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Part 1. Lecture
1. MULTILINEAR ALGEBRA

Exterior algebra encodes the oriented planes and volume elements used for currents [[15] 22| 28]].
Throughout

V finite-dimensional real, n:=dimV, V::i=(V,R),
(-, -) fixed whenever metric quantities occur, % Hausdorff measure, Z" Lebesgue measure,
v.e;,q; €V, T,M orientations, o< Gy.
1.1. Tensors, exterior powers, and contractions.
Definition 1.1.1 (Tensor spaces and tensor products). For k,¢ > 0, set
THV) == {F VEx (VY —5R:F multilinear} . TRV =TV, T(V) =TV,

T°WV)=R=Ty(V), T'(V)=V*, T(V)=vV™*=V.
F € T*(V) a k-covector, G € Ty(V) an {-vector.
For F € TF(V) and G € T/ (V), set

k+
FRGeT, (V)

(F®G)(V17-'-avk+p;§lv-'-aéé-i-q) = F(Vla'-',vk’gla"'véﬁ)'G(V/H-l?'"7Vk+17;§€+17"'?§€+61)’

FIGURE 1. Cross-sectional axes resolve tensor data on a smooth genus-g surface.

Definition 1.1.2 (Alternating tensors and the exterior product). For F € T*(V) and G € T;(V), set
F alternating <= F(Vg(1),---, Vo)) = sgn(0)F (vi,...,vk) (0 € &).
G alternating <= G(&s(1);---,8s(r)) = 5gn(0)G(&1,...,&) (0 €&y).
AX(V) :={F € T*(V) : F alternating}, A(V) :={G € T;(V) : G alternating},
AO(V)=Ao(V)=R, A (WV)=V*,  A(V)=V™=V.
For A € A¥(V) and B € AP(V), set

1
(AAB)(V1,- . Viep) 32@ Z sgn(0)A(Vo(1),-- -, Vo) B(Vo(ki1): - Vokip) )

F0€Gyy,
ANV X AP(V) — AP (V) A A(V) X AR (V) — Agy (V).

3Based on lectures by Camillo De Lellis [7] .
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Proposition 1.1.3 (Exterior-product identities). For Aj,A, € AX(V), BE AP(V), C€ AY(V), and a,b € R,
(aAy +bAy) AB=a(Ay AB)+b(AyAB),  (A{/AB)AC=A;A(BAC), A AB=(—1)"’BAA,
and, for &y,...,.& €V and vy,... .,V €V,

k
(EiA-AG)(VI,- Vi) = det[<§i7vj>]i,j:l :
These identities hold equally in A.(V) [15 Chapter 1] [22 Chapter 1].

Proof. Permutation shuffles isolate the sign and order data in the exterior product.

k. € Ny, s0:=0, su::Zkb, Sh(ky,...,k,):={0€6,, :0(sq—1+1)<--<0(s5), 1 <a<r},
b=1

(A/\B)(Vl7-~-avk+[)) = Z Sgn(G)A(VG(l)a""VO'(k))B(VG(k+1)>'"aVG(k—l-p))a

o€Sh(k,p)
(aA1 +bA)) AB=a(A; AB)+b(A;AB),  AAB=(—1)"’BAA,
(AABYAC)(ViseoVigprg) = ), 520(0)A(Ve(1), - )B(Vo(kr1)s- - )C(Valkrpi1)s-- ),
o<Sh(k,p,q)
(A /\B)/\C)(V],...,Vk+p+q) = (A/\(B/\C))(V],...,Vk+p+q),

k

G A AE)V1-ovi) = Y sen(0) [T(&ve) = detl(& Vi)l 1
ocCy i=1

The same reindexing applies after exchanging V and V*. n

Definition 1.1.4 (Exterior pairing and interior products). By Proposition set
(Ey N NELVIN- - Nvg) = det[(éi,vﬁ]ﬁj:l, (-,-): AK(V) x At(V) — R nondegenerate.
Fora € A"(V),ue€ Ar(V),and 0 < r <k, set
oue A, (V), (B o) == (aABu) (BeAT(V)).
For a € AX(V),u € A.(V),and 0 < r < k, set
aLuc AT(V), (aLw,v) :=(a,uAv) (Ve A_(V)).
Forv,w eV, set

(Vb,W> = (v, W), vou:i= vb_nu, (vi,vj) =8 = Via(ViAV2) =Va.

Vo V2
A4
_—
Vi

FIGURE 2. Exterior multiplication and interior contraction by vj.

Lemma 1.1.5 (Vanishing criterion). For 1 <k <n,
VIN-- AV =0 < vy,...,V dependent, EINNE=0 < &,...,& dependent.
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Proof. Dependence creates a repeated exterior factor, while independence supplies a dual frame.

k

Ci
ZC,‘VI'ZO7 Cj#0:>Vj=—ZflVi,
i=1

i#) €
c:
VIA“AVE=—=Y “VI A AV LAV AV A AV =0,
i) €I
Vi,..., Vg linearly independent = Ivy,1,..., vy, &1, ..., &, 1 (V1,...,V,) basis, (&i,vj) = 8ij,
Evi) =67 T (G A AGVIA- AV =det[§]E L =1 = VA AV #£O,
VeV = E N NE=0 < &,...,& linearly dependent.
Thus each wedge vanishes exactly when its factors are dependent. ([l

1.2. Bases, Euclidean structure, and simple multivectors.
Definition 1.2.1 (Increasing multi-indices and induced bases). For 0 <k < n, set
J(k,n) :={i=(i1,...,ix): 1 <ip <--- <ip <n}, J(0,n) :={o}, J(k,n):=2 (k>n).
Fix
(ej,e;) = &;j, (dxi,ej) = 0, 1<i,j<n.
Fori= (i1,...,ix) € J(k,n), set
e :=e; N---Nej, dxi :=dx; N--- Ndxj,, ey =1, dxg:=1.
Proposition 1.2.2 (Exterior bases). For 0 <k <n,
{ej:i € J(k,n)} and {dx; :i € J(k,n)} dual bases of Ay(V) and A*(V),
n

dimA(V) = dimAK(V) = < k) L AV =AW ={0} (k>n).

Proof. The determinant pairing identifies the coordinates of both exterior powers.
(dxive)) = 8; B2 (dxi,ej) = det[8y;, 1k, = 3,
o = Z <a),ei>dxi, u= Z <dxi,u>ei,

iEJ(k,n) iEJ(/gn)
I (k,n)| = (’;) — dimA(V) = dimAf(V) = <’;> ,
k>n = k-tuples in V are linearly dependent = A;(V) = A¥(V) = {0}.
Thus the displayed families are dual bases with the stated dimensions. (|

Definition 1.2.3 (Induced Euclidean structures and the exterior bundle). For the bases in Proposition|1.2.2}
set

<u7V>Ak(V) = Z <dxi>u> <dxi,V>, |u|2 = <u’u>Ak(V)7
icJ(k.n)

(a,B)ary = Z (a,e)(B,ei), | = (@, &) k(v independent of the orthonormal basis.
ieJ(k,n)
For a smooth n-manifold M, set
ATM:= | | ANT,M), m:ANT'M—M, 7 '(p)=A(T,M),
PEM

QX (M) :={w € C*(M,A*T*M) : mo & =y}
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Definition 1.2.4 (Simple alternating tensors and parallelotopes). For 1 < k < n, set

o simple <= 0w =& A---A&, usimple <= u=v;A--- AV,
(V) i={ViA--- AV v,V €V FIWV)i={ue AV):ju =1}, (V) =S (V):={1}.
Forvy,...,vip €V, set

i=1

k
egz(VI,...,Vk) = {Z}LiViIOSAiS 1}

\p)
—> det[(vi,v))]
Vi

FIGURE 3. The oriented parallelotope #(vy,v2) and its Gram volume.

Proposition 1.2.5 (Gram norm and parallelotope volume). ForV =R", 1 <k <n,andu=viA--- AV,

lu> = det[(v,,vj)]’ijzl, lu| = (P (vy,...,v)).

Proof. Cauchy-Binet converts exterior coordinates to the Gram determinant, while a reduced QR factor-
ization computes volume.

A=[vi - w] eRV Aj = [Aiab]]t;,bZI’ A= 0R, QTQ =1,
u=viA--AVg LL3 (dxi,u) = det(4;), lu> = Z det(A
ieJ(k,n)
Y det(a =det(ATA) = det[(v,-,vﬁ]ﬁjzl,
ieJ(k,n)
P(vi,...,vi) = Q(R([0, 1] ), jfk(gz(v],...,vk)) = |detR| = y/det(ATA) = |u].
Figure |3|depicts the resulting identity for k = 2. OJ
g p g y

Corollary 1.2.6 (Change of frame). For M € GL(k,R) and linearly independent vy, ..., vy, set
k
VJ’ = ZM,'J'V,', 1 S]Sk
i=1
Then
VIA AV = det(M)vl VARERWAN 48 %k(fy(vl,. . .,?k)) = \det(M)\%”k(@(vl, .. .,Vk)).
Proof. Multilinearity turns a frame change into its determinant, and the Gram formula removes its sign.

A =AM, VIA- AV = Z M- lkall/\ “A Vi,

i15enig=1
Z M1+ -Migviy A=+ AV, = det(M)vy A=+ A vy,

XT A=MTATAM,  det(ATA) = (detM)>det(ATA),
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det(ATA) = (detM)?det(ATA) B2 k(2 (... ) = |detM| A (P (vy,... . vi)).
Thus orientation records sgn(detM), while volume records | detM]|. O

Definition 1.2.7 (Oriented Grassmannian). For 1 < k <n, set
Frk(V) = {(Vl,... Vk) evk. VIA---AVg 750},

(Vi s Vi) g (Wi, W) <= W, = ZMUV,, M € GL(k,R), detM > 0,

Gt (V) o Fry (V).
Corollary 1.2.8 (Oriented Grassmannian). For 1 < k < n, the map
®: . 7L(V)— Grf(V), VIAAVE— [(Viyeo o, Vi) 4y
® bijective.
Proof. Positive frames select one of the two unit exterior representatives of each k-plane.
k
U=V A AVg =W A--- AW, wi=Y Mv, I28 GetM =1 —> (VI Vi)l = [(Wi, oo Wi,
i=1
2eGrf (V) = I(qu,... ,Qk)eo@'@i,q]'):&j, ug i =q A Aqe €7 (V), DP(ug) =2,

Pu)=Pu) = v, = ZM,JV,, detM > 0, lu| = [u| =1,

luf=[u]=1 22 |detM|=1, detM>0 = detM=1 = u=1u.

Thus ® is a bijection, and Figure [4]displays its two orientations. O
T=qAqQ —T=qQAq
qz q2

A AT

FIGURE 4. Each k-plane has the two orientations +7.

Definition 1.2.9 (Comass and mass norms). For @ € A¥(R") and v € Ax(R"), set
lol* == sup{[{@,u)| :w e A (R")},  [[v||:=sup{|{@, )| : @ € A(R"), ||o]]" < 1},
Il - || comass norm, || - || mass norm.
These dual norms follow the conventions of [[15] 28]].

Proposition 1.2.10 (Mass of a simple multivector). For v=v;A---Av; € % (R"),
V]| = |v| = 25(P(vy,...,vi)).
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Proof. An orthonormal representative exposes both sides of the dual norm.
v=0 = ||v| = |v| = (P (vi,...,v;)) =0,
v£A0 = 3qi,....q:(q,q;) = G;j,  V=|VQ A Ay, =g A Agp,
ue AR = u=riA--Arg,  (rr)) =8, [(@o,u)| = |det]{q;,r))]f;_| <1,
(@0,q1 A= Aqr) =1 = [la|[" =1, (@o,v) = |v] = [v[ < |lv]],

< ,|>\<|vr — V<,

vl = v B2 v = 242 (vi,....w)).

Thus Euclidean length, mass, and parallelotope volume agree on simple multivectors. U

lo|" <1 = [o,v)|=]v|

1.3. Differential forms, pullback, and Stokes’ theorem.

Definition 1.3.1 (Differential forms on Euclidean domains). For U C R" open, 0 < k <n,and 0 < r < co,
set

C"(U,A(R")) := {w U NRY:0=Y) odg, o€ C’(U)} :
ieJ(k,n)

spt(w) :={xeU: o(x) # O}U.
Cr(U,AYR") := {@ € C"(U,A*(R")) : spt(w) € U}.

Definition 1.3.2 (Exterior and interior derivatives) For @ € C"(U,A*(R")) and r > 1, set

Z Z 7%, (x)dx; @dx; € A'(R") @ AF(R™),
ieJ(k,n) j=1

=Y Z dxj/\dxl e C (U, AL (RY)),
lEJ(kn Jj= 1

Voo:= Y Za (dxiLe;) eC" N (U, A" (RY), V.o:=0 (k=0).
ieJ(k,n) j=1

For w € C'(U,A*¥(R")) and 1 < k < n, set
o closed <— dw =0, o exact < 3y e CH(U, AT (R"): 0 =dy.
Proposition 1.3.3 (Nilpotence of the exterior derivative). For @ € C*>(U, A(R")),
d(dw) = 0.

