p] =ef.
f

Qp Zpa

Moreover,
Fy/Q)p is cyclic unramified of degree f, F | Fy is totally ramified of degree e,
frp.ry(X) € O, [X] is Eisenstein, O = Og,|7F].
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Example 5.1.20 (Cyclotomic unramified extensions). For every m > 1, a primitive (p™ — 1)-st root of
unity gives

Q" = Q-1 Q7 Ql=m, kg = Fpr.
Thus

Gal(Q}" /Qy) = Gal(Fyn [Fy) = (Fry),  Fry(¥) =",
Definition 5.1.21 (Higher ramification groups). Let L/F be finite Galois with group G, residue character-
istic p, and uniformizer ;. The lower ramification filtration is
(5.1.3) G_1:=G, Gi:={ce€G:vi(o(x)—x)>i+1foreveryxe 0.} (i>0).

G12G2G 2---21.
The extension is tamely ramified when p { e(L/F), wildly ramified when p | e(L/F), and G is its wild
inertia group.
Proposition 5.1.22 (Ramification filtration). Let L/F be as in Definition
(1) The initial terms and fixed fields satisfy
Go=I(L/F), L9 /F is maximal unramified, L/L° is totally ramified.

Proof. Compare the action on the residue field.

G — Gal(k /kr), o — (X— o(x)), ker(G — Gal(ky /kr)) =I(L/F).
c€lIlL/F) <= o(x)=x (modm;) (x€0L) < o€ Gy.
G/Go = Gal(ky /kr), (L : F] = f(L/F), [L:L%] =e(L/F).
This proves the inertia and fixed-field assertions. U

(2) There is a canonical injection
o(m
Go/G]‘-)kz, O'GU—)S_L_L) (mod mL),
L
so Go/ Gy is cyclic of order prime to p.
Proof. Use the leading coefficient of a uniformizer displacement.
c€Gy = vi(o(m))=vi(m)=1 = o(m)/m € O].
ot(m, o(my) (m
() = (M) *(m) (mod my,).
L L L
O'(?TL)/ELEl (modmL) < 0 €G :>GQ/G1‘—>kz<.
#(ky) =#(k,) —1#0 (mod p) = p1|Go/Gul.
This proves the tame-quotient assertion. u

(3) Foreveryi>1,

o(m)—m
nll;—l-l
Hence G;/Giy1 is elementary abelian of exponent p, and G| is the unique Sylow p-subgroup of

Go.

G,‘/G,‘_H — (kL,—i-), 0Giy — (mod mL).
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Proof. Use the first nonzero additive displacement.

o(m)—rx
ceG — % € 0.
03
ot(m)—m, o(m)—m T(m)—mg
i == i (mod my).
L L L
o(m)—rx
(7;.)_HL =0 (IIlOd mL) <— 0e€Gy = Gi/Gi+1 — (kL,-i—).
L

Gi=1 (j>0), G;/Giy1isa p-group (i >1) = G is a p-group.

G < Gy, p1[Go: Gi] G, is the unique Sylow p-subgroup of Gy.
This proves the wild-quotient assertions. O

(4) The fixed-field tower is

Gy (wild)
LG G
Gy /G (tame)
LGo Gy

G /Gy (unramified)

F=1L¢ G,
where LY | F is maximal unramified, L°' | F is maximal tamely ramified, and
L/F is tame <= G; = 1.
Proof. Use the quotient structure from the preceding items.
G/Go = Gal(ky /kr) = L% /F is maximal unramified.
Go/Gi — k[ p1[Go: Gi] = L% /L is tamely ramified.
Gy € Syl,(Gy) == M/F tame, M CL = G, C Gal(L/M) = M C L.
pte(L/F) =G| <= G =1.
This proves maximality and the tame criterion. ([l

Theorem 5.1.23 (Hilbert different formula, [2]]). Let L/F be a finite Galois extension of local fields with
lower ramification groups G;, and set

ﬁz/ ={xeL: TrL/F(xﬁL) C Or}, O(L/F):= (ﬁLv)il'
Then

(=

vi(0(L/F)) = ;}(|Gi| —1),  disc(L/F) =Npr(d(L/F)).
In particular, -

L/F unramified <= ®(L/F) = 0y, L/F tame = v (0(L/F)) =e(L/F)—1.



36 1Z TECUM

6. LocAL CLASS FIELD THEORY

Local reciprocity converts finite abelian extensions of a local field into finite quotients of its multiplica-
tive group. We retain the arithmetic Frobenius normalization of § 4]

6.1. Reciprocity, Norm Groups, and Lubin-Tate Theory.

Definition 6.1.1 (Krull topology and profinite completion). Let E /K be Galois, put G := Gal(E/K), and
let % (E /K) denote the finite Galois intermediate extensions. The subgroups Gal(E/M), M € % (E/K),
form a neighborhood basis of 1, and restriction gives

G —"— lim Gal(N/K)
NeZF (E/K)

resy lprM

Gal(M/K).
For a topological group I, its profinite completion is

T: lim /N,  Z=limZ/mZ.
N<openT, [[:N] <0 m>1

Thus a topological group is profinite precisely when it is an inverse limit of finite discrete groups.