Proof. Symmetry of second derivatives cancels against antisymmetry of the exterior product.

Z Z 8 dxz/\dxj/\dx.,

ieJ(kn) jl=1
n 2
dxyNd dxyNd.
Z axﬁxj MNAx] = Z 8x]8xp KAL),
% ay PRI
dldow)= = — dxy Ndx; N\ dx;
(do) 2iej%:‘n)jj_l<axﬁxj ax.,-ax) HAGx A,
02 02
D7D dde)=0.

dx¢0x; N dx;joxg
Thus d? = 0 on C2-forms. O
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Corollary 1.3.4 (Exact forms are closed). For 1 <k <nand y € C*(U,A*1(R")),
w=dy 22 do=d(dy)=0.
Definition 1.3.5 (Pullback). For Q C R and U C R" open, F € C!(Q,U), and @ € C°(U,A*(R")), set
Fro e COQ,AYR™),  (F*o(x),vi A---Avi) == (0(F(x)),DF (x)v; A--- ADF (x)v;),

& OF,
Fro= Y  (@oF)dF,A---AdF,,  dF,= Z dxy,  F'o=0oF (k=0).
. e ; axb

i=(i1-ik) € ()

U—>

ol

D x
T.U fx Tf (x f( )

(f 0)) (Vl, 5,V ) = (J)f(x) (Dfxvl,. .. ,Dfok).
FIGURE 5. Pullback of a differential form and naturality of d.

Proposition 1.3.6 (Naturality of the exterior derivative). For F € C2(Q,U) and @ € C'(U,A*(R")),
d(F*©) = F*(do).

Proof. The chain rule differentiates the coefficients, while d>F; = 0 removes every remaining product
term.

Fro= Y (@oF)dF,A---NdF

ik

ieJ(k,n)
d(Ffw)= Y d(@oF)AdF, \---NdF,,
ieJ(k,n)
n
F, ec(Q) B qr,) = d(woF) = Z(a%oF)
d(Fro)= Y Z 9% 1) dF; NdFy A~ A dF,
o ~ \ Ox; .
ieJ(k,n) j=1 J
d(Ff®)=F ' ) Z WdxjAdxi =F*(dw).
i) (kn) j=1 9N
Thus pullback commutes with d, as represented in Figure ([l
Definition 1.3.7 (Orientation and induced boundary orientation). For a C! embedded k-submanifold
S C R, set
T5: S — SR, Tg continuous, t5(x) € Ak(TS) (x€9), (S, 1) oriented.

For x € 05, choose

ng(x) € T.SNT,(dS)*, Ing(x)| =1, ng(x) outward.
Set
Tos(x) € LR, ns(x) ATas(x) = Ts(x),  x€IS.
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FIGURE 6. The outward-first convention orients dS.

Definition 1.3.8 (Integration of forms). For U C R" open, assume
ScU, (S, 7s) oriented embedded k-submanifold of class C 1, HES locally finite.
For w € CO(U, AF(R™)), set
/ w:= / X)) dA(x).
Theorem 1.3.9 (Stokes). For U C R" open, 1 <k <n, S CU an oriented C? embedded k-submanifold
with boundary, and y € C' (U, A*=1(R")), assume
spt(y) NS € S.

v fov
as S

This is the compactly supported Stokes formula 22, Chapter 3] [28, §26].

Then

Proof. An oriented atlas and a partition of unity reduce the identity to Euclidean Stokes on open subsets
of the half-space.

N N
spt(y) NS C | FulQu), F,:Q,CcH' — 5, Y xa=1nearspt(y)NS,
a=1

a=1

/dWZ i/d(xawbﬁ/gaﬂ*(d(m))

xav € CHS, ATV RY) BE pra(aw) =daw,  aui=EF(a¥) € C(Qa, AFH(RY),
N
d / da, = / — )
/ Y= Z : Z i, = g (; x) v=[ v
The outward-first convention in Figure|[6] supphes the boundary sign and completes the proof. (|

2. CURRENTS

Currents extend distributions and integration over oriented submanifolds [[14, Chapters 1-3], [17,
Chapter 9]. Throughout

U C R" open, AU <= A C U compact,
M mass, N normal mass, F flat seminorm, IIT || Radon measure,
[-] integration current, — weak-* convergence.
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2.1. Test forms, currents, and the boundary operator.

Definition 2.1.1 (Smooth compact-open topology). For
KeU, reN, o € C(U,A*(R")),

Set
Ok, = Do
(0] = max sup|D7o(x)]
Choose N
KhekKie---eU, |JKi=U
Set

[® — Nk, r
de ) ,n 2 r—h—2 hsl
D T

U (y;K,r,€) i= {a) e C* (U, AKRY) : [0 — W]k, < s},

N
dc~ compatible with the smooth compact-open topology, ﬂ U (y;K;, ri, &) a neighborhood basis (N € N).
i=1

FIGURE 7. Nested compact sets exhaust U.

Definition 2.1.2 (Test forms and currents). For K € U, set
ZE(U) = {w € C*(U, AKR™)) : spt(e) C K} .

MUY = C2(U,ANRY)) = lim Z%(U) locally convex inductive limit.
KeU
For (wy) C 2¥(U), write

, JdKeU: spt(wy) CK (veN),
0in 2K(U) <=
o — 0in Z°(U) { [k, — 0 (reNy).
Set
2(U):=(2"VU)), T,—-T <= T, (0) —T(®) (0c2U)).
Proposition 2.1.3 (Continuity criterion). For a linear T : 2*(U) — R,
T € %(U) <= |VK €U Jrg € Ny ICk < oo : |T(0)| < Ck[0]k, (0 € DE(U))|.

Proof. |15, §4.1.7], (28, §26]. O
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Example 2.1.4 (Distributions and measure currents). Set
2(U) =2'(U).

For a locally finite signed Radon measure pt on U, set
T0(0) = [[edn (pe W), T W),

() ::/U(a)(x),el A Ae)du(x) (@€MUY,  TiE G,(U).

Example 2.1.5 (Integration current). Let
S C U oriented embedded C' k-submanifold, Ts Unit orientation, HH(SNK) <o (KeU).
Set

[S(w) := /S<w(X),Ts(X)>d%”"(X) (0 € 7°(U)).

For K € U and @ € Z%(U),

1S)@) < [ lo)]|d#*(x) < #*SnK) 0l 22 [5] € (V).
Definition 2.1.6 (Boundary of a current). For T € Z(U), set

P24(U):={0},  OT(y):=T(dy) (k>1,yeP*(U)), IT:=0ec2,U) (k=0).
Proposition 2.1.7 (Boundary identities). For
T € 2(U), S C U relatively closed oriented embedded C* k-submanifold with boundary,
I’T =0,  9[S] = [9s].
Proof. For T, S as above, nilpotence of d and Stokes’s theorem supply the two identities.
PT(y)=T(ddy) =20 (ye 2 2)).
o1sIw) = [av =2 | y=[as)w)  (ve '),

Thus the algebraic and geometric boundaries agree. ([l
2.2. Mass, support, products, and pushforward.

Definition 2.2.1 (Mass and support). For T € Z;(U) and open W C U, set
My (T) := sup{]T(a))] co € 28U), spt(w) C W, sup||o(x)|* < 1}, M(T) :=My(T),
xeU
T locally finite mass <= My (T) < (W € U open),
spt(T) := U\U{W CU:Wopen, T(w)=0if spt(w) C W}.

Proposition 2.2.2 (Radon representation). Let T € Z;(U) have locally finite mass.

ur Radon measure 3tr : U — Ag(R") ur-measurable : ||tr(x)|| =1 for ur-almost every x,
T(@) = [ (00, mrW)dur(),  T]:=pur.
My (T) = [IT|[(W) (W C U open),  spt(T) =spt(||T]}).
Proof. |15} §4.1.5], (28] §26]. U
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Definition 2.2.3 (Products, restrictions, and pushforward). For
TcU), XeC(U,A(R"Y), v eC(UA'RY), 0<h<k,
Set
(TAX)(9):=T(¢.X) (9 Z""(U)),  (Tey)(9):=T(¥yA9) (¢€2°"U)).
For T as in Proposition[2.2.2Jand A C U || T ||-measurable, set

(T A) (@) := A<w(X),TT(X)>dIIT|!(X)-

For
Q C R™ open, F : U — Q smooth, F |Spt(T) proper,
Choose
o € 7¢(Q), x€C(U), x = 1 near spt(T) N F~ ! (spt(w)),
Set

FT(0):=T(xF o), FT(0)=T(F'®w) (F proper).

FIGURE 8. Restriction localizes T'; proper pushforward transports it.

Proposition 2.2.4 (Boundary commutes with pushforward). For

T € 2(U), Q C R™ open, F :U — Q smooth, F|spi(r) proper,

d(FsT) = Fy(dT).

Proof. For T, F as above, one cutoff serves both currents and naturality moves d through pullback.

spt(dT) C spt(T), ve 25 1(Q), x = 1 near spt(T) N F~ ! (spt(y)).

Fsmooth 22 q(Fry) = F*(dy),  d(xF*y)=dy ANF*y+ xF*(dy).

sptdx ANF*y)Nspt(T) =@ = T(dx NF*y) =0.
Fy(9T)(y) = TA(XF"¥)) = T(LF* (dy)) = BT(dw) = A(FT) ().
Thus boundary and proper pushforward commute. U
Proposition 2.2.5 (Mass identities and lower semicontinuity). For
S C U relatively closed oriented embedded C' k-submanifold, HK(SNK) <o (KeU),
spU([S) =S, Mw([S]) = #(SAW) (W C U open).

ForT, — T in 2 (U),
My (T) < liminfMy(T;) (W C U open).

h—roo

Proof. |15 §4.1.7, §4.1.12], [28] §26]. U
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Definition 2.2.6 (Cartesian product of currents). Let
U CR%open, T,€2,U) (i=1,2), woc2"™ U xU,),

0= Z Z Z gij(x,y) dxi A dyj.

r+s=ki+kai€J(r,ny) jeJ (s,n2)
Set

(i xD)(w):= Y Y T (gl )dy)dx),
ie](kl,nl)je./(kz,nz)

Ti x Tr € Dyya, (Ur X Us).
Proposition 2.2.7 (Boundary of a Cartesian product). For T; € %, (U;),
ATy X Ty) = (0Ty) x Tr 4 (— 1M1y x (9T3).
Proof. [[15, §4.1.8], [28, §26]. O

Theorem 2.2.8 (Homotopy formula). Let
Q C R" open, f,g:U — Q smooth, I:=]0,1],
H:IxU — Q smooth, H(0,-)=f, H(l,")=g, H|jspi(T) PTOpET, T € 2(U).
gsT — T = OHy([[I| x T) + Hy([1] x 9T).
Assume
H(t,x) = (1=1)f(x) +18(x),  M(T) <eo.

M(Hy([[]xT)) < sup |f(x)—g(x)|- sup [(1—1)Df(x)+1Dg(x)|"-M(T).
xespt(T) (¢, x)elxspt(T)

Proof. For T,H as above, the product boundary records the endpoint slices and pushforward transports
the chain identity.

ol = {1 - [0} =2 a([ = ({1 = [{0}) x T = 1] x IT
OHy([I] x T) % Hyd([I] % T).
Hy({1 - {O}) < T) =g — £, Hyd([I] x T) = g4T — fyT — Hy([[I] x 7).
g#T — fuT = IHy([I] X T) + Hy([1] x IT).
The affine estimate is the corresponding (k + 1)-Jacobian bound [28] §26], and Figure[9]records its chain
geometry. ]

FIGURE 9. The homotopy current joins f47 to g7 .
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2.3. Regularization and the constancy theorem.

Definition 2.3.1 (Distributional derivatives of a current). For
T € Z(U), 1<j<n, w= Y wdxe2"U),
ieJ(k,n)
Set

D, T(®):= (Z ) DT € Z(U).

icJ(k,n)

Proposition 2.3.2 (Coordinate boundary identity). For T € %, (U) and 1 <k <n,

n
oT =—Y (D, T)dx;.
j=1
For k=n,
T =0 <= D,,;T=0 (1<j<n).
Proof. For T as above, the coordinate formula for d transfers test-form derivatives to distributional
derivatives of T'.

_ ! d
ve "YU, dy= de] 8;!/'
J

n n 81”
DTd =) T(dx;AN=— ) =T(dy)=9T(y).
INCRTIIZES (ax ax,.) (dy) = aT(y)

For k = n, choose -

©j:=@dx; A---Adxj \--- Ndxy, peCr(U).

. p) .
oT (w;) = (—1)7'T <a;pdx1 A /\dxn) = (=1)/Dy,T(@dx) \--- Ndxy).
J
T =0 = D,,;T=0 (1<j<n), D,T=0 (1<j<n) = JT=0.
Thus the coordinate identity yields the top-dimensional equivalence. U
Definition 2.3.3 (Mollification of a current). Fix
p€CI(Bi(0)), p(—x)=p(x), p=0, Rnp(x)dle-

Set
pe(x) ;=€ "p(x/¢€), Ug :={x € U : dist(x,dU) > €}.
For T € (U) and ® € 2*(Up), set

(pex0)(x) = | pelx—y)oB)dy,  Te(0):=T(pex),  Te € (Ue).
U U
*Pg

FIGURE 10. Mollification smooths 7" on Uk.
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Lemma 2.3.4 (Regularization). For T € Z(U),
To(0) — T(0) (0€ 2*(U), € |0 sufficiently small), Dy T = (Dx,T)e (1< j<n).

For
feiy) =T (pe(y— ) dxi), e(y) = Y, feily)e,

ieJ(k,n)

e CWa AR, To(0) = [ (©0)%()dy

€
For k =n, set

Fe(y) :==T(pe(y—-)dxi A+~ Adxy),
Te(pdvi - Ads) = [ O)Fe(y)d.

Proof. Exercise[8.4] [22 Chapter 7], [28] §26]. O
Theorem 2.3.5 (Constancy theorem). For
U C R" open connected, T € 2,(U), T =0,
JeeR:T=c[U], [U(QdxiA--Adx) ::/ o(x) dx.
U

Proof. For T,U as above, regularization converts the boundary condition into local constancy of a smooth
density.

B & U open connected, 0 < & < dist(B,dU), ns € C(B), / nedx = 1.
B

ar=022 p.7=0 (1<j<n) E VR =0— F=cz; onB.
cpe = Te(Mpdxi A\ --- Ndxy,) — T(Npdxi A\--- Ndx,) =: cp.
For ¢ € C*(B),
T(@dxi A---Ndxy) = limc&g/ Qdx= CB/ Qdx.
€l0 B B
BINBy # @ = cp, =cp,, U connected = cg=c¢ (B € U open connected).
Hence T = ¢[[U]] on every compactly supported top form. O
2.4. Normal, flat, and rectifiable currents.
Definition 2.4.1 (Normal currents). For T € Z;(U) and open W C U, set
Nw(T) :=Mw(T)+My (dT), N(T) :=Ny(T).
Set
MU) :={T € Z,(U) : N(T) < oo}, Nitoc(U) :={T € Z(U) : Nw(T) <o (W €U open)}.
For T € #(U), Proposition[2.2.2] gives

T()= [ @mdlTl,  oT(w)= [ (v.rar)d]oT].
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Proposition 2.4.2 (Compactness and the direct method). For

K C U compact, (Th) € M(U), spt(T,) C K, supN(Tj,) < oo,
h>1

3(h;j) C N strictly increasing 3T € M (U) : Ty, — T, spt(T) C K.
M(T) <liminfM(T;,)),  M(T) < liminfM(3T, ).
Joeo Joe
For
I'e 4_1(U), ar =0, g ={T € MU):dT =T, spt(T) CK} # &,

3. € ok M(T) = inf M(T).
‘T",K

Proof. Under the stated support and normal-mass bounds, normal-current compactness gives weak limits
for T;, and 07},

T, —T, a1, — S, S(y) :}}im Ty(dy) =T(dy) =9dT(y).
—>00
spt(Ty) C K = spt(T) C K, S=dT.
T, —~T, aT,—dT 2 M(T)< liminfM(7;), M(JT) < liminfM(0T).
—o00 —>00

inf M(R)<M(T)< 1limM(T,)= inf M(R).
il (R) <M(T) < lim M(T},) il (R)
Thus the weak limit is an admissible mass minimizer [23, Part I]. ]

(Ty) C 9 g minimizing = JT =TI, spt(T) CK,

Definition 2.4.3 (Flat seminorm and flat chains). For T € Z;(U) and open W C U, set
Fy (T) := inf {My (R) + My (S): T =R+3Sin W, R€ %(U), S€ D, (U)},  F(T):=Fy(T).

Set
NeeU) = {T € AU):sp(T) €U},  Fa(U) = He(U)".

O~

FIGURE 11. A flat decomposition T = R+ 9S.

Definition 2.4.4 (Polyhedral chains). For

o = [vo,..., V] € U oriented affine k-simplex, A e {Z,R},
Set
N
@?(U) = {Zai[[ﬁi]] :NeN, qg; € A, O; € U},
i=1
P = {Zai[[ai]] ca; € A, {0;}7, locally finite in U} .
i=1
Write

PU) = PEU),  PEU) = ZHU).
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1+41-2=0

FIGURE 12. An integer polyhedral one-chain whose boundary vanishes at the junction.

Definition 2.4.5 (Integer rectifiable, integral, and integer flat currents). Let
M C U countably k-rectifiable, 0 e L' (" M;N),
T : M — A¢(R") measurable unit simple, span(t(x)) = .M for #*-almost every x € M.
Set
/ 0 (x t(x))dA (x) (0 € 2NU)), X (U) :={T : T has this representation}.
Set
L(U) = 2%U)NMU) =A{T € Z(U) : T € %1 (U)},
FEU):={R+3S:Rc % (U), S € %1 (U)},
FZ(T) := inf{M(R) +M(S): T =R+09S, Re Z(U), S € %1 (U)},
F2(Ty + ) <F2(T1) +F2(1).

Proposition 2.4.6 (Density representation). For T as in Proposition[2.2.2] assume

M(T) <o, o= ZHBI(0)),  O(|T]|,x) = lim I IE-))

rl0 gk
T e %k @ 3¥ C U countably k-rectifiable
ITIU\Z)=0,  O|T|,x) €N for||T|-almost every x,
Tr(x) = vi(x) A Ave(x), T.X = span(vy(x),...,vi(x)) for ||T||-almost every x.
Set
6 (x )' @)k(HTH x).
IT| = 6.7#% %, /e PV AR (), M(T) = / 0(x)d A" (x).
b2
Proof. [15] §4.1.28], [28], §27], [8, Chapters 1-2]. ]
0=2 6=1
o~ T~
7(x)

FIGURE 13. An integer rectifiable current is a carrier M, an orientation 7, and an integer
multiplicity 6.
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Proposition 2.4.7 (Current-class inclusions). For compactly supported chains,
PEU) CL(U) Cc Z(U) c FEU) c Z(U),  2(U) C MU) C F(U).
Proof. [[15, §4.1.24], [22], Chapter 7], [28] §27]. O

3. SLICING, DEFORMATION, AND AREA MINIMIZATION

Throughout, 1 < & < k, u is Lipschitz with constant Lip(u), (T, u,y) is the slice of T over y € R", a
superscript § denotes restriction to 7., ¢, x depends only on dimension and may change from line to line,
y is the volume of the unit k-ball, dim 4~ is Hausdorff dimension, and the notation of §2|and §5|is used
(8], [25, Chapters 15-17], [14}, Chapter 3].

3.1. Slicing and the coarea formula.

Proposition 3.1.1 (Smooth level sets). Let S C R" be a smooth k-dimensional submanifold, 1 < h <k,
and u : S — R" smooth. For almost everyy € R", the set Sy := SNu~'(y) is empty or a smooth (k — h)-
dimensional submanifold, and

TSy = ker(DSu(x)) = TSN ﬁker(dui(x)) (x €Sy).
i=1
Proof. Sard’s theorem and the regular-level-set theorem give the claim [[15) §3.1], [22, Chapter 5]. U
Definition 3.1.2 (Tangential Jacobian and rectifiable slices). For 1 <h <k, T =[S, 1, 0] € Z(R"), and
Lipschitz u = (uy,...,uy) : R* — R", write DSu(x) := Du(x)|z,s wherever T,.S and Du(x) exist, and
VSui(x) := Pr.sVu(x), Jou(x) := ‘Vsul (X)A--- AVSu, ()],

with J3u(x) := 0 elsewhere. Let Sy C S be the set on which 7,.S and DSu(x) exist and J3u(x) > 0, and let
Sy :=SgNu~'(y). Forx € S,
VSup(x) A+ AVSup(x)

Jou(x) ’

Mu() = M) AT(x) = 1(x),  [n)] =1,

and for almost every y € R,

(T,u,y> = [[Swfyv 9’537]] € %k—h(Rn>'

FIGURE 14. The slice carries the induced orientation.

Proposition 3.1.3 (Rectifiable coarea and slice identities). For the data of Definition and every
nonnegative Borel f : S — [0,9],

L, | @@y = [ fe0sut )
R" JS, s

and, for almost every y € R",
A((SNu T 3)\Sg) =0, spt((T,u,y)) Cspt(T) Nu' (),
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[ M(Twy))dy = [ O@pfutx) d*(x) < Lip(u)M(T),
R S
/h(T,u,y>(a))dy —T(du A Adupyh@) (0 € PR,
R
Proof. Apply the coarea formula on Lipschitz charts to S\ S, and 6; Figure|14|fixes the orientation [15,
§3.2].
| A\ s ) dy= [ 5 Thud A =0, | M(T.uy))dy = [ 0siuar,
RA S\S, RA s

h
Jou= ‘Vsul/\---/\VSuh’ fzd Jou < H]VSui] < Lip(u)",
=1

AT =T (duy A+ Ndup A @,T) = Ju(w, 1),
T(duy A+ Aduy A @) = /GJ,fu(a),Ty)d%”k _ /h<T,u,y)(co)dy.
S R
O

Corollary 3.1.4 (Euclidean coarea and polar coordinates). For Lipschitz u : R"* — R" and Borel f : R" —
[0, 2],

Jrmax= [ [ gy
) = el V=1 #0) = [ ywax= [0 [ jwan war

Proof. Proposition with § = R”, and with 2 = 1 and u(x) = |x| for the second identity, gives both
claims. O

FIGURE 15. Polar coordinates decompose R” into the level spheres of u(x) = |x|.

Definition 3.1.5 (Slices of normal currents). For T € A;(R"), Lipschitz u : R” — R, and almost every
reR,
(Tyu,r) :=9(T . {u<r})—(0T) . {u<r}e M (R"),

while for Lipschitz u = (u1,...,u,) : R" — R" and almost every y = (y1,...,y;) € R",
<T,u,y> = < o <<T7ulayl> 7M2a)’2> T auhvyh> .
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Theorem 3.1.6 (Slicing theorem). For T € A (R"), Lipschitz u : R" — R" 1 < h <k, and almost every
ye R
spt((T,u,y)) Cspt(T)Nu™'(y),  h<k = d(T,u,y)=(—1)"(dT,u,y),  h=k => (T, u,y)=0,

[ MUT.)dy < Lip(M(T), [ M(T,u.3))dy < Lip(u) M),

/Rh(T,u,y>(a))dy —T(du A AdupA@) (0 € PR,

For T € Z(R"), this agrees almost everywhere with Definition[3.1.2} for T € It(R"), one has (T,u,y) €
Ii_»(R") for almost every y € R,

Proof. The one-dimensional boundary identity iterates in /4, and the remaining assertions are the normal-
current slicing theorem [[15, §4.2.1 and §4.3.1], [28, §28].

h=1,k>1 22 07 ur)=—9(OT){u<r}) =—(@T,u,r), k=1 = (T,u,r)=0.

O

Theorem 3.1.7 (Compactness of slices). Let (T;)>1 C A (IR") converge weakly to T with sup -, (M(T;)+
(aT])) < oo, and let u : R" — R be Lipschitz. A nonrelabeled subsequence depending on u satisfies

(Tj,u,r) = (T,u,r) foralmost every r € R, sup [ (M((Tj,u,r)) +M(9(Tj,u,r))) dr <Lip(u)supN(T}).
j=1JR j=1

Proof. Let u;j:= ||Tj||+ ||d7}|| and pass to a weakly convergent subsequence.

suppj(R") <oo = p; — p,
=1

pu'(r)=0forae.r = TjL{u<r} =T {u<r}, @Tj){u<r}—(@T) {u<r}.
Tic{u<r}—=T {u<r}, (aT) {u<r}—(dT) {u<r} SAR] (Tj,u,r) = (T,u,r) for almostevery r.
T; € A (R") sup/ (T, .7)) + M(O{T;.0.r) dr < Lip(u) supN(T))
N O

Corollary 3.1.8 (Lower semicontinuity of sliced mass). For the sequence and subsequence of Theo-

remB.1.7
M (T,u,r))dr <liminf | M((T},u,r))dr <Lip(u) liminf M(7}).

joe JR Joe
Proof.
(Tj,u,r) = (T,u,r) @ M((T,u,r)) <liminfM((T},u,r)) for almost every r.
Joeo
M((T,u,r)) <liminfM((T},u,r)) by M (T,u,r))dr <liminf | M((T},u,r))dr.
Joee j=e JR
T; € M(R") C1d /M (Tj,u,r))dr <Lip(u)M(T, ):>11m1nf M((Tj,u,r))dr <Lip(u)liminf M(T}).
joe JR joe

0
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3.2. Closure, boundary rectifiability, and integrality criteria.