Proposition 6.1.2 (Maximal abelian subextension). Let E /K be Galois with group G, and put G' := |G, G].
The field E®® := E ¢ satisfies

E

¢
G| pab Gal(E®/K) = G™:=G/G',  M/K abelian < M C E®.
|G/
K
Proof. Apply the Galois correspondence to H := Gal(E /M).
M /K Galois <= H <G, Gal(M/K)=G/H.
G/H abelian <= [G,G]CH < [G,G|CH.
G' CH < E"CEY — MCE™.

This proves the universal property and the quotient formula. ([l
Definition 6.1.3 (Local Weil group). Let K* /K be a separable closure of a nonarchimedean local field with
residue field kg = IF,;, absolute Galois group G := Gal(K*/K), and inertia group Ix. Writing Fr,(X) = x4,
the Weil group is the inverse image of (Fr,) = Z under Gx — Gal(kg /kx) = Z:

1 Iy < Wy —% s 7 0
1 Iy < Gk 7 0.

Set ngb = WK/W and K2 := (KS)[GKvGI(]'
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Theorem 6.1.4 (Local Artin reciprocity, [2l]). Let K be a nonarchimedean local field. There is a unique
topological isomorphism

6.1.1) Artg: KX S W2, KX 5 Gal(K®/K),  Artg(mg)|gw = Fr,.

For every finite abelian L/K, restriction gives

Artg
X ab
K W

%

K* Ny g (L) ——=—— Gal(L/K),

Al‘IL/K

where
Arty g 1= resp o Artg, ker(Art; /) = Np /g (L™), Arty g (aNp g (LX) = Arty g (a).
If Ly /K is the maximal unramified subextension and I(L/K) := Gal(L/Ly), then
Ay x(Og) =1(L/K),  Artyx(7k)|r, = Frob(Lo/K).
Theorem 6.1.5 (Local class field correspondence, [2]). Let & be the finite abelian extensions in K™, and
let Uy be the open finite-index subgroups of K*. Local reciprocity induces the order-reversing bijection

L’—)NL/K(LX)
6.1.2) Sk T U [L:K]=[K*:Nyg(Lo).
U—Ly

For Ly, Ly € &k, writing N; := Ny, g (L"), one has
LiCL, < N, CN, NLILZ/K((LlLZ)X) =N NNy, N(leLz)/K((Ll ﬂLz)X) = N N;.
/ L1L2 \ Nl ﬁN2
op
e e T

LiNLy NN,
Definition 6.1.6 (Local norm group and conductor). Let K be nonarchimedean, and put
v =0r, UM i=14mp (m>1).
For finite abelian L/K, define
Mk =Npg(L*),  a(L/K):=min{m>0:U" C A, x}.
An arbitrary subgroup U C K™ is open of finite index precisely when, for some d > 1 and m > 0,
2yl U C K~

Proposition 6.1.7 (Local norm indices). Let L/K be finite abelian with ramification index e and residue
degree f. Then
v (k) = fZ, Mk NOg =Ny (0)),

[K* =Mkl =ef =[L:K],  [Og :Nyg(0f)]=e.
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Proof. Use valuation compatibility and local reciprocity.
vk (Nz/x (%)) = f-vi(x ) B Nik) = fL.
vk(Npk(x)) =0 <= vp(x) =0 <= x€ O] = A xNOg =Ny x(O7).
K = mf s 0 B K M) = £-[0F : Nk (67)
K* /M = Gal(L/K) B2 (K s ] = [Gal(L/K)| = [L: K] = ef = (67 :Nyy(67)] =e.
This proves both norm-index formulas. O

Theorem 6.1.8 (Ramification reciprocity, [2]]). Let L/K be finite abelian with group G. Extend the lower
filtration of Definition[5.1.21|by G, := Gy, for t > 0, and put

o dr 1
Ok (u) = /0 Go: G’ VL/k = Pk G" =Gy, @=0).
The Artin map identifies the unit and upper ramification filtrations:
0 1 +1
UI(( ) 5 UI(( ) . 5 UI((m) ¢ 5 U[({’" )
(6 1 3) AnL/Kl AnL/Kl ArtL/Kl ArtL/KL
GY > Gl > G , gl

Consequently,
(m)
m U, </VL/K G"
Aty (US") = G, . =
/K\YK UI({m+1)J1/L/K Gm+1
a(L/K) =min{m: G" =1}, a(L/K) =0 <= L/K unramified,
a(L/K) =1 <= L/K tame and ramified.