Theorem 3.2.1 (Closure theorem for integral currents). Let (7;);>1 C It(R") satisfy T; — T and
sup ;= (M(T}) + M(9T})) < ee.
T € It(R").

Proof. [15 §4.2.17], [28} §27]. O

Lemma 3.2.2 (Slice criterion for rectifiability). Let T € A 1oc(R") satisfy dT = 0, and assume every
Lipschitz u : R" — R has (T,u,r) € %1 10c(R") for almost every r € R.

T € X joc(R").
Proof. |15} §4.2.15], [18} §2.2]. U
Theorem 3.2.3 (Boundary rectifiability). For T € Z(R") N A (R"),
T € % (R"), T € I(R").
Proof. |15, §4.2.16], [16], [18, §2.2]. U

Theorem 3.2.4 (Bounded variation of slice maps). For T € A (R"), 1 < h <k, and Lipschitz u : R" — R,
the slice map ®7,,: R — F;_,(R"), ®r,(y) :=(T,u,y), has a representative satisfying

cI)T,u € BVioc (Rh; cgﬁkfh(Rn)) .
Proof. [21], [1, Chapter 3]. ]

Theorem 3.2.5 (Projection criterion for integer rectifiability). Let T € A;(R"), and write np : R" — P
for orthogonal projection onto a coordinate k-plane. If (T,mp,y) € Io(R") for almost every y € P and
every such P,

T € % (Rn>

Proof. [4]. O

spt(T) ' (v)

p

: P
(T 7.3) = Ly )]

FIGURE 16. Projection onto P reduces T to integer-weighted points on each fibre.
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3.3. Area minimization and regularity.

Definition 3.3.1 (Area minimization and regular sets). For a smooth Riemannian manifold M", an open
QCM,and T € Iy joc (M), the current T is locally area minimizing in Q if, for every open W € Q and
Q € Ik+1,loc(M) with Spt(Q) ew,
My (T) < My (T +90).
A point x € spt(T) \ spt(dT) lies in Reg;(T) if a neighborhood W 3 x, an integer m > 0, and a smooth
connected oriented embedded k-submanifold ¥ C W satisfy
T W =m[X].

Sing;(T) := (spt(T) \ spt(9T)) \ Reg;(T).
A point x € spt(dT) lies in Reg, (T) if a neighborhood W > x, an integer m > 0, and a smooth connected
oriented embedded k-submanifold ¥ C W with boundary satisfy
T W =m[x], OT LW = m[[dX].
Sing, (T') :=spt(dT) \ Reg, (T).
Theorem 3.3.2 (Existence in integral homology classes). For compact M, every o € Hy(M;7) represented
by an integral cycle admits Ty € It.(M) satisfying
dT, =0, [To] = a, M(Ty) = inf{M(S):S€L;(M), dS=0, [S]=a}.
Proof. Let my be the displayed infimum; integral flat compactness gives a minimizing sequence (S;) j>1
and Ty, with F(S; — Ty) — 0 [16]], [15] §5.1.6], [19, Chapter 1].
F(Sj—Ty) —0, 95;=0, [Sjl=0 = dTa=0, [Ty =c.
M(S;) —> mg,  mg <M(Ty) 22 M(T,) < liminfM(S;) = my.
J—reo
O

Theorem 3.3.3 (Interior singular sets). Let T € It(M") be locally area minimizing in a smooth metric.
Forn—k>2,
k=1 = Sing(T) =2,
k>2 = dimy (Sing(T)) < k-2, Sing;(T) is countably (k — 2)-rectifiable,
k=2 = Sing;(T) is locally discrete.
Forn—k—=1,
k<6 = Sing(T) =2,
k>7 = dimy (Sing;(T)) <k—7.
k>7 = Sing;(T) is countably (k —7)-rectifiable.
k>7 = "7 (Sing(T)NK) < (KEM).

Proof. (316,11, 26], [28} §37]. U
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Example 3.3.4 (Sharp interior models). The calibrated two-dimensional complex curve and seven-
dimensional Simons hypersurface cone are

Teusp = {(zw) € C*: 2 =w?} CC2=RY, ¢ = {xeR¥:x] + X3+ X3 +x5 =x} +xg+33 +x3 }
and define locally area-minimizing currents satisfying
[[ZCUSP]] € Lyjoc (R4)7 [] € 1 DA (R8)>

Sing; ([Zeusp]]) = Sing;([¢7]) = {0}

Local finiteness of #*~2 _Sing;(T') remains open in higher codimension.

Rw

€ ={(xy) eR*xR*: x| = [y|} CR®

FIGURE 17. The real trace VNR? = {(£*,£?) : t € R} of the Kihler-calibrated complex
cusp V = {(z,w) € C*: 22 = w3} and a two-dimensional section of the seven-dimensional
Simons cone € = {(x,y) € R* x R*: ||x|| = ||y||} C R® both have singular set {0}.

Definition 3.3.5 (Area minimization modulo p). For a smooth Riemannian manifold M", p e N, p > 2,
and T € FE(M), write [T], € F(M;Z,). For S € FE(M) and open W C M,

[Sl, =[T], <= HQngZ(M)v §—T = p0,
My ([7],) 1= inf { My () : S € FE(M), [], = [T], }

The class [T],, is locally area minimizing modulo p if, for every open W € M and Q € %, (M) with
spt(Q) €W,
MnW([T]p) < Mp,W([T + aQ]p)-
A point x € spt([T],) \ spt(d[T],) lies in Reg;([T],) if a neighborhood W > x, an integer m ¢ pZ, and a
smooth connected oriented embedded k-submanifold X C W satisfy
[T W]p = [m[Z]],.
Sing;([T],) == (spt([T]p) \ spt([T],)) \ Reg;([T],)-
Theorem 3.3.6 (Area minimizers modulo p). For locally area-minimizing [T|, € F(M";Zp), p €N,
p=2
dim y (Sing;([T],)) <k—1.
For odd p,
Sing;([T],) is countably (k — 1)-rectifiable, A (Sing;([T],)NK) < (KEM).

Proof. [10]. O
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Theorem 3.3.7 (Boundary regularity regimes). Let T € I(M") be locally area minimizing with T = [I'],
where T C M is a smooth closed embedded oriented (k — 1)-submanifold of multiplicity one.

Reg, (T) = spt(dT).
If either T’ C dQ for a uniformly convex Q C M with spt(T) C Q, orn—k =1,
Sing, (T) = @.
Higher-codimensional boundary singularities may occur without the barrier hypothesis.

Proof. (2,120, 9, [12]]. O

FIGURE 18. The horizontal depth ellipse displays the uniformly convex domain Q as a
transparent sphere containing the recessed meshed support spt(7'), whose closed rim is
the prescribed boundary I' = 9T C dQ.

3.4. Cubical deformation and polyhedral approximation.

Definition 3.4.1 (Primal and dual cubical skeleta). For C = [0,1]", let 2; be its j-faces, and give each
F € 2; its coordinate orientation [F]}, 0 < j < n. Define

R'= ] (z+0), L= U @+F), L=, 0)+%
Z€L" €L Fe2;
LNEyj1=2 (0<j<n), Q?’“:: {a+5(z+F):z€Z”,F€Qj},
Every scaled face inherits the orientation of F, and

—8,a

Bgﬂj‘s"’;:a+6,$j, < =a+68%; (6§>0,acR").
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— yn—j—l

L,

FIGURE 19. The primal skeleton .Z; and the half-integer translate Lo j—1 it never meets.

Lemma 3.4.2 (Cubical retraction). For 0 < k < n and p(x) := dist (x,yn,k,l), there exists a locally
Lipschitz retraction y : R" \yn—k—l — % satisfying

Vg =id,  y(z+x)=z+yx) (z€Z"),

Dy (x)| < Cnik for almost every x, /C|Dl//(x) Kdx < cpy-

p(x)
Proof. For 0 < j <n—k— 1, radially project each open (n — j)-face from its dual j-face in Figure
J— . C
Vj: L \Lj— L1, Vil ;. =1d, [Dy;(x)| < Wi@’
— c
V=Yoo oo = YR\ D — L Dy <

codim(:Z, 1) =k+1 = 2" (CN{p <r}) e (0<r<1),

/p(x)_kdx < Y 2Kt 2 (CA{p < 279}) + 2(C) < eni Y270+ 1 < oo,
C g=0 q=0
/p*ka’x < oo = / \Dl//]kdx < cmk/ p kdx < Cnk-
c c c
U
Theorem 3.4.3 (Federer—Fleming deformation). For 0 <k <n, T € A (R"), and & > 0, there exist
a€0,8)", Pe Z(R"), R € i1 (R"), and S € N (R") satisfying
T=P+0dR+S,  spt(P)C L,

M(P) < ¢, s M(T), M(9P) < ¢, xM(9T), M(R) < ¢, x6M(T), M(S) < ¢, x6M(IT),
spt(P) Uspt(R) C {x: dist(x,spt(T)) < 2y/néd}, spt(dP) Uspt(S) C {x: dist(x,spt(dT)) <2y/nd}.
TeZR") = P= Y mglQ], mgoeZ, ReZ(R"), OT € %y (R") = S % (R"),

Qeﬂ,‘?’”
spt(T) eR" —= P e Z(R"), T € Z(R"), spt(T) € R" = P € PE(R").

Proof. The averaged translated cubical retractions and homotopies give the decomposition in Figure 20|
[15) §4.2.9], (28} §29], [22, Chapter 7]. g
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L},
L]

FIGURE 20. The current T is pushed onto the grid skeleton to a polyhedral P, sweeping R.

T

Theorem 3.4.4 (Isoperimetric inequality for integral cycles). Every B € I,(R"), 1 <m < n, with spt(B) €
R" and dB =0, admits R € 1,1 (R") satisfying

m+1

IR=B, M(R)<couM(B),  spt(R) C {x: dist(x, spt(B)) < cn,mM(B)l/m}.

Proof. The case B =0 has R = 0; assume B # 0, let C dominate the constants in Theorem [3.4.3] and put
5 := (2cM(B)) """,

0B=0 p_p1or+s, M(P)<CM(B), M(R)<CSM(B), M(S)<CSM(dB)=0,
P=Y molQl, moeZ, P#0 =L §"<M(P),

Qe 2n"
2CM(B) = 8" < M(P) < CM(B) = P =0,
M(S) =0 = S=0,
B=P+0R+S, P=5=0— OR=B.
B eI,(R") R € Ry (R").
IR =B Bu(R") B Re 1, (R,
M(R) < C(2C)"/"M(B)"" < cpwM(B)""
B B2 spi(R) ¢ {x: dist(x, spt(B)) < 2y/n8} C {x : dist(x, spt(B)) < can(B)l/’”} .
O
Theorem 3.4.5 (Weak polyhedral approximation). Every T € A (R") admits P; € 22\°°(R") satisfying

Pi—T, aP; — dT, supM(P;) < ¢, M(T), supM(dP;) < ¢, M(JT).
jz1 Jjz1

T e(R") = P, Z7°(R"),  spi(T) eR" = Pje Z(R"), |Jspt(P) eR"
j>1

Proof. Fix §; | 0 and ® € Z*(R").
TS 7P+ 0R+S;,  M(R) <cuxSM(T),  M(S;) < cx8;M(IT),
M(Pj) < Cn,kM(T)7 M(an) < Cn,kM<aT)7
(P —T)(w)] < M(R-’)SIEP lde|* +M(Sj)8§nplle* — 0= P—T,

k=0 = 9P;=9T =0.
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For k> 1 and n € 2*~1(R"),
$; E2 a(P-T)=-03S;,  M(S;) — 0 = |a(P,~T)(n)| <M(S,)sup |dn]|| — 0 = IP, — IT,
Rn

TeL®) B2 pec 2P ®Y,  spT) eR" B p e pRY, |Jspt(P) eR".
jz1
O
Theorem 3.4.6 (Strong polyhedral approximation). For T € I;(R") and &€ > 0, there exist a C' bi-Lipschitz
diffeomorphism f : R" — R" and P € ,@kZ(R") satisfying
M(T — fuP)+M(JT — f4dP) < &, sup(]Df(x)—I|+]f(x)—x|) <E, flx)=x (dist(x,spt(T))Zs).
xeR"

Proof. [13, §4.2.20], [22, Chapter 7]. O

.C—\'J

Pe

T

FIGURE 21. An integral cycle T bounds S, and is approximated on a fine grid by Fs.
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Part 2. Lecture BF_q
4. RADON MEASURES, COVERING, AND DIFFERENTIATION

Throughout, X is a set, &(X) is its power set, Z(R") is the Borel o-algebra, every B, (x) is closed
with r = r(B) > 0, tB,(x) := B;(x), outer measures carry a star, N(n) is the Besicovitch overlap number,
and fu denotes A — [, fdu (17,14, 25/ 15, 27].

4.1. Outer measures, Carathéodory measurability, and Radon measures.
Definition 4.1.1 (Outer measure and Carathéodory measurability). An outer measure on X is a map

u*: P(X) — [0, +oo] with

u'(2)=0, ACB= p*(A)<u’(B), AC UA = Z
Jj=1 j=1
A set E C X is u*-measurable when

L A)=u" (ANE)+u*(A\E) (ACX), My :={E C X : E is u*-measurable} .

E|E*

GEAGRY

ANE A\E
,u*(A):u (ANE)+u"(A\E) VACX

FIGURE 22. Every test set splits additively across E.

Theorem 4.1.2 (Carathéodory construction). Every outer measure W* on X determines a c-algebra M-
and a complete measure [l := [*| My

Proof. Figurerecords the splitting identity; for disjoint E; € .#;+, write Fy := U?’: 1 Ej.
U (ANE)+u* (A\E)=u"(ANES)+u"(A\E) = (E € My = E‘€ //w),

E.F € My — 1*(4) = W (ANE) +u* (AN (F\E)) +u*(A\ (EUF)) > u*(AN(EUF)) + p*(A\ (EUF)),
WH4) < (AN (EUF)) £ (A (EUF)) = EUF €.ty

N
Fy € M)y, T Z“ (ANE;)+u*(A\ Fy) > Z (ANE;)+pu* (A\UE>
J=1 Jj=1 j=1
N—ow, E _UE = u*( Z (ANE;)+u*(A\E) > u*(ANE)+u*(A\E) = E € M),

Jj=1 =

E, w®siw@wﬁuw:imm
=1 =1

J J
NcZz, u(Z)=0—= u*(ANN)=0, u*(A) =u*(A\N) = N e My, u(N)=0.

A

4Based on lectures by Annalisa Massaccesi [24] .
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Definition 4.1.3 (Metric, Borel, and Borel regular outer measures). On a metric space (X,d), an outer
measure (* is metric when

dist(A,B) >0 = u*(AUB) = u*(A)+u*(B) (A,BCX);
it is Borel when every Borel set is ft*-measurable, and Borel regular when moreover every A C X admits
a Borel B D A with u*(B) = u*(A).

Theorem 4.1.4 (Borel measurability of metric outer measures). Every metric outer measure on a metric
space is Borel.

Proof. Fix aclosed F C X and A C X, and put Ag := @, A; := {x € A : dist(x,F) > j~'}, and C; :=
Aj\A;_1.
BYANF) =40 = W'(4) = oo = W (ANF) + 0*(A\ F),

P (A\F) < oo, li—j|>1 = dist(C;,C)) >0 = ZH 1) <2UF(A\F) < oo,
j=2

HHA) > (A + 1 (ANF) > p*(A\F) — Z PG+ 1T (ANF) 225 p* (A\F) + p*(ANF);
i=j+1
H(A) SU ANF)+u"(ANF) <p™(A) = F € Ay,
{F C X :F closed} C .- B 2(x) C My
O

Definition 4.1.5 (Radon measure). On a locally compact Hausdorff space X, a Borel measure u is Radon
when
U(K) <+oo (K compact), u(B)= inf u(U) (BBorel), u(U)= sup wu(K) (U open).

UDB KcU
U open K compact

Theorem 4.1.6 (Regularity on Euclidean space). Every Borel measure (L on R" finite on compact sets is
Radon, and every Borel B C R" satisfies

pw(B)= sup wu(K)= inf pU).
KCB UoB
K compact U open

Proof. This is the regularity theorem for locally finite Borel measures on locally compact second-countable
spaces [17, Chapter 7]. O

W(B) = supgcp U(K) = infy-p u(U)

FIGURE 23. A Radon measure is squeezed between compact sets from inside and open
sets from outside.
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4.2. Signed measures and Riesz representation.

Definition 4.2.1 (Signed Radon measure and total variation). A signed Radon measure on R” is a
countably additive v : Z(R") — [—co, 4], finite on compact sets and taking at most one of the values
+oo. For B € #(R"), its positive, negative, and total variations are

vi(B):= sup Vv(A), v (B):=— inf V(A), v[:=vF+v.
ACB ACB
AcB(R") AcB(R")

Theorem 4.2.2 (Hahn—Jordan decomposition). For every signed measure v on R", there exist PN €
PB(R") satisfying

PAN=2, PUN=R",  v(A)>0 (AcB[R"),ACP), Vv(A)<0 (AcB[R"),ACN),

v=vt—v, V|=vT+v, viLv.
The Hahn decomposition R" = PUN is unique up to |V|-null sets, and the Jordan decomposition is unique.
Proof. See [[17, Chapter 3] and [27, Chapter 11]. ]
X
v=vt—v, V|=vt+v-

FIGURE 24. A smooth schematic of the Hahn decomposition X = PLIN carries v on P
and v~ on N, so |V| = v 4+ v~ records no cancellation.

Proposition 4.2.3 (Variation as a supremum and polar decomposition). For every signed Radon measure
vand B € A(R"),

|v|(B —sup{zw )| :B= |_|B], B; 6%’(1&”)}

j=1
and there is a unique |V|-measurable ¢ : R" — {—1,1}, up to |v|-null sets, satisfying

v(B):/BGd|v| (B c B(R")).

Proof. Let R* = PLIN be the Hahn decomposition in Theorem

oo

=5 — irv<Bj>| <Y (v (By) + v (By) = [VI(B).
j=1 =

j=1
B=(BNP)U(BNN) 222 |v|(B) = |[v(BNP)|+|v(BNN).

Gim1p—1y — /cd\v\:v (B)—v*(B):v(B), v=v — o=1 |v|ae.
B
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Theorem 4.2.4 (Polar decomposition of a vector measure). For every R™-valued Radon measure v =
(Viy...,Vm) on R", there exist a positive Radon measure |v| and a Borel ¢ : R" — R™ satisfying

o) =1 |v|-ae., v(B):/Bod|v| (B € B(R")),

|v|(B —sup{2|v )| :B= |_|BJ, B; E%’(R”)} (Be B(R")).

j=1
The measure |V| is unique, and o is unique |v|-almost everywhere.
Proof. See [14, §1.9] and [17, Chapter 3]. ]
lo(x)| =1
spt(|v])
v(B) = [pod|v|

FIGURE 25. The mass |V| lives on the carrier and o records its unit polar direction.

Theorem 4.2.5 (Riesz representation theorem). Let L : C.(R") — R be linear and suppose ||L|x :=
sup{|L(f)|: f € C.(R"), |f| <1, spt(f) C K} < oo for every compact K C R". There exists a unique
signed Radon measure v satisfying

/ Fdv  (f €C(RY)),
and v > 0 if L(f) > 0 for every 0 < f € C.(R").
Proof. See [17, Chapter 7] and [5, Chapter 4]. O

Ce(X)

fH.ffd#J( =" uesL

{Radon measures on X }

FIGURE 26. Riesz representation. A positive linear functional on compactly supported
continuous functions is evaluation against one Radon measure, and equality on all test
functions forces equality of measures. The dashed diagonal records the uniqueness and
reconstruction step.

4.3. Covering theorems.

Lemma 4.3.1 (Five-times covering lemma). Let .% be a nonempty family of closed balls in R" with
R :=supg. 5 r(B) < +oo. There exists a countable pairwise disjoint ¢ C .F such that

U Bc 3B

BeF BeY
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Proof. For k >0, use Zorn’s lemma to choose a maximal disjoint % C {B € .# : 27*"1R < r(B) <27*R}
disjoint from the preceding selections, put ¢ := J;_( %, and choose dg € Q"N G° foreach G € ¥.
r

5)
Z2€EB = |z—y|<r+(r+s)=2r+s<5 = BC5B  (27).
G#G = G°N(G)° =0 = dg#dy = |9|<|Q"| = Xo.

B=B.(x)e Z\¥ — IB=B,())€¥, BNB#@, s>

2

FIGURE 27. A discarded ball touches a selected ball and lies inside its fivefold dilation.

Definition 4.3.2 (Fine cover). A family .% of closed balls is a fine cover of A C R" when
Vx€AVS >03B,(x) € Z, 0<r<a.

Theorem 4.3.3 (Vitali covering theorem). Let i be a Radon measure on R", let A be [-measurable, and
let F be a fine cover of A by closed balls with supg. 7 r(B) < +oo. There exists a countable pairwise
disjoint {B;}%_ C .7 such that

1 (A\ U Bj) =0.
j=1
If U(A) < oo, every € > 0 admits J € N such that

J
n (A\ U Bj) < E.
j=1

Proof. See [[15} §2.8], [14} §1.5], [25} Chapter 2], and Figure@ O
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IJ(A\UJBJ') =0

FIGURE 28. A fine cover admits pairwise disjoint balls of shrinking radii that leave only
a null part of A uncovered.

Theorem 4.3.4 (Besicovitch covering theorem). There exists N(n) € N such that every bounded A C R"
and every family %, of closed balls centered at x, with arbitrarily small radii for each x € A, admit a
countable G C |Uicp Fx satisfying

N(n)
Ac B, =%, BNB' =2 (BB €%,B+B), sup Y 15(y) < N(n).
Be¥ i=1 yER" ey
Proof. See [15, §2.8], [14} §1.5], and [25, Chapter 2]. O

Corollary 4.3.5 (Finite-overlap integral bound). For the family 4 in Theorem and every positive
Radon measure |1,

Y u<B>:/ Y 1BduSN<n>u(U B>.

BeY R geey Bew

9

e

Ypey 18(2) <N(n)

FIGURE 29. Selected balls through z have centers separated by a definite angle, which
caps how many can overlap there.

4.4. Differentiation of Radon measures.

Definition 4.4.1 (Relative upper and lower derivatives). Let tt,v be Radon measures on R"”. Using
0/0:=0 and a/0 := +oo for a > 0, define for every x the extreme derivatives and, whenever the limit
exists, Dy, v(x) by

D, ;= limsu M x) :=limin M x) 1= imM
Duv(x) =Hmep g, oy eV =i Gy P = I )
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Both extreme derivatives are Borel measurable, since x — 1 (B,(x)) and x — v(B,(x)) are Borel for every
r>0and
Dyv =inf sup —— 1~ D — .
TR e m(Bg() B ket acQ u(By())
0<g<1/k 0<g<1/k

Lemma 4.4.2 (Density comparison inequalities). For Radon measures |1,V on R", a Borel set A C R",
and o > 0,

Dyv<a onA = v(A)<a-uA), Dyv>a onA = v(A) > a-u(A),
Dyv=0 onA = Vv(A)=0, (Duv =+ o0nA, v(A) < +eo) = 1(A)=0.

Proof. Fixm e N, A, :=ANB,,(0), € >0, and an open U with A,, C U € B,,11(0)°, restricting to balls

centered on A,,, contained in U, and of radius less than 1, with v used in the first selection and u in the

second.

Dyv<aond, =2 v(A,) < (a+e)uU),
a>0, 0<e<a, Dyv > aonA, (a—e)u(An) <v(U),
£10, mteo ZE va)<au@a),  v(4)>au(A),

g

Theorem 4.4.3 (Differentiation of measures). For Radon measures |1,V on R", the derivative D, v (x)
exists with 0 < D, v(x) < oo for u-almost every x, and the unique Lebesgue decomposition satisfies

V = Vae + Vs, Vae < U, Vs Lo, Vac(A) :/Duvdu (A C R" Borel),
A

dVae
du

Proof. By the Lebesgue decomposition and Radon—Nikodym theorem, write v = fu + vs with vy L 1,
choose continuous f; — fin L} .(u), fix K C int(K’) compact, and denote the local maximal error by M,
and the Lebesgue oscillation by Ly [17, Chapter 3].

i ! = limsu L —flx
M) = timsup s |7l L) = tmsup s [ 170) = F00lduy),

Dyvs =0 u-almost everywhere, Dyv = u-almost everywhere.

rl0 0
(Kﬂ{M>e})@ﬁ< W[ 1~ filan,
1
Le<Mp+fi—fl. up(kn{L;>2e)) < X0F /!f fildp 2750 = L;=0 peac.

“(S):Oa Vs(SC):O Sj-_Scm{D/.LVsZJ } (JZl),
Duvs>j ' onS; B2 0= v(s;) >/ "u(S;) = u(S;)=0 = Dyv,=0 p-ae.,
dVye
du
V=Vaet Ve =Vae+ Vs => Ai=Voe—Vae =Vs— Vs, A<, ALlpu= 1=0 (3I).

Dyvs=0 = Dyv=/f u-ae, Vae = f L = Vue(A) :/D“vdu, Dyv = U-a.e.,
A

0
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FIGURE 30. The ratios of v-mass to -mass on balls shrinking to x recover the density Dy v(x).