Proposition 6.1.9 (Unramified Artin map). Let L/K be the unramified extension of degree n. Then
% AI'tL/K
K* ——— Gal(L/K)
Nk =T % O, v mod nJ lFrob(L/K)fH j
ZL/nl, =——= Z/nl.
Proof. Use the unramified classification and finite-field norm.
L/K unramified of degree n BN e(L/K) =1, f(L/K) =n, T, = Tk
Npk (k) =ng,  vk(Ax) =nZ.
(L/K —1 @NL/K ) ﬁ :%/K: nZXﬁX

K* )Nk = 2/n7 =2 Arty g (n) = Frob(L/K).
This proves the norm group and the Frobenius square. U
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Definition 6.1.10 (Lubin-Tate formal group). Let K be nonarchimedean with residue cardinality ¢, and
fix a uniformizer mx. A Lubin—Tate series is

fX)e ok[[X]], fX)=mxkX (modX?),  f(X)=X? (mod mg).

Its one-dimensional commutative formal &x-module .% satisfies

F(X,Y)=X+Y +terms of degree at least 2, [nk]7 = f,
la+blz = F(lalz,[blz), [ablz =lalzo[b]#,
dz(X)=aX (mod X?) (ac Ok).
For m > 1, set
Flag] = {remg: [ng]7(x) =0}, Ky :=K(F[rg]).
Theorem 6.1.11 (Lubin-Tate extensions, [2]). Let m > 1 and let K,, be as in Definition[6.1.10} Then
KCKiCK,C---, K /K totally ramified abelian, (K : K] =(qg—1)g" !,

Gal(K,/K) = (O /T Ok)~, Nk, x = TEUL".
Gal(Kp 1 /K) —— 5 Gal(K,/K)

(O /7t O)* —— (O[T Ok)".

If K\ /K is unramified of degree n, then

K K,* K* /iy ~ Gal(K,,K™ /K)

n ( m 1 KUI’ NT
N / ZInZ x (O | Ok )

N,k (KK ) = mEUL.

and

Corollary 6.1.12 (Local Kronecker—Weber). For every prime p,
Qab Qur(@p .up U Qp Cm

m>1
Qab
/ \ ab - X X
@ur (‘Lpr) Gal(QP /Qp) gZXZp gQP.
\ /

Theorem 6.1.13 (Functoriality of local reciprocity, [2]). Let L/K be finite, fix L= K, and let i: W, — W.
The reciprocity squares are

Arty, Artg

L* Wiib KX ngb

NL/K‘ L‘* { lVerL /K

KX ——— W LY ——— Wit
Artg Arty,
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For finite abelian M /K and K C L C M, restriction gives

ArtM/K

K~ Gal(M/K)
m lres
Gal(L/K).

Definition 6.1.14 (Hilbert symbol). Let K be nonarchimedean, let n > 1, char(K) 1 n, and let u, C K. For
a,b € K*, choose B" = b, put K, :== K(f3), and define

A
KX T, /K Gal(Kb/K)
_ Artg, k(@) (B)
as (@bl }Mo(ﬁ)/ﬁ (@b = I
Hn,

Proposition 6.1.15 (Hilbert-symbol identities, [2l]). Under Definition|6.1.14} the Hilbert symbol induces
the perfect pairing
K* /K" x K*[K*" — Wy, (a,b)gn = (b,a)g),,
(aalab)l(,n = (a;b)K,n(alyb)K,na (aabbl)K,n = (aab)K,n(a;bl)KJn
(a’l_a)l(,nzl (a#l)v (aa_a)Klel‘
Lemma 6.1.16 (Hilbert norm criterion). Let K, = K(v/b) under Definition|6.1.14 Then
(a,b)]{m =1 <= a S NK[,/K(K;)

Proof. The norm criterion is the reciprocity kernel.

(a,b)kn=1 <= Artg, x(a)(B) = .

Ky =K(B) = Artg,jk(a)(B) =B <= Artg,/x(a) = 1.
Artg, k() =1 B2 a e Nk (K7).

This proves the norm-residue criterion. g

Theorem 6.1.17 (Tame Hilbert symbol, [2]]). Let K have residue characteristic p, residue field I, and let
(n,p) = 1. Then
U CK <= n|(qg—1).

Assume these conditions, let @: Fy — fy—1 C Oy be the Teichmiiller lift, and write a = wgu, b = nlgv

with u,v € Og. Then

(6.1.4) (a,b)kn = w((—l)aﬁvau—ﬁ(q_”/"> .
In particular,
Wkn=1,  (m,u)kn=0@ "), (1) k0= (T, 1)g ),
Proof. Reduce the symbol to units and a uniformizer.
(n,p) =1 2 4, (K) 2 1, (F,)) — p CK < n|(g—1).
u,v € 0y = K(3/v)/K unramified ELd (u,v)gn = 1.

Artie (1) e = Fry B (me,u) 0 = @@/, (70 = (7, u0) g
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1= (Tclﬁ_nl()l(m @] (71'](,717[()1(,” = (7‘[1(7_1)[;71]1 — w(_ﬁl(qfl)/n)

(@) (e ) ) 070 (00, = 0 (TP ),
This proves Equation (6.1.4). O

7. GLOBAL CLASS FIELD THEORY
Global reciprocity assembles § [6] through idele classes and ray classes.
7.1. Ideles, Ray Class Fields, and Reciprocity.