Corollary 4.4.4 (Lebesgue points and differentiation of sets). For every Radon measure [l on R", every
fe Llloc( W), and every p-measurable E C R", at p-almost every x,

1

- _ BENB ()
i B o [F0) 1) =0,

lim =1g(x).
A
Proof. Replace E by a Borel representative and apply Theorem#.4.3|to |f —g|u, g € Q, and to L E.

. 1 : —
limsup 53 o 0= F9Id0) <2 17(2) —al =0

Su S

FIGURE 31. The measure splits into diffuse and p-singular parts.

5. HAUSDORFF MEASURES, LIPSCHITZ MAPS, AND RECTIFIABILITY
We use @, := 7*/2/T'(1 +s/2), Euclidean diameter diam, Lebesgue measure £, orthogonal projection
Py, blow-up maps A, ,(y) := (y —x)/r, and the density conventions of §2{[[15] 25| 28| [14].
5.1. Hausdorff measure, dimension, and densities.

Definition 5.1.1 (Hausdorff content and measure). For s >0, A C R”, and 0 < § < +oo, give each

nonempty covering set cost 1 when s = 0, give the empty set cost 0, and allow finite covers to be padded
by empty sets. Define

A5 (A) ::inf{iws (diaII;(CJ')>SZAC Ocj7 diam(C;) §5},

j=1 j=1
JC°(A) :==1im IG5 (A) = sup 5 (A).
24 5>0
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FIGURE 32. Hausdorff content minimizes the s-cost of 8-covers.

Lemma 5.1.2 (Metric outer-measure structure). For every s > 0, each 75 is an outer measure, %”551 > %552
for 6; < &, and F* is a metric outer measure.

Proof. The empty-set and monotonicity axioms, together with ,%”551 > j’fgz for 6; < &,, follow from
inclusion of admissible covers. Concatenating £2~*-optimal covers gives

A C UAk concalgcovers %S(A) S Z%S(Ak),
k=1 k=1
0< 8 <dist(A,B) 2 J(AUB) > A5 (A) + A5 (B) = A (AUB) = A(A) + .75 (B).
O

Theorem 5.1.3 (Hausdorff measure is Borel regular). For every s > 0, J° is a Borel regular outer
measure on R".

Proof. The metric outer-measure theorem (4.1.4) gives Borel measurability. If .72°(A) < 4o, choose
274-covers {C,;}; within 27 of the infimum and put

E:= ﬂ U C,j DA, diam(C,;) = diam(C,;) = #°(E) < 7 (A).
q=1j=1
Outer monotonicity gives equality; for infinite measure take £ = R". O
Proposition 5.1.4 (Basic properties). For A CR", s >0, A > 0, and every isometry O of R",
HO(A) =#A, H' =L on R, H"=L"on R,
H(AA) = A H5(A), H°(0(A)) =7 (A),
and 7¢° =0 on R" for s > n. Here #A = 4o when A is infinite.

Proof.
diam(AC) = A diam(C), diam(O(C)) =diam(C) = H#*(AA) =1 #"*(A), H*°(0(A))=#"(A),
s>n, ACBR(0), 0<8<1 = HF(A) <Cur8 " N 0,

R" = UBR(O) = H°=0 (s>n).
R=1
The s = 0 convention gives .7#° = #; the normalized isodiametric theorem gives .J#" = ", hence
A=V onR [14, §2.2]. O

Definition 5.1.5 (Hausdorff dimension). For 0 < s < ¢, every §-cover gives

w (8\'°
HZwso(3) .

J(A) < o0 = H'(A) =0, H'(A) >0 = H°(A) = +oo,
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and the Hausdorff dimension is
dim_p(A) :=inf{s > 0: #°(A) = 0} = sup{s > 0: H°(A) = +oo}
and is well defined, with sup@ :=0.

HA) g 5(A) = +oo

Hoo | ——

s>d: H5(A)=0

d = dim_(A)

FIGURE 33. Hausdorff dimension is the critical exponent.

Example 5.1.6 (The four-corner Cantor set). Starting with Ky = [0, 1], replace every stage-j square by
its four corner subsquares of one-quarter side length and let K := (17 K. Self-similarity and the open
set condition give

0< AN (K) < 4oo,  dimy(K)=1,
while K meets every rectifiable curve in .#’!-measure zero [23), Chapter 18].

-t F| | N i I!':"'"""""I';
!_| |:I oo o o bk $
i_| l:i EJD Dl:i E:: ‘:
- - ono____0O-0 | S-S S
stage 0 stage 1 stage 2 K

FIGURE 34. Each retained square is replaced by its four corner squares of one quarter
the side, and the limit K is totally disconnected.

Definition 5.1.7 (Hausdorff densities). For a Radon measure ¢ on R” and s > 0,

s (B (x)) s _ (B (x))
0™ (u,x) : —hrrrll%up o O (u,x) := lu}l&)nf o

)

©°(u,x) := the common value when the two agree.

Proposition 5.1.8 (Density comparison with Hausdorff measure). Let i be a Radon measure on R". For
every Borel ACR", 0 <s<n,andt >0,

0¥ (u,x) >t (xeA) = uU(A) >tH°(A), 0¥ (u,x) <t (x€A) = u(A) <2’rH*A).
Proof. The first implication is the upper-density estimate in [[25, Theorem 6.9]. For the second fix € > 0

and write
Ap:={x€A: uB,(x)) < (t+¢e)wyr’ for0 <r< k_l}.



GEOMETRIC MEASURE THEORY 39

Each A is Borel and A, 1 A. If § < k1, {C;} is a 8-cover of A, and x; € Ay NC; whenever this
intersection is nonempty, one has

. s diam(C;)\*
CiNA; C Bdiam(C;)(xj) — U (Cj NAg) <2°(t+¢€) s <2(])> ,

H(AY) < 2(t+ &) A5 (A) —22500 (a) < 206 (A).

5.2. Lipschitz maps, Rademacher’s theorem, and Whitney extension.

Definition 5.2.1 (Lipschitz maps and W), For U C R” andu: U — R,

Lip(w;U) := sup Ju(x) —uly)]
x,yeU |x - y|
x#y
and u is (locally) Lipschitz when this quantity is finite (near every point). If U is open, a function
uc Ll (U;R™) has weak derivative D;u € Ll (U;R™) when, for every ¢ € C(U),

)

loc
/uDi(pd.,f”:—/Diu(pd.i””,
U U

and Wkl)cw(U R™) consists of the locally bounded u with locally bounded weak derivatives.

loc

Proposition 5.2.2 (Lipschitz—Sobolev equivalence). For open U C R", after choosing continuous repre-

sentatives,
loo
Lipoe(UsR") = W™ (U:R™),  [|Dul =) < Lip(w:),

loc
with the reverse bound Lip(w;U) < ||Dul|=(y) on convex U, where matrlx norms are operator norms.

Proof. For every rational unit vector v, the restrictions of a Lipschitz map to almost every line parallel
to v are one-dimensional Lipschitz maps. Fubini and one-dimensional integration by parts construct the
weak directional derivatives, and density gives

|Du| <Lip(w;U) Z"-ae.
Conversely, fix By, (xp) € U. For x,y € B,(x(), mollification gives
(s pe) (x) — (W pe) (V)] < (1Dl =8, (o)) X — Y| = [u(x) —u(y)[ < [[Du[ =5, (x0)) X — V-
If U is convex, the same argument along every segment gives the global reverse bound. [13| §5.8]. OJ

Proposition 5.2.3 (Difference quotients). Let U CR" be open, V e U, 1 <i<n, 1 < p < 4o, u e
WLP(U;R™), and 0 < |h| < dist(V,dU). Define §ju(x) := h~ ' (u(x + he;) —u(x)).
185ullzr vy < 1Dl
For p < oo,
h—0 . p m
Siu == D in LF(V;R™).
Proof. For the ACL representative, the fundamental theorem holds for almost every x and gives

Jensen

Siu(x) /Dux+the)dt e il ) < D)

h—0
—_—

|8iu— Dy, < /O | Do+ the;) — Dyu| oy d 0.
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Theorem 5.2.4 (Rademacher). Every locally Lipschitz map u: U — R™ on an open U C R" is Fréchet
differentiable at £"-almost every x € U, meaning
lim lu(x+h) —u(x) —Du(x) - h|
h—0 |h|

=0,

with Du the weak derivative of ; in particular every directional derivative at such x equals Du(x) - v.

Proof. Fix a Lebesgue pointx of Du (4.4.4) and a ball By, (x) € U on which u is Lipschitz. For 0 < r < ry,
write vy ,(y) :=r~!(u(x+ry) —u(x)) — Du(x) -y on B; (0).

/ DV, |d.L" =1 / |Du— Du(x)|d.2" —s 0.
BI(O) Br(x)

Poincaré supplies ¢, € R™ with
[Vir = €ll (8, (0)) — O-
Since v, ,(0) = 0 and the family is uniformly Lipschitz, ¢, — 0, whence

sup |vy,| — 0 (35).
By/3(0)

For 0 < |h| < ro/2,let r =2|h| and y = h/r. Thus
lu(x+h) —u(x) — Du(x) - h|

= 2|V o (v)| — 0.

Uy r Uxr/2 Uy r/a DM(X) -h

FIGURE 35. Successive blow-ups converge to the derivative Du(x).

Definition 5.2.5 (Whitney C'-jet). Let K C R” be compact. A pair f: K — R”, A : K — R"™" with A
continuous is a Whitney C'-jet when

[f() —f(x) —A(x) - (v =¥

o(r):= su —0 ri0).
( ) x,yeI;( |y_x| ( )
0<|x—y|<r
Here sup@ :=0.
f)+A(y—x) Ay
/?ﬁ/ > §8|x_y|
) Ax ,’/
f(ﬁ.// f(Y) Y
. -
E ° ° ° ° e o

FIGURE 36. Whitney jets agree to first order along the closed set.
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Theorem 5.2.6 (Whitney extension theorem). Every Whitney C'-jet (f,A) on a compact K C R" admits
f e C'(R";R™) with
flx =1, Df|x = A.
Proof. [14] §6.5], [15] §3.1.14], [22] §5.1]; see (36). O

Corollary 5.2.7 (Lusin approximation of Lipschitz maps). Let U C R" be bounded open, u : U — R™
Lipschitz, and € > 0. There exist a compact K C U and u € C' (R";R™) with

ZL"(U\K) <e, u=u and Du=Du onK.
Proof. At every differentiability point x, define

o) = sup  EHH) —u() —Dulx) -k

heQ", 0<|h|<r |h‘
x+helU

Rademacher’s theorem gives p,(x) | 0 for -£"-almost every x. Egorov applied to p, /;» Lusin applied to
Du, and inner regularity give a compact K € U with " (U \ K) < € on which the convergence is uniform
and Du is continuous. Hence

(u|g,Du|k) is a Whitney jet B28 G e C'(R";R™).

5.3. The area formula and rectifiable sets.

Proposition 5.3.1 (Hausdorff measure under Lipschitz maps). For E CR", f: E — R", and L :=
Lip(£;E) < oo,
J°(£(A)) <L H”(A) (ACE,s>0).
Here 00 := 1.
Proof. The case L = 0 is immediate. For L > 0, every §-cover gives

AclJG = t(A) c|UR(GNE),  diam(f(C;NE)) < Ldiam(C;),

15 (f(A)) < L*A5 (A).
Letting & | O proves the claim. O

Definition 5.3.2 (Metric Jacobian). For linear A : R — R™ with k < m, and at every differentiability
point of £: Q C RF — R™,
JiA = \/det(AT-A), Jif(x) := Jy (DE(x)).
For Lipschitz f on open Q, put Jif = 0 on the .Z*-null nondifferentiability set.
Lemma 5.3.3 (Low-rank images are null). For open Q C R¥, f € C'(Q;R™), and k < m,
A (£({x € Q : rank(Df(x)) < k})) = 0.

Proof. Fix 0 <r < k, a compact K € {rank(Df) = r}, and 0 < i < 1. Uniform continuity of Df gives
arbitrarily small balls B, (x) on whose fivefold dilates || Df — Df(x)|| < 1. The five-times lemma selects
disjoint By, (x;) with K C U, Bsp,(x;) and }; p}‘ < C(K). Rank-r affine approximation gives

cn”
f(Bsp, (x;)) C | Benp, (vj.0) v
=1

Hys(B(K)) <Cn* T pf <CK)N*T (pj < 8).
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8§10, nl0= *(f(K))=0.
Exhausting the rank strata by compact sets completes the proof. (|

Bj=Bcpp(yj),  yieL,  f(By(x))C B,
j=1

FIGURE 37. Near a rank-r point, f(B, (x)) is covered by Cnp-balls centered along an
affine r-plane.

Theorem 5.3.4 (Area formula for an injective parametrization). For open Q C R¥, k < m, every injective
f € C'(Q;R™), and every Borel A C Q,

AHE(A)) = /A T () d.LH (x) = /A \/det (DECH)T - DE(x)) d.2%(x).

Proof.

Z:= {rank(Df) < k} = Jif|z; =0, #*£(2))=0 (5.3.3),
For x € Q\ Z, choose an orthogonal map Q so that p := Py« 0 Q of has invertible derivative at x. On a
neighborhood U, the inverse function theorem gives Qofop~! = g, where g(z) = (z,h(z)), and

@ (Jig L5 p(U) = " Calp(U) " €(8) = [ 82" (B U, Borel):

[15, §3.2.3]. Disjointizing a countable regular-chart cover of Q\ Z and using injectivity gives the
formula. _

Definition 5.3.5 (Countably rectifiable set). An .7#*-measurable set E C R™ is countably k-rectifiable
when there exist Borel A; C R¥ and Lipschitz f; : A; — R™ with

A (E\Uﬁ(Ai)) =0,
i=1
and k-rectifiable when moreover 7% (E) < oo
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E
fi fr f3
Ay Ar Az

HAE\U;fi(A) =0

FIGURE 38. Each chart f; carries a piece of R* onto part of E, the patches overlap, and
only the dashed remainder is missed.

Proposition 5.3.6 (Equivalent parametrizations). For an s¢*-measurable E C R™, the following are
equivalent. The set E is countably k-rectifiable; 5¢*-almost all of E is covered by countably many
Lipschitz graphs; 7*-almost all of E is covered by countably many embedded C' k-submanifolds.

Proof. Extend each Lipschitz chart by Kirszbraun and exhaust its domain by bounded pieces. Lusin
approximation and (5.3.1)) replace it, up to a null image, by countably many C' patches. On each patch,

A (£({rank(Df;) < k})) =0 (5.3.3).

At every full-rank point, the inverse function theorem makes the image locally a C' graph. Embedded C!
manifolds have countable graph atlases, and every Lipschitz graph is a Lipschitz image. U

Theorem 5.3.7 (Area formula with multiplicity). Let Q C RX pe open, k < m, and let f: Q — R"™ be
Lipschitz. For Borel A C Q and N(f,A,y) :==#(Anf~1({y})),

/ka )d.LH(x /NfAy)d%”"()

in particular 7*(£(A)) = [, JifdL* when £ is injective on A.

Proof. Rademacher, Lusin approximation, low-rank nullity, and Borel disjointization give Borel A;,Z C A
with

A=| |A;UZ, f]a, the restriction of a C' embedding, / JfdL* =0, H*E2))=0.
JZ

¥ty =N(E4,) Hrae =2 /A kad,,sfk:;%k(f(m)): /R N(EAY) A () H
0
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N(f,A,y)=3

FIGURE 39. Three preimages make the image count y three times, which is what
N(f,A,y) records.

5.4. Approximate tangent planes and the cone criterion.

Definition 5.4.1 (Blow-ups and approximate tangent planes). For a Radon measure ¢ on R™, 0 < k <m,
x € R™ and r > 0, define

M) =Y =t [edug=rt [ aut) (pe ),

r

For locally s#*-finite, /#*-measurable E C R™, a k-plane P is the approximate tangent plane 7;E when
r’k(kxw)#(%ﬂkLE) —~ kP (ri0).

~

~
~

\S)

FIGURE 40. Magnifying E about x drives the rescaled measures to flat Hausdorff measure
on the tangent plane T,E.

Lemma 5.4.2 (Blow-up of a C' manifold). For 1 <k < m, every embedded C' k-manifold M C R™, and
XEM,
1 * Ny ) (A M) — A TM.
Proof. After a rigid motion, write x = 0, T,M = R¥ x {0}, and M NU = graph(g) near 0, with g(0) =0
and Dg(0) = 0.
g,(z):=r'g(rz) = Dg, =Dg(r-) — 0 locally uniformly 534 1 * N (A M) — AT M.
(|

Theorem 5.4.3 (Tangents of rectifiable sets). Let 1 <k < m and let E C R" be 5#*-measurable, countably
k-rectifiable, and locally 7*-finite. For 7*-almost every x € E the approximate tangent plane T,E exists,
is unique, and
A(ENB,
tim 7 ENE@) _

rl0 Oy r k
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Proof. Write u := #* _E and choose a Borel partition E = | |; E; up to a null set with E; C M;, where
each M; is an embedded C' k-manifold (5.3.6). Differentiation on E and M; gives, for .7*-almost every
x € E; and every R > 0,

k .
ANELM)NBRX) &3, ok Ty, ’

rk

KENB,
,%pkLch%ﬂkl_Q = P=0, .ux,r(Bl(O))—>wk == lifgW
r. k

=1.

Definition 5.4.4 (Cones). For a k-plane V C R" and 0 < ot < /2,
Cx,V,a):=x+C(0,V,a),  C(0,V,a):={y:|Pu.y| < (tana)|Pry|},

the set of directions making angle at most o with V.

Theorem 5.4.5 (Cone criterion for rectifiability). Let 1 < k < m and let U be a Radon measure on R™
such that, for [-almost every x,

B, (x)\ C(x,Vy, 0
0< O () <04 () < 4oe,  lim PEDNCE Ve )

=0
710 rk

for some k-plane V, and 0 < a, < m/2. There are a countably k-rectifiable R and a positive locally
integrable 0 such that
u=2~0 I k LR.

Proof. [25| Chapter 15], [8, Chapter 2], [15, §3.2.29]; see (#1). O

FIGURE 41. The support concentrates in the yellow cone about V.

Corollary 5.4.6 (Flat blow-ups imply rectifiability). Let 1 < k < m and let |l be a Radon measure on R™.
If, for p-almost every x, there are c(x) > 0 and a k-plane Py, with

R Ay )att — c(x) A* L P, (rl0),
there are a countably k-rectifiable R and a positive locally integrable 0 such that
u=0 kLR,
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Proof. Fix 0 < o0 < /2. Continuity-set convergence gives, for p-almost every x,
Ok (u,x) = 0% (u,x) = c(x) >0,

Br C 7PXJ
1%1“( (x)\rk(x D) _o 5 4 — iR

6. VARIFOLDS, FIRST VARIATION, AND ALLARD REGULARITY

Throughout this section, U C R" is open, 1 < k < n, G(k,n) is the Grassmannian of unoriented k-planes,
Ps is orthogonal projection onto S € G(k,n), and X € C} (U;R"). Write A ,(y) := (y—x)/r and
n
divsX(x) := Y (Ps(VX/(x)),e;) =tr(Ps-DX(x)),  divy :=divyy.
J=1

Varifolds retain mass and tangent planes, but neither orientation nor a boundary operator [28, 9]].

FIGURE 42. The sheet sweeps the mass M(T'), while its oriented rim represents the
boundary JT.

6.1. Varifolds and the first variation.

Definition 6.1.1 (Varifold, weight, rectifiable and integral varifolds). A k-varifold is a Radon measure V
on U x G(k,n). For ©t(x,S) := x, its weight is

V|| := mV, IVII(A) = V(A x G(k,n)) (A C U Borel).
For an .#/*-measurable, countably k-rectifiable M C U and 0 < 0 € L. (7% M), define

/ 0(x,8)dV (x,5) = / O, T M) 0(x)d A (x) (@ € Co(U X Glk,n))).
UxG(k,n) M

V=v(M,0), V|| =625 M, Vintegral <= 0 €N 7 -ae. on M.
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{x} x G(k,n)

FIGURE 43. A varifold assigns unoriented planes to points, so one point may carry
several and no boundary is defined.

Theorem 6.1.2 (Disintegration over the weight measure). Every k-varifold admits a ||V ||-measurable
probability kernel x — v, € Z2(G(k,n)), unique ||V ||-almost everywhere, such that

[owsiaves= [ ([ ows)aus)avies  (oecwxcm),

U
V=v(M0) B2 \v|=0F M vi=6m |V|ae

Proof.
mV =|V|, U, G(k,n) standard Borel,  V o-finite "=V (dx,dS) = v,(dS) ||V||(dx).
V=v(M,0) B v (dx,dS) = 57.1/(dS) 0 (x) A* L M(dx) < ||V| =05 M, vi=8r; |V|-ae.

0

Definition 6.1.3 (Pushforward). For a C'-diffeomorphism ¢ : U — U’, set
k

Js¢(x) := | \(D9(x)ls)

L POV = [ 0000, DOWIS]) 904V (x5S)

UxG(kn)
for every ¢ € C.(U' x G(k,n)). In particular,
V=v(M,0) =2 4,y =v(p(M),0097").
Definition 6.1.4 (First variation and stationarity). For X € C!(U;R") and ¢, := Id + X, define

d .
V)= g /U o UsO) —av(x.5) = /U o XV (55).

T dr

The varifold is stationary when 0V = 0, and has locally bounded first variation when

18V [|(K) := sup{y5V(X)y :X € CH(U;R"), spt(X) C K, [|X]|- < 1} <4 (KEU).

Proposition 6.1.5 (Decomposition of first variation). If V has locally bounded first variation, then there
exist
HeLl . (|V|:R"), oy >0, oy LV, nl=1 oy-ae.,
unique up to the corresponding almost-everywhere equivalences, such that
oV =—H|V| +noy,
or equivalently

6V(X):—/UH-Xd|]VH+/Un-XdGV.
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Moreover,
oy =0 < SV <|V].

Proof.
0V locally bounded B23 5V is a vector Radon measure "2 §y — —H V|| +nov.

Uniqueness of the absolutely continuous and singular parts gives the final equivalence. g

6V = —H|[|V[+nov

FIGURE 44. Pushforward transports tangent k-volume; first variation separates curvature
from conormal flux.

Proposition 6.1.6 (First variation of a smooth submanifold). Let M C U be a compact embedded C?
k-submanifold with boundary, 1 its outward unit conormal, V :=v(M, 1), and

k
HM = Z(l)»gl.‘b'[)L

i=1

for any local orthonormal frame {t;}*_,. For every X € C}(U;R"),
SV(X) = / divy Xd. A = —/ H), - Xd#* +/ X -ndaA* "
M M oM

Proof. Set ¢, :==1d+tX and M, := ¢,(M); the corresponding marked cells record the change of tangent
k-volume, while Hj; and 1 isolate the interior and boundary contributions.

Ji(x) = det( [{(I+:DX)T, (I+tDX)fj>]ij:l> 1/2, Jo(x) = i(DX(x)‘L‘,-, 7;) = divy X(x).

X=X"+X" = divyX =divyX' —Hy -X, / divy X" do* = / X-ndsar.
M oM

d
a E t=0
The area formula identifies the derivative with the tangential Jacobian, and Gauss—Green converts the
tangential divergence into the conormal flux, proving the identity [28, §7, §9]. O

SV (X)

/J,d%”":/ divMdefk:—/ Hy -XdA*+ | X-nda*".
M M M oM
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FIGURE 45. First variation separates interior mean curvature from the boundary conor-
mal carried by spt(oy ).

6.2. Monotonicity, tangent cones, and Allard regularity.

Theorem 6.2.1 (Monotonicity formula). Let V be a stationary rectifiable k-varifold in U, xy € U, and
0 < o < p <dist(xg,dU).

IVII(Bp(x0)) _ IVII(Bs(x0)) [P (x—x0)

p ob /(B,, (10)\B (10)) xGlk) ¥ = x0[F
Hence Ry, (r) := r *||V||(B,(x0)) is nondecreasing, ®(||V|],x0) = @ 'lim, o Ry, (r) exists, O(||V|],")
is upper semicontinuous, and Ry, is constant on (0,R) exactly when V is conical in Bg(xo), meaning
(Dy,.2)#(V LB (x0)) =V LBy, (x0) for Dy, 5 (x) := X0+ A(x—x0) and 0 < r,Ar <R.

Proof. Consider the following geometric presentation:

dv(x,S).

The proof is induced. 0

Theorem 6.2.2 (Tangent cones). Let V be integral and stationary in U with 0 < ®F(||V||,x) < -4-oo. Every
rj 1 0 admits a subsequence with Vir, = (Ax,r,./)#v — C, where C # 0 is an integral stationary cone

about 0 with ®F(||C||,0) = @X(||V||,x), possibly depending on the subsequence.

rj\l/o Vx,rj C{rj/}

A,,r, j/—)oo
%
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Theorem 6.2.3 (Maximum principle). Let V be integral and stationary in U, let Q C U have C* boundary
T with spt(||V||) C Q locally along ¥, and let ki < --- < K, be the eigenvalues of —D*d|rs, for the
signed distance d > 0 in Q. If K1 +---+ k¢ > 0 on X (strict mean convexity when k = n— 1), then
spe([[VIDNE= 2.

Proof Assume a first contact xo, orient d into , and choose f := —d + Ad*> with 24 >
max{0, max; k;(xp) }, so f < 0= f(xp) on the support near x.