Definition 7.1.1 (Idéles and idele classes). Let K be a number field with places v. Its idele and idele class
groups are

!/
(7.1.1) AR =TIk <J]KS  Ck:=Ag/AK"),
Voo pleo
where x, € ﬁ;p for almost all p, and A(a) := (a),. Thus

1 K 2 Ay — % 5 ok 1
gKoly
K><

v

with 1,(x) equal to x at v and 1 elsewhere. For finite L/K, idélic norm is

Np /g (Ow)w) = (HNLW/K\,()’W)> » Npyk(Ar(a)) = Ax(Npk(a),

and descends through
Ap

L™ « AZ L CL

NL/KJ/ NL/KJ ‘/NL/K

K* « Ax A;é CK.

qK
Theorem 7.1.2 (Global Artin reciprocity, [2]]). Let L/K be finite abelian with group G. For each place v,
choose w | v and identify Gal(L,,/K,) = D(w | v) C G. At infinity use
1 x>0
Arte o = Artg g = 1, Artep(x) =<’ ’
/e R/R (C/R( ) {complex conjugation, x <0.
The product of local Artin maps is a continuous surjection satisfying
(712) ArtL/](: A;é —» G, (Xv)v — HArtLW/KV(XV)7 ker(ArtL/K> = A(KX) NL/K(AZ)
2%
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It induces

G— G C /N1 (Cr) = Gal(L/K).

Ck/Nr/k(CL)
Taking inverse limits defines
Artg : Cx — Gal(K™/K).
If CIO( is the identity component, then
ker(Artg) =C%,  Cx/C% =5 Gal(K®/K),  Cx = Gal(K*®/K).
Moreover,
L—Np /g (CL)

{L/K CK®:[L:K] <o} " {U C Cx : U open, [Cx : U] < o}
U—Ly

is order reversing.

Theorem 7.1.3 (Local-global compatibility). Let L/K be finite abelian, let q
p-component of Ag. Let

p, and embed pr as the

1q: Gal(Ly/Ky) = D(q | p) — Gal(L/K).
Then
Art;, /K
K} ———— Gal(Lq/K;)

If p is unramified, then
Arty kg (1(m,)) = Frob(q | p), Arty x(Aa)) = HArth/K‘, (a)=1 (acK™).

Definition 7.1.4 (Modulus and ray class group). A modulus of K is
m = MM, mo = [[p"™, me= [] »
p

where
my € Z>o, my, = 0 for almost all p, Se(m) C {v:vreal}.

Write m | n when
my | o, Seo(m) C Seo(n).
The ray groups are

Ig(mg) == {Hp“*’ ap € Z, ay = 0 for almost all p, a, =0if p | mo} ,
p

K :={a € K" :vy(a—1) > mj forp | mg, o,(a) >0 forv € Se(m)},



ALGEBRAIC NUMBER THEORY 43

(7.1.3) PK71 (m) = {(Ot) A Km71}, ClK(m) = IK(mo)/PKJ (m)
Proposition 7.1.5 (Ray-class exact sequence). Let
Ofm1=Of NKn1,  Eni=(0g/mo)* x {£1}5M™

Reduction and real signs give

L= Of oy < 0% 2% 50 2 Clg(m) — CI(K) — 1,

P () = (u mod mo, (sgn(0y (1)) Jves.(m)), O (@, (&)v) = [(@)]m,
a mod my = a, sgn(oy(a)) =&, (v € Su(m)), #(Clg(m)) < oo,

Definition 7.1.6 (Global conductor). Let L/K be finite abelian. For each finite p, choose ¢ | p and use the
exponent of Definition [6.1.6} for a real place v, put &, = 1 precisely when v becomes complex in L. The

conductor is
f(L/K) = pE/®) - T v&.

pleo v]eo
v real

The exponents are independent of q | p, and f(L/K) is the least modulus for which the prime-to- mg Artin
map factors through Clg(m).

Theorem 7.1.7 (Ray class fields, [2]). For every modulus m, there is a unique ray class field K(m)/K
such that

Ix(mg) — 2" Gal(K(m)/K)

(7.1.4) l H (9] — Frob(p) (pfmo).

Clg(m) ———— Gal(K(m)/K),

For every finite abelian L/K,
f(L/K) |m <= LC K(m).
Under these conditions,

Ix (mg) L3N Gal(L/K)

| |

CIK(m) — Gal L/K

rL/1<
Clg(m
ker(Art ) = Py.1(m) -Np g (IL(mo 1)), lwr([’iiﬁl)) = Gal(L/K).
L/K
If m | n, then
Clg(n) —————— Clg(m) K(n)

|
5 P km

Gal(K(n)/K) ——— Gal(K(m)/K)
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Corollary 7.1.8 (Hilbert and narrow class fields). Let 1 be the empty modulus, let m®' be the product of
all real places, and put

Hg:=K(1), Hf:=Km),  CI"(K):=Clg(mh.

Then
Gal(Hg /K) = CI(K), [Hg : K] = hg, Gal(Hy /K) = CI*(K),
H CI*(K)
| ¢
Hy CI(K)
|
K

Hg /K is maximal abelian unramified at every place.

H{ /K is maximal abelian unramified at every finite place.
Corollary 7.1.9 (Principal primes and complete splitting). For every nonzero prime p C Ok,
p is principal <= p splits completely in Hg.
Proof. Pass from ideal classes to Frobenius.
p principal AR [p] = 1 in CI(K).
b =1 Frob(p) = 1 in Gal(Hx/K).

Frob(p) =1 p splits completely in H.
This proves the splitting criterion. U

Theorem 7.1.10 (Hilbert reciprocity, [2]). Let w, C K, and let a,b € K*. At infinity,

I, a<0Ab<O,

,b =1, ,b =1, b =<
(a )(C,n (a )R,l (a )R,Z {1, a> 0 \Vi b > 0

All local symbols satisfy
(a,b)k,n =1 for almost all v, H(a,b)Kwn =1.

Proof. Apply global reciprocity to L := K(v/b).
pna)(b) 2 (a,b)x, . = 1.
Ala) € AK*)-Npx(AF) = ker(Arty k) 22 1= Art jx(Aa) = [T Arty, sk, (a)-

Arty, /K,(a)(\%;) (TT, Arty,, /x (a))(V/b)
- ; = (a,b K,.n @ a,b)[(v_n = wn 2 =1.
b o = T 1ebs, s
This proves the product formula. O

Definition 7.1.11 (Power-residue symbol). Let i, C K, leta € Ok \ {0}, and let ptn(a). Put L, := K({/a),
and let Frob,(p) € Gal(L,/K) be its arithmetic Frobenius. Define
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For an integral ideal b coprime to n(a), put

(@), -11(2)"

Theorem 7.1.12 (Power reciprocity, [2]]). Let p, C K, and let a,b € Ok \ {0} have coprime principal

ideals, each prime to n. Then
a b\ !
— — = bk n-
(@), (@), =Meon.

Proof. Separate the tame finite places in Hilbert reciprocity.
b\ r@
()7 sl

n a =0y B2 (4 n=19 (a S
ptn A ((a),(b) = Ok == (a,b)x,, (p) el ),

1, p1(ab).

This proves the reciprocity law. g
Corollary 7.1.13 (Kronecker—Weber, [2]). Every finite abelian extension L/Q satisfies
LCQ(Gn) =Q((m)e) forsomem>1,  Q®=JQ(&n).

m>1
8. APPLICATIONS OF GLOBAL CLASS FIELD THEORY

The unit and continued-fraction applications occur in § [3} here reciprocity is applied to characters,
L-functions, class numbers, and complex multiplication.

8.1. Characters, Zeta Functions, and Complex Multiplication.

Definition 8.1.1 (Dirichlet and ray class characters). A Dirichlet character modulo m is a homomorphism
x: (Z/mZ)* — C*, x(a):==0 when (a,m) > 1.

Its conductor f, | m is the least divisor through which y factors; x is primitive when f,, = m. Thus a
unique primitive ¥ * modulo f, satisfies

(Z/mz)* —2 s (2)f,2)"
Cc*.

For a finite abelian group G, put
G’':=Hom(G,C*), G—=(G")', g—(x—203), [G'|=]Gl.
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A finite-order Hecke character of K is a continuous character ) : Cx — C* with finite image. Its conductor
f(x) is the least modulus for which

Cxk — Clk(f(x))
\ J/Xf
(CX
commutes. Global reciprocity gives, for finite abelian L/K,

rtL

A
Cx — % Gal(L/K) —Y— €~
l LK) Im, weGalL/K)".
CIK(m) WOMT/K
For K = Q, Theorem [2.1.21|identifies these with Dirichlet characters.

Proposition 8.1.2 (Primitive induction). Let ¥ modulo m be induced by the primitive character x* modulo
fy- ForRe(s) > 1,

o) =) ] (1-22).

plfy
Consequently every Dirichlet L-function reduces to one primitive L-function and finitely many Euler
factors.