The positivity of the smallest k barrier curvatures gives trgD? f(xo) > 0 for every S € G(k,n), contradicting
the stationary-varifold maximum principle [[12, Proposition A.1]. U

Definition 6.2.4 (Excess and the Allard regime). For xo € U, 0 < r < dist(xo,dU), and Sy € G(k,n),

2 ok |Ps — Ps, |?
P (x—=x0)[*d|[V[[(x),  E(V,x0,r,850) :=r o S

En(V,x0,7,S :erkfz/
n(V,x0,7,.50) Bi(xo)xGlkn) 2

B (x0)
For p >k, a:=1—k/p, and 0 < § < %, write o5 ,(V,x0,7) when V = v(M,0) in B,(xo) €U, x9 €
spt(|[V|), @ > 1 #*-ae., 8V = —H|V|, and

IVII(Br(x0)) < (1 +8)axr™,  r*IHllpvys,x0) < 6

for y € spt(||V||) and Bs(y) C B,(xo), the scale-invariant combined excess is

g*,S(Va)’,SaS) .= Inax {Et(vvyas7s)7 571‘5‘20‘||H||%P(|\V\|\_Bx(y))} .

dv(x,S).

S~ o~ T~ =2
(4 e A ST 2

______

X0 xo0+So

E :r_k_z/ Po. (x —x0)|?d||lV
s [ PGPV

FIGURE 46. Height excess averages the squared vertical drops from the support to the
reference plane xq + Sp.

Lemma 6.2.5 (Caccioppoli height-to-tilt inequality). For B,(xo) € U, Sy € G(k,n), and 6V = —H||V||
in B,(xq) with H € L*>(||V || B,(x0)),

Ed(V,30,7/2,50) < CaxEn(V,x0,7:50) + Coir?* /B ( )|H|2d|]V|].
Xo

r

Proof. Take X := {?h, where { = 1 on B, /2(x0), € “\( 0 across the surrounding annulus, and the orange
projection records the tilt from S = T,M to Sy.
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The first-variation identity and Young’s inequality absorb the cutoff term, leaving the outer height and
curvature energies to control the inner tilt. U

Theorem 6.2.6 (One-step tilt-excess decay). For p >k and a := 1 —k/p, there exist &, € (0, %]
depending on n,k, p such that, whenever 0 < 8 < &, 5 p(V,x0,7), x € spt(||V|) N Bs,/4(x0), 0 < p <
or/4, and Sy € G(k,n),

5*75(V,x,p,S0) < 50 — d5, € G(k,n) : &.{76 (V,x, ﬁp,Sl) < 192“5*75(‘/,)6,[),50), |PS1 _PSO|2 < ka’pﬁik(o@*ﬁ(v,x,[

€10 Au=0

Proof.

O

Lemma 6.2.7 (Initial plane). For p > k, there exist &, po,y > 0 such that <, ,(V,xo,r) forces every
x € spt(||V||) N By, (x0) into a thin slab about some So(x) € G(k,n):

E. e (Vx, P01, S0(x)) < G pa

Proof. Small mass excess leaves a nearly planar support.

1< (Jv].x) <2.

Wso,p [28] §17 argmma24.3] E, < 1 @ Ey < Cgé/(Zk)
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Lemma 6.2.8 (Coherent tangent planes). Under Lemma with p; 1= O/ por and E;(x) the excess at
scale pj,

o
. e
Ej(x) < CﬁZajgé/(Zk), Sj(X) — S()C), |PS(x) _PS(y)| < ka’p&‘é/(%) <|ry|> .

Proof. Excess decay rotates the approximating planes by a summable amount.

Eg<1 28 By <0%E;, |Py,, ~ P[P <COHE; = §; S0

0

Theorem 6.2.9 (Allard interior regularity). For p >k and o := 1 —k/p, there exist &,y > 0 such that
gy p(V, X0, ) turns the support into one C% sheet: some q € O(n) and u € CL“(BQ‘,,;R”*]‘) withu(0) =0,
Du(0) =0, and M := xo + q(graph(u)) satisfy

ViBy() = V(M. 1) By(xo), 1 fulle + 1Dul 4 r[Dulcve < Cospig ™.

Proof. The limiting planes assemble the support into a single multiplicity-one graph.

Aoy 2 By 1 B g 00 BTNy 1) in By (x0)
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Part 3. Exercises
7. EXERCISES

Exercise 7.1 (1.1.4). Forv e A, (V), wi € A%(V), vi € Ay, (V), and w € AY(V), with ny +ny < m and
my +my < g, show

(Wi Awp) Jv=wy a(wy av), wi (viAvy) = (wLvy) L.
Exercise 7.2 (1.1.4). Set
E:=e A---Ney, vol :=dx; A\--- ANdxy, *x@:=0JE, *V:=volLv,
) v
divy := Z Zaxl dx; e
ieJ(k,n) j=1 771

For v € C2(R", At (R")) and & € C(R*, A"(R")), with 0 < h < k— 1 and 1 < k < n, show
sk = (—1)K0id  on A¥(R") and A¢(R"),
aow) = (DD ) e, (d()) = (—)EEDiyy,
div(ouv) = (—l)h(aJdiVV+daJV).
Exercise 7.3 (I.2.4). Show
eiANertesNes €Ay (R4) is not simple, veEA_1(R") = vissimple.
Use Exercise [7.2] for the second claim.

Exercise 7.4 (2.3.1). For ¢ € CZ(R",AK(R")), & € C*(R",A,(R")), and T € Z,,(R"), with 1 < j <n,

show ;
T= Y [Tidx]ne, ij(Tup):ijTL(HTLTf,
ieJ(m,n) j
98 ; .
J

m=n = JdT Nej=—D,T.
Assume 0 < k < m for contractions and m+ p < n for T A &; regard .Z" as a 0-current.

Exercise 7.5 (5.2.4). For Lipschitz f : R" — R, show

[V (f*pe)ll <Lip(f),
and deduce Theorem [5.2.4]from weak-* compactness and Corollary [4.4.4]

Exercise 7.6 (3.4.3). After rescaling to a unit grid, construct the cubical radial projections and show
T=P+JdQ+R, M(P) +M(dP) + M(Q) + M(R) < C(M(T) + M(T)).
Identify the grid-translation averaging step.

Exercise 7.7 (6.2.6). For a stationary varifold V in a cylinder over Sy, mass-close to a multiplicity-one
plane, show

PS& (x—xp) —K(Pgo(x—xo))‘2 d||V|l(x) < CE(V,x0,1,50).

inf k2 /
EZS()*)S(% Br/z(xO)
¢ affine
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Exercise 7.8 (6.2.6). For stationary graphs V; with height functions u;, show
Eh(Vj,XQ,V,So):SJZ—)O, Sj_lujéu = Au=20,

and
6 ¢ (0, %), SlJ S G(k,n) : Eh(Vj,xo, GI’,SLJ‘) < CGth(Vj,xo,r,So).
Iterate the decay estimate to obtain the Holder tangent-plane field of Theorem[6.2.6]

8. HOMEWORK
Exercise 8.1 (1.1.3). For @; € A!(V) and v; € A{(V), show

(@1 A= A @) (v, vi) = det[@i(v))] .

Proof. Tterating Definition[I.1.2] gives

k

(CO] VAREEWAN a)k)(vl yeee ,Vk) = Z sgn(G) (D,'(VG(,')) = det[wi(vj)]i,jzl'

ceSy

-

Exercise 8.2 (1.3.2). For w € C*(R", AK(R")) and &’ € C=*(R", A"(R")), show
dloho)=doNo' + (-1 orndw'.

Proof. Expand in the standard exterior basis and commute dx; through the degree-k factor.
/

0 d
o =Y wdx, o' =Y odx :>d(w/\co’)zz<£wf+wia?
i 1 i \ 0% j

> dx; \Ndx; \Ndx.

dxjNdxi = (—DfdgNdx; = d(ono')=doNe' +(-1)ondy.

Exercise 8.3 (1.3.9). For F: R? — R3, show

/V-Fdx:/ F-nds, /(VXF)'ndS:/ F-tdl.
1% v S as

Proof. Set vol := dx; Adx; Adxz and use the flux and circulation forms.

3 —
Yy = Z(—l)j_]Fjdxl /\--~/\dxj/\-~/\dx3.
=1

dy, = (V-F)vol,  yalpy = (F-n)ds B2 /V-Fdx:/a F-nds.
\%4 1%

3
Y1 = Z Fjdxj.
j=1

dyi|s = ((V x F) -n)ds, waS:(F-r)dr@/S(vxF).ndS:/aSF-rdr.

Exercise 8.4 (2.3.4). For T € 2,(U) and the mollification of Definition[2.3.3] set

Fe(y) :==T(pe(y—-)dxi A--- Adxy),
and show
Fg S COO(Ug), Tg :Fge] /\/\en, ijTg == (ijT)g (1 S ] S }’l)
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Proof. Set vol := dx| A\ --- Adx,, write D := Dy --- DX, and differentiate the translated kernel.
AT (y) = (— )T (9% pe(y — ) vol) = (DT (pe(y — ) vol) 22 F, € C(U).

® = gvol —> Tg(a)):T(pg*a)):/U g0 Fe(y)dy = To = Feer A---Ae.

€

SR 0) = (D) (pely—)vol) — Do Te = (D T)e.
O
Exercise 8.5 (2.2.4). For T = [S?] € 25(R?) and m(x1,x2,%3) = (x1,%2), show
T = 0.
Proof. Write the sphere current as a boundary and push it forward.
T =9d[B] 24 mT = 8(7(:#[[83]]), A(R?) ={0} = m[B]=0 = mT =0.
O

Exercise 8.6 (4.3.4). For a Radon measure ft on R" and f € L'(u), set

M = _ d 0/0:=0
F0) 1= SUP LB ) g 1M 0/0=0,

 —

B

and show N
u(tvr > 20 <M g,

and explain why Lemma [.3.1]is insufficient.

Proof. Use the bounded-radius assigned-ball selection from the proof of Theorem.3.4] Set
AR = {xEBR(O) :30<r<m, / . |fldu > l,u(Br(x))}.
B,(x
X € Agm —> 3By =B, (x), re<m, / fldi > Au(By).
By

(Bo:ix€Arn} "2 ag, c U B, Y Lk<N(©).

BE%RM BegR,m
1 N(n
paen < ¥ u® <3 ¥ [ rldn < g,

BEgR,m BEgR,m
N(n
mR e = (> 20 < ) g,

Arm C USB;, B; disjoint, H(ARm) < Zu(SB,-), 1(5B;) £ Cu(B;) for general Radon L.

1

Exercise 8.7 (2.1.7). Show

oa,b) =8 —8,  AD)=[9D],  Avo,.vidl = X (=)o, Tl
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Proof. Apply Stokes with the induced boundary orientations; dD is counterclockwise for 7p = e; A e;.

= [V =v0) v = =84,  ao]=[o0]

k
oovdw)= [ ay By

Exercise 8.8 (2.2.2)). For T of locally finite mass, show
T(0) = /U<w7fr>dHT||7 ezl =1 [IT]-ae.,  Mw(T)=|[T[(W),
and, for T = [[X, 7, 0], show
IT||=6#%_%, =1 ||T|-ae.

Proof. On each W € U, mass continuity extends the coordinate functionals from C°(W) to C.(W);
uniqueness glues their representing measures.

LN:=T(dw), L <My(D)fl B2 3vi:1i() = [ raw.
Y vie 822 v = 6|v),, lol,=1 [|v|r-ae.
iel(kn)
d|T[|:=llolld[v], :_!EH = v=oul|T|, ul=1 [T|-ae.
® = Za)idx, — T(o /a)idv, / o, tr)d|T|.

Radon regularity and smooth approximation of measurable norming covectors give

My(T)= s | <w,rr>duru' = I7)|(w).
weZX(U), spt(w)cw 1VU

lols<t

—[27,0] B2 vo0r iy — |T| =04 %, =1 |T|ae

Exercise 8.9 (2.4.3). Show that F is a norm on compactly supported flat chains and
F(oT) <F(T).
Proof. Use compatible decompositions on compactly supported normal currents; the estimates pass to
their F-completion.
T =R+9S, T"=R'+0S = T+T =(R+R)+I(S+S) = F(T+T') <F(T)+FT).
cT =cR+9(cS) = F(cT) < |c|F(T).
c#0, T=c(cT) = F(T) < |c| 'F(cT) = F(cT) = |c|[F(T).
T=R+9S = |T(0)] < M(R)|0||2+M(S)[do: < Co(M(R) + M(S)).
IT(w)| < Cu,F(T), FT)=0 = T(w0)=0 = T =0.
T=R+dS = dT =9dR=0+9JR = F(dT) <M(R) < M(R)+M(S).
F(dT) < Tzlgfas(M(R) +M(S)) =F(T).
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