Definition 8.1.3 (Dirichlet L-function and Gauss sum). For a Dirichlet character ¥ modulo m, set

-1
8.1.1) L(s.x) ::Z%(?) :H<1—X(f)> . Re(s) > 1.
n>1 n p p
If  is primitive modulo f, put
1—x(—1 f ”
e BICU IR Wl
(s+ay)/2
Als,x) = <£> F(“;") Lis,x), €)= l.;(f/)f-

Theorem 8.1.4 (Dirichlet functional equation, [2]). Let x be primitive modulo f. Then

f0I=V @ =211 le(nl=1,
and L(s, ) ) extends to C, holomorphically when x # 1 and meromorphically with a simple pole at s = 1
when y = 1. Moreover,

(8.1.2) Als. %) = £0OA(1 —5,7).
Thus

x(—=1)=(-1)%, L(-2rx)=0 (ay=0,r>1), L(—Q2r+1),x)=0 (ay=1,r>0).
Theorem 8.1.5 (Algebraic special values, [2]]). For a primitive character X of conductor f, define

at tr

! te
;X(a)m = ZBWCE'

r>0
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For every r > 1,

B'? r
L(l—ry)= _TX’ x#1 A x(—=1)#(=1)" = B,y =L(1-ryx)=0.
I (—1) = (~1Y, then
fL(r )
o~ €Q),
Caiyey) < O
with the explicit value obtained from Theorem and B,.7.

Definition 8.1.6 (Dedekind zeta and Hecke L-functions). For a number field K and a finite-order Hecke
character ¥, set

o L o) w105

osaco N@)* & pi(x)

for Re(s) > 1, where
x(p) := %5 ([p])-
Theorem 8.1.7 (Abelian factorization and conductor—discriminant, [2]). Let L/K be finite abelian with

group G. Reciprocity identifies each ¥ € G" with a finite-order Hecke character whose unique primitive
associate has conductor (), and

CL<S) - I_I LK(S7X)a aL/K = H fO(X)?
xXEGY xX€GY
where fo(x) is the finite part of (). Equivalently,

X X oArt
G' S (Ck/Nux(Cw)”
xHLK(s,x)l lnHLK(s,n)
{Euler products} === {Euler products}.

Proof. Compare the local factors at every prime.
alp,  L:=Ialp), e:=]I|
g=Frobg, €D(q[p)/I,  Zx)=2"" (x€ky),  fi=ord(g).

Cup(s) = (1 _N(p)_fs)ir, ri= ’SJ’

[T Les(sx) = ] (1=x@N®E)™) " = (1-Np) )" = Cp(s).

{x(@):x €GY, xl1 =1} = uy with multiplicity .

XEGY XEGY
x2l=1
[T%e(s) = T Lx(s. %), ok =[] folx)-
P xXeGY xXEGY
This proves the factorization; the last identity is the local conductor formula. U

Corollary 8.1.8 (Quadratic zeta factorization). Let D be a fundamental discriminant, put K = Q(v/D),
and let
()= (2
n)=—1.
XD "

f%D = ‘D’7 CK(S) = C(S)L(SJCD)v

Then
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Gal(K/Q)" ——— {1,2p} 1, psplitsinK,

PHL(S,X) xp(p) =<0,  pramifiesin K,
—1, pisinertin K.
{C(s),L(s, xp)}

Theorem 8.1.9 (Analytic class number formula, [2])). Let K have signature (ry,r2), class number hg :=
|CI(K)|, regulator Reg(K) from Definition and wg = |Ug|. Then Ck(s) extends meromorphically
to C, has a unique simple pole at s = 1, and

(8.1.4) Res;—1(Ck(s))

~ 2""(2m)"hgReg(K)

wi/|disc(K/Q)]

Tr(s):=n"?T(s/2), Tcls):=22n)"°I(s),

Writing

the completed function
Ax(s) := |disc(K /Q)|*Tr(s)" T (s)" Gk (s)
satisfies
AK(S) = AK(I - S).
For fundamental D, Corollary[8.1.8| gives

IR SN

B Wi |D|’ 9
L(l’XD) B 2hK10g(8D) D>0
\/5 ) 9y

where €p > 1 generates Uy | Uk as in Theorem|3.1.14,

Theorem 8.1.10 (Complex multiplication and Kronecker’s Jugendtraum, [2]]). Let K C C be imaginary
quadratic, let a be a fractional ideal, and put Eq := C/a. Then

j(a):=j(E.) €Q,  Hx=K(j(a)),  Gal(Hg/K)=Cl(K).
For every ideal b prime to the relevant conductor,
Aty i ([0]) (@) = j(b™ ).
Let
Ba: Eq — P!
be a Weber function with the standard CM normalization, and
E;[m]:={P € Eq: [a]P =0 for every o. € m}.
For every nonzero integral ideal m,
K(m) =K(j(a),ha(P) : P € Eq[m]),
K*® =K (j(a),ha(P) : P € Eqgors)-

Thus
K@ Gal(K®/K)
| ¢
K(m) Gal(K(m)/K) +—=— Clg(m)
| 2 +
Hyx =K(j(a)) Gal(Hg/K) +——~—— CI(K)
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which realizes every finite abelian extension of K by special values of modular functions at CM points.
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Part 2. Seminar Talksf_[]
9. SIEVE PROBLEMS

Sieve theory converts local divisibility data into global estimates for primes, almost primes, and additive
functions.

9.1. Mobius Randomness and Prime Patterns.

Definition 9.1.1 (Arithmetic weights). Forn =], p" ) > 1, set
o(n):=#{p:p|n},  Qn 1=va n),  Aln)i=(=1)%",
P

L n=1 log(p) kook>1
(0] =
p(n) =< (—=1)°" g squarefree, A(n) = B\p), n=P T
) : 0, otherwise.
0, p* | n for some prime p,
For arithmetic functions f,g: N — C, their Dirichlet convolution is
(frg)n) =Y Fd)gn/d),  1(n):=1, e(m:=4" "~
9l dh C ’ 0, n>1
Proposition 9.1.2 (Mébius inversion). Forn > 1,
(9.1.1) Z,u(d):e(n), uxl=g¢, g(n):Zf(d) Zu g(n/d).
d|n d|n din
For Re(s) > 1,
1 1 ! A
ZZM(?):H<1—S>= _C(S)ZZ (Zl)
Proof. Multiplicativity reduces the divisor sum to prime powers.
r 1, n=1,
n—Hp, = Y u(d) =[] (u(0) +ulp)) =
dhn =l 0, n>1.
g=1*1 B pxg= (u*l)*f—s*f—f
C(S)ZH(l—p_"')_l = {(s)"" =H Z
p n>1
'(s) log(p
IOg S Z Z ks Z
P k>1 p k>1 n>1
This proves the inversion and Euler—product formulas. U
Definition 9.1.3 (Summatory functions and correlations). For x > 1 and distinct hy,...,h € Z, set
=Y um),  w):=) A
n<x n<x
Cu(xshy,...\h ZH“ (n+h;) =Y A(n)A(n+h).
n<x j= n<x

Terms with n+ h; < 0 are omitted.

4Based on lectures by Austin Lei, others [1].
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Theorem 9.1.4 (Mertens criteria). Write RH for
1
f(p)=0 A O0<Re(p)<1l = Re(p)= 5

For Re(s) > 1, partial summation gives

1 ~Mx)
9.1.2) C(s)_s/l 7 dx

Consequently,
M(x)=o0(x) < y(x) ~x < {(s) #0 (Re(s)=1,s#1),
RH < M(x) = O; <x1/2+8> for every € >0,
and the Riemann hypothesis implies the Lindelof bound
1
C<2 + it) = O0¢((1+t|)¢) forevery e > 0.
The dependence is summarized by

M(x) =o(x) " y(x)~x " {(s) #0onRe(s) =1, s #1

M(x) = 0. (x'/**¢) " RH Lindeldf.

Warning 9.1.5 (Mertens conjecture). The historical estimate

M) <vx (x=1)

is false; neither its failure nor Theorem [0.1.4] contradicts the Riemann hypothesis.

Conjecture 9.1.6 (Chowla). For k > 2 and distinct hy, ... h € Z,
Cu(xshy, ..., ) =o(x).

In particular,

Z/.L u(n+1)=o(x).

n<x
Definition 9.1.7 (Sieve datum). Let .o/ be a finite multiset of integers, let &2 be a set of primes, and put
) =[] p dy:={ae€ o :d|a}, S(,P,z) =#{ae o (a,P(z)) =1},

pP<z
peX

Lap)=1= Y, M), S, P2)=Y uld
d|(a.P(z)) d|P(2)
For squarefree d < D with d | P(z), let g be multiplicative and write
#(Ay) =Xg(d)+rs,  0=<g(p) <l
The datum has sieve dimension K when

V(z):= J] (1-2(p)) = (log(z)) "

p<z
peP
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Its local-to-global structure is

Lap(z) (d)-( )

(#(‘%))dU)(z) S(sz’,e@,z)
#(%)_Xg(d)ﬂ{ %
(Xg(d)+rd)d<0 ******* 3 XV(z)+O(R(D,z)).

s=log(D)/log(z)

Theorem 9.1.8 (Fundamental lemma of the combinatorial sieve). Assume Definition|9.1.7|and, for some
A>0andevery2 <w <z

J1 (0-s) < (llsggévzv)))K (" foat)

peP
Put
D=2, R(D,z):= Y |ral-
d<D
d|P(z)

For sufficiently large s, the fundamental sieve weights give
S(et,P,z) =XV (z) (1 +Oxa (e*SIOg(SHO’“(S))) +O(R(D,z)).
Consequently,
s—roo A R(D,z)=0(XV(z)) = S(&,P,2) ~XV(z).
Definition 9.1.9 (Admissible tuples and singular series). Let .7 = {hy,...,l} C Z, and put
V() :==#{hmod p:he H}.

The tuple is admissible when
v, () < p for every prime p,

&(H) ::H(l—vp(‘%ﬁ)> <1—1)_k.

p p

and its singular series is

Thus
mod p

H Vp(H)

va(,}f) <p
all p

A admissible —— &() > 0.

Conjecture 9.1.10 (Hardy-Littlewood prime tuples). For every admissible 7 = {hy, ..., h},

dr X

(9.1.3) #{n§x:n—|—h1,...,n+hkareprime}NG(%)/;( 6(%)w.

log(1))*
For 7€ = {0,2}, this is the twin-prime conjecture and predicts

Y AmA(n+2) ~2Cx,  G:=]] (1 — (1) .

n<x p>2 p— 1)2
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Conjecture 9.1.11 (Goldbach). Every even N > 4 is the sum of two primes. More precisely, the Hardy—
Littlewood prediction for the number Ry(N) of ordered representations N = p + q is

N p—1
(log(N)? 1% p—2

p>2

Ry(N) ~2C,

Theorem 9.1.12 (Brun and Chen). Put
m(x) :=#{p <x:p+2isprime},

and let P> denote an integer with at most two prime factors counted with multiplicity. Then

X 1
(x) < 7——7, — <,
(log(x))? ; p
p+2 prime
X
#H{p<x:p+2=P}> ——. N>1A2|N= N=p+Ph.
(log(x))?
Thus the sieve reaches the almost-prime analogues of Conjectures[9.1.10/and[9.1.11]

Definition 9.1.13 (Kubilius model). For primes p < x, let X}, be independent Bernoulli variables with
1 1
PrX,=1)=—, Pr(X,=0)=1——.
Kp=1) =~ (X, =0) p
Let Y, be independent geometric variables with

: 1 .
Pr(Yp—J)—<1—p>p 7 (j=0).
The Kubilius correspondences are

Ly~ Xp, o(n) = Z 1), ~ ZXP, Q(n) ~ Z Y,

px p<x p<x
Y E(X,) =log(log(x)) + O(1), Y Var(X,) = log(log(x)) + O(1),
p<x p<x
Y E(Y,) =log(log(x)) + O(1), Y Var(,) =log(log(x)) + O(1).
p<x p<x

Zp<x

law

o(n)

I
I
I
I

\‘/ e

X (0,1).
( p)f‘,g —log( log(/V ’

log (log(x))

Theorem 9.1.14 (Erdés—Kac). For every o < j3,

_ B,
(9.1.4) lim 1#{;1 < xiq < @) loglloglx) ;3} _ L [Py

e X log(log(x))
The same limit holds with Q(n) in place of ®(n).
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Warning 9.1.15 (Parity barrier). Classical combinatorial sieves control the local data #(.<7;) = Xg(d) +ry
but generally do not distinguish

An)=1 <= Q(n)=0 (mod 2), An)=—-1 <= Q(n)=1 (mod2).

Thus small-divisor data alone does not isolate primes:

(#(A))alp(e) (e, P,z)

\ ~

A(n) = (—1)%0),
This obstructs direct sieve proofs of Conjectures[9.1.10]and[0.1.11]

Theorem 9.1.16 (Sato-Tate). Let E/Q be a non-CM elliptic curve with minimal discriminant Ag. For
every prime p 1 Ag, set

ap:=p+1—#E(F),) =2\/pcos(6p), O € [0, 7.
Then, for0 <o < B <,
#{p<x:ptAp, a<6,<B} 2 (B

li = in?(0)de.
£ #{p<x:ptAe} ﬂ/asm( )
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Part 3. Appendix
APPENDIX A. FOUNDATIONAL TOOLS
A.1. Standard Algebraic and Analytic Tools.

Fact A.1.1 (Primitive elements and Galois correspondence, [2]]). Every finite separable extension L/K is
simple; in particular,
char(K) =0 = JaeL:L=K(a).
If Q/K is Galois with Krull group G := Gal(Q/K), then
EGal(Q/E)

— T
{KCECQ} {H <G :H closed}

v

H—QH
is inclusion-reversing, and
[E : K] < oo <= Gal(Q/E) is open, E/K Galois <= Gal(Q/E) <G
Gal(E/K) & G/Gal(Q/E) (E/K Galois).
Fact A.1.2 (Module remaindering and finite fields, [2]]). Let M be an A-module and let ay,...,a, C A be

pairwise comaximal. Then

00— (T a)M - IVESLELL o PYYR YR
i=1

Forq=p®and f > 1,
F 2 Z)(¢f ~ V) Gal(Fy/F,) = (Fr,) Z/fZ,  Fry(x) =2,

f
TI‘qu/F qu N]qu/F qu q n/ q 1).

Fact A.1.3 (Kummer theory, characters, and Hasse, [2, [1]). Assume char(K){n and u, C K. For
B"=be K",
K(B)/K is cyclic Galois, Gal(K(B)/K) < U, ©+— G;ﬁ) [K(B) : K] = ord (bK*").

For a finite abelian group G, its dual G¥ := Hom(G,C*) satisfies
|G|> g=1,
G¥| =G, Y x(e)= [Ta-¢r)=1-1"
XEGV 07 g # 17 Cm:]
IfE/F, is an elliptic curve and a, := g+ 1 —#E(F,), then
lag| <2+/4, ag =2\/qcos(0,) for aunique 6, € [0,7].
